Supplementary Material

1z Positivity and Boundedness

Theorem 1: The all possible solutions of the system (5) with the corresponding initial conditions always
remains and bounded in the interior of }Ri.

Proof: The system (5) can be written as:

dfjlit) = A(R(t),N(t), P(t))
djzt(t) = fo(R(t), N(t), P(t))
P(t)

P~ fy(miwy, N, P)

So, from the above form of the system (5) with initial condition R(0) > 0, N(0) > 0 and P(0) > 0 we have

R(0)els 1RE)LNE)PE)ds

juy)
—
~~
N—
1

N(t) = N(0)edo 2EENE)PE)ds -
P(t) = P(0)edo sEENE),PE)ds -

Hence, from the above inequalities we may conclude that any possible that initiate in Ri remains in the
interior of R?i- for all future time.
To prove boundedness of the system (5), we proceed as follows.

From the first equation of the system (5) we have
dR(t) o R(t)(l _ @) o OclR(t)N(t) o OczR(t)(l—b)P(t)
Ta T K Bi+R(t) Ba+R(t)

ie., B0 < £ R (K — R(t))
Now we compare R(t) with well known Bernaulli equation

dx(t)
dt

< az(t)(1 — x(t)) with initial condition x(0) > 0

we find R(t) < RO with initial condition R(0) > 0
R(0)+(K—R(0)e” K7)
So, any solution of the system (5) satisfies R(t) < K for V¢ > 0
Suppose, (R(t), N(t), P(t)) be any solution of (5) with some positive initial condition.
Let us define a function
n=R(t) + LN(t) + LP(t)

dn _ dR(t) 1 dN(t) 1 dP()
dZ o dt + el + es

(1 b) b d d
So, W < rK + 62"‘4“ NP + SO NP+ &N + 2P
We chose a £(> 0) such that
M 1 en < rK +ER+ {22200 egfggf;v INP + LN(dy —€) + LP(dy — €)P
Let us define ¢ = min{dy, d}, then % + ¢n < rK + §R + {e2euall= D SHeb YN P

b

Suppose U = 1K + ¢R + {2oualt) | —esosh NP
So, 4 FHen<U
Comparison Lemma: If x(t) is a absolutely continuous function which satisfies the differential inequality:

dx(t)
dt

+ uix(t) < wug such that t >0



where (uy,us) € R? and uy # 0. Then, for allt > T >0, we have x(t) < %2 — (22 — z(T))e (=T

u1 u1
So, using above lemma, we have

n(t) < —(T)e T for t>T >0

If T = 0, then

n(t) < = — (7 —n(0)e”*

S
S

Therefore, for t — oo we have 0 < 7n(t)

<
Thus, all solution of (5) that initiate in R

U
£
‘1 and restricted in the following region

Q:{(R(t),N(t),P(t)) eR3, 0< R(t) <K, O<R(t)+N(t)+P(t)§U}
el €3 §

Hence, all solutions of the system (5) are bounded.

iz Persistence and Permanence

To establish the persistence for the model system (5), we need to recall the following lemma,

dz(t)

Lemma 1. If m >0, n >0 and ;> < (>)z(t) (n — mz(t)), z(to) > 0, then we have

n n
I t<—<l' inf 2(f) >
1§iigp2()_m im in Z()_m)

Now, from the first equation of system (5) we have

dR(t) RO\ aRON®E)  asR(t)(1 - b)P(1)
o R0 (1_ K )‘ 511+R<t> - By + R(1)
e, ‘“Ztt) < R()(r — wR())

Using the Lemma 1, the above inequality becomes

limsup R(t) < K = Mp(say) (1)

t—o00

Also from the third equation of system (5) we have

dP(t)  es00R(t)(1—b)P(t)  eqas N(£)bP(2)
dat B2 + R(t) B3+ N(t)

— 72 P2(t) — asaN (t)(1 — b)P(t) — d2 P(t)

Now, we assume that interaction between intermediate predator and adult top predator is dominated by
interaction between adult intermediate predator and juvenile top predator to avoid top predator population
explosion and intermediate predator population extinction in future. So, we get

dP(t) _ esaBOA-HPW) | p2yy 0 p

it = B +R()
ie., C“Zit) < P(1) ((63a2(1 DK —dy) — 7213)

Now, with the help of that Lemma 1, we get




Again from the second equation of system (5) we have

dN(t) el RON() a3 N()bP(1)
dt —  Bi+R(@) B3+ N(t)

AN() _ eraa RN (1)
it ~ B+ R®)

After some simple algebraic manipulation we have

— ’leQ(t) + egagaN(t)(1 = b)P(t) — di N (t)

ie.,

+ egagaN(t)(1 = b)P(t) — v N2(t) — d N ()

< N(t)((e101K + exasa(l = ))Mp — dy) = N (1))
Now, using the Lemma 1 we get

K 1-0)Mp—d
limsup N(¢t) < crank + ezaqal WMp=di _
t—00 gi!

iz Persistence

Theorem 2: The proposed model system (5) is persistent if it satisfies the following conditions
(Z) r— OélM]t[ — OéQ(l — b)Ml*g > 0,
(ZZ) M—agbl\/[* d1 >O,

Bi+K
(1-b)
(iii) eSaZﬁ +KmR + egaj?&"*N —aga(l = b)Mp; — dy > 0

Proof. From the first equation of system (5) we have

IR(t) U R\ aRONE) k)1 - b)P()
o~ R (1 K ) 81+ R(t) By + R(t)
. %@ > rR(1) ( _ %) — a RION(E) — an(1 — B)R() P(8)

mwgglEMﬂO—me—%u—wﬂﬂ—%R®>

Now using (2) and (3), the above inequality can be written as

4R ()

= = R() <r — oM — as(1— b)Mj — %R(t))

Using Lemma 1, from the above equation, we have

lim inf R(t) > - My = 02(1 = H)Mp

t—o00

T = mg(say) (4)

From the second equation of system (5) we have

dN(t) — eiaaRE)N({E)  agN(@)OP([) VAN2(1) + exanaN(E)(1 — b)P(t) — dyN (1)

dt B+ R B3+ N(t)
d]Zlft(t) = elgi i(gé;(t) — asbN(t)P(t) — nN?(t) — dyN(t)

Now using (2) and (4), the above inequality can be written as

dN(t) €101 MR
dt > N <(51 + K

— asbMp — d1> - le(¢)>



So, using lemma 1, from the above equation, we have

SUBE — oM — d
lim inf N (t) > 245 e my(say) (5)
t—o00 Y1

Also from the third equation of system (5) we have

de) - ega?];flﬁlfi_(tl)ﬂp(t) + 640‘;3]1(2?5@ — 1 P2(t) — auaN(t)(1 — b)P(t) — doP(t)

Now, with the help of (1), (3), (4) and (5), the above equation becomes

dP(t) > P(t) (63a2(1 —bymg  ejazbmy
dt  — B+ K Bs + My

So, using lemma 1, from the above equation, we have

esaz(1-bjmp | esasbmy _ aga(l —b)My — do

liminf P(t) > — 28 Gat My
t—o00 ’)/2

— aga(l — bYM — dQ) - nyP(t)}

= mp(say) (6)

Since, R(t), N(t), P(t) and all other parameters associated to the system (5) are positive, so
liminf R(¢) > 0, litrn inf N(t) > 0, li{n inf P(t) > 0 provides
—00 —00

t—00
(i) r—a My —a(1—0b)Mp >0,

(11) % — (1/3le*3 —dy >0,

(i) “opne 4 SO — aqa(l = D)MF —dy > 0 N

5> Permanence

Theorem 3: The system (5) is said to be permanent if 3 positive constants m and M, with 0 <
m < M such that
min{liminf R(¢), litm inf N(t), litm inf P(t)} >m
—00 —00

t—ro0
and
max{limsup R(t), limsup N(¢),limsup P(t)} < M

t—o00 t—o00 t—o00

for all solutions <R(t), N(t), P(t)) of the model system (5) with positive initial values.

Proof. With the help of the equations (1)—(6) one can say that our proposed system (5) is also
permanent which is summarized below.
From the equations (1)—(6), we have

mp < li%n inf R(t) < limsup R(t) < M,

—0o0 t—o00

my < liminf N(¢) < limsup N(t) < My,

t—o0 t—00
mp < liminf P(¢) < limsup P(t) < Mp,
t—o0 t—00

Now, from the definition of limit inferior and limit superior, we have

N(t) Z my, Vit 2 t3, N(t) S M;[, Vit Z t4
P(t) > mp, Vt>ts, P(t) < My, Yt >tg

where t; (1 < j <6, j € N) are six positive constants. Now, if we define m = min{mg, my, mp},
M = max{M}j, My, Mp} and T'= max{t; : 1 <j <6, j € N}, then the system (5) is permanent.
|



1z Equilibrium points of the deterministic model

(i) The trivial equilibrium point Ey = (0,0, 0)
(ii) The predators-free (axial) equilibrium point £y = (K, 0,0)

(iii) The top predator-free (planar) equilibrium point £ = (R, N,0)
o (K—p)+y (=B +aK (81— 1) o 1 (emk
where, R — . and N = 2 (m _ d1>.
Here, the top predator-free equilibrium point F is positively exists if
N <0 and R > b

era1—dq

(iv) The intermediate predator-free (planar) equilibrium point £ = (R, 0, P)
A _ _ _ag(1=b)P ~ A
where, R = (K 52)+\/(K 52)2—‘:—41((52 ) and P = i(M _ d2>
Y2 B2+R
Then, the intermediate predator-free equilibrium point E' is positively exists if
Yy

» Bar ® da23
P < iy and R > a8

(v) The prey-free (planar) equilibrium point E = (0, N, P).
Suppose, Y1 = asa(l — b)f3 + (12 + da)a — ezazab, (< 0 assume)

o e 5 (B3+aN)(y1 N+dy)
then N = 2aza2(1-b) and P = (Bs+aN)ezas(1—b)—azab

So, if ¥} = 4B304a*(1 — b)(2P + d3) and oy > #%ZMN) then the prey-free equilibrium

point E is positively exist.

(vi) Suppose, E* = (R*, N*, P*) be the coexisting equilibrium point where R*, N* and P* is the
positive root of the following system of equations

* R* aj R*N* aaR*(1-b)P* _ \
rR(1-5¢) = S~ g =0
61gllf;iv* i aggi\[;]%]j* o ’}/1N*2 + 620[4@]\7*(1 - b)P* o le* -0 (7)
esag R*(1-b) P* + eqazaN*bP* 72p>;<2 . 014CLN*(1 _ b)P* o dgp* =0 )

B2+ R* B3+alN*

Now, solving the above system of equations we get

H azabP
R = eloil——H’ where H = m + 1N — esaqa(l —b)P +dy
51—|—R{ R az(l—b)P}
N* = 1— ) - 2o =
aq r( K) P2+ R
1 [esan(l —b)R  eqazabN }
d pr=— - 1-b)N —d
o gl { B2+ R B3 +aN i ) ’

1= [ocal stability analysis

The stability of the a system is determined by the nature of the eigenvalues of the corresponding
Jacobian matrix around the different possible equilibrium points of the system (5).

a R(1-b)P
Suppose, fr=rR(1 = ) = $I% - =50

etacy RN az3aNbP
fy = g irR — /5’3 i 71 N? + eyaaN(1 — b)P — dyN
1 3
esaaR(1 — )P N esa3aNbP

B2+ R B3 + alN

fs =

— % P? —aaN(1 —b)P — dyP

5



The Jacobian matrix of the system (5) is defined by

of  Oh  on
OR ON oP
J | 2 on op
OR ON oP

Ofs 0fs Ofs
9R ON 9P

O — p(] — 28y _ BN (1-b)azBa P

IR K (B1+R)? (B2+R)?

ofi _ _ aiR

ON B1+R

ofr _ _ag(l—b)R

orP B2+R

Ofs __ ercufiN

OR = (B1+R)?

dfs R abas B3 P

o = 52 - ERR 20 ¢ sl - DP
dfs _ bIN

9P = “hhen T eaaqa(l —b)N

9fs _ (1=blesazfrP

OR = (B2tR)?

2] b P

G = ey — asa(1 - b)P

Jdfs __ (17b)€3a2R bN

B_Pg, — oy + eg;)éi‘;N — 2’)/2P — a4a(1 — b)N - d2

Theorem 4: For the system (5),

Trivial equilibrium Eq is always unstable.

Predators-extinction equilibrium FEy is locally asymptotically stable if the following conditions

hold:
o < 2 ('f; + 1) and ag < eSgib) (% + 1).

Top predator-extinction equilibrium E is locally asymptotically stable if (QTR + Ogilg + 21N +
erta1 R e1aif1 RN o181 N 2R era1 R \7 _
dl) > (r + 61+1R) 2611+;%)3 > 15 + (2t — }{ﬂlﬁlR (2N + dy) } and oy > af (=

threshold value of auy).

Intermediate predator-extinction equilibrium E is locally asymptotically stable if the following
conditions hold:

oz > %{??g + esaga(l — b)P — dl} = of (= threshold value of az) and tr(B) < 0 and
det(B) > 0.

Prey-extinction equilibrium E is locally asymptotically stable if r < aéN + (1_2%2]5 and tr(C) =
(Dl + D4) <0 and th(C) (D1D4 D2D3) > 0.

Proof. e For trivial equilibrium point F;(0,0,0)

The Jacobian at Ey = (0,0,0) is given by

r 0 0
[J]Eo = 0 —dl O
0 0 —dy



The eigenvalues of [J] are r, —d; and —d,.
So, the equilibrium point Ej is unstable since (> 0) is an eigenvalue.

e For predators-free equilibrium point £;(K,0,0)

The Jacobian at F; = (K,0,0) is given by

—r _ aK _ag(lfb)K
B1+K Bo+ K
K
g, =1 0 G —da 0
(I-b)esas K
0 0 Bo+K d2
. 1-b)ezas K
So, the eigenvalues of [J], are —r, %ﬁ:lfg — d; and (&% —d,.

Hence, £y = (K, 0,0) is locally asymptotically stable if

ero K
p+ K

and
(1 - b)egong

B2+ K
But E; losses its stability when either the condition (i) or (i7) fail.
Hence we conclude that the predators free equilibrium point £} is locally asymptotically stable when
both the boundary equilibria, i.e., top predator free equilibria F and intermediate predator free equi-
libria E do not exist.

e For top predator-free equilibrium point E(R, N,0)

The Jacobian evaluated at the top predator-free equilibrium point F is given by

7.( o @) _ BN _ R _02(1—11)R
K B1+R B1+R B2+R
g = B gl _ oy N —dy — Ny oaga(l — b)N
0 0 Ublesaalt | csonabll _ y0(1 — )N — d

One eigenvalue of the above Jacobian matrix [J] is

(1 —b)esau R eqazabN _
A\p = 2 ~  ua(l—b)N —d
£ B+ R B, ran el -ON—ds

— —(cua(l = BN +d) — {

(1 —b)esas R 64043abN}
Ba + R B3 + aN

and the other two eigenvalues are the roots of the characteristic polynomial of the following matrix

7“(1 _ E) _ a1fiN _ R
A= K 7 BitR A Bi+R
?ﬁ?ﬁ%ﬁ Bier —2nN —di

So, eigenvalues of A will be negative or have negative real part if tr(A) < 0 and det(A) > 0.

QTR OélﬁlN €1Q1R —
Now, tr(4d) = r——— — . L _ oy N —d
ow, tr(A) T ﬁ1+R+51+R gl 1

- -G E R i a) - (r 200

7



and det(A) =

610(%51RN . OélﬁlN @ o €1O[1R
(81 + R)? {B1+R+T(K 1)}{51+R

Hence, tr(A) < 0 and det(A) > 0 if (2’”R +abN Loy N+ di) > (r+ elalR) and

(2mN + dl)}

23 BN BiI+R Bi+R
etaiB1RN a
Eﬁllf;:g)g > BﬁlR +7( ﬁ — }{%11‘115 2vN +di)} resPectlvely. )
Also, we have A5 < 0 when (a4a(1 — b)N + dg) > (l—ggfgm i eg?iz%v
1 1-b R bN
b a(l —b)N [( p f§2 (;laj_aaN - dz} = « (= threshold value of ay)
_ 3 )

Hence, stability of the system (5) around R changes when «y crosses it threshold value of o

A

¢ For intermediate predator-free equilibrium point E(R, 0, P)

The Jacobian evaluated at the top predator-free equilibrium point Eis given by

_ 2Ry _ (1—b)azBs P _a1R _az(lfb)f%
r(l K) B2+ R /31:-1% Ba+R
[J]E = 0 21104{:1? aba353P + 620(4&(1 — b)P d1 0
(1—b)esaaBaP abesasfBzP _ (1-blesazR 2

One eigenvalue of the above Jacobian matrix [J] is

R bavs B3 P
Ay = =+ esaua(l )P - {% +d1}
B+ B3
abas B P eia R
= {( 363 + dl) ( tadl A + 620(4&(1 — b) )}
53 B+
Now, Az < 0 when “bo‘gf?’P +d; > eﬂl‘j:g + esaga(l — b)]5
ie., az > aij){eﬁloj:g + esaya(l — b)P — dl} = o} (= threshold value)
The other two eigenvalues of the matrix [J] ; are the roots of characteristic polynomial of the following
matrix: A A
2R\ (1-b)azfaP _a2(1-b)R
B r(1 (K >) ot R A ot R
1—b)esaa B2 P 1-b)esas R . > o
(B2+R)? Bo+R 272]3 d2

Now, eigenvalues of B will be negative or have negative real part if tr(B) < 0 and det(B) > 0.

e For prey-free equilibrium point E(O,N, ]5)

The Jacobian evaluated at the prey-free equilibrium point E is given by

r— algle _ (17b)13(§252P 0 0
[J]E = %fl’v _% — 291N + esaga(l —b)P — dy - g;_‘:zx + esaga(l —b)N
(-BesrgfeP b)eggaz‘&}j a(l;;;f;%f — aga(l —b)P 7(1;;‘-1%0;31(17\] — 2y P — aga(1 — b)N — dy

One eigenvalue of the above matrix [J]z is

_ 06151N (1 — b)a2ﬁ2]5

Ao — _
F B 5




Now, A\ < 0 when r < algle + (1*b?8032B2P.
1 2

And the other eigenvalues of [J]; are the roots of characteristic polynomial of the following matrix:

| D1 Dy
“- { D3 Dy ]

where, D, = —(‘;z(ffj'%l; — 271N - dl:i- esaga(l — b)15

D2 = —%~+ 620[4@(]_ — b)N

__ abegaszfB3P D

D3 = m — OZ4SI,(1 — b)P i

Dy = % — 27 P — aya(l — b)N — d,
Hence, the roots of the characteristic polynomial of the matrix C' will be negative or negative real
part if tr(C) = (D1 + D4) < 0 and det(C) = (D1Dy — Dy D3) > 0. ]

Theorem 5: The coexisting equilibrium point (E*) is locally asymptotically stable if & > 0, & > 0
and &6 — & > 0 where &1, & and & are the coefficients of the characteristic equation of the Jacobian
matriz [J) g« which is A3 + &A% + & + & = 0.

Proof. The corresponding Jacobian matrix for the interior equilibrium point £E* is given by

Jii Jiz Jis
T = | Ju Joo  Jos
J31 Jza Js3

Now, the characteristic equation of the Jacobian matrix [J]g- is given by
A+ E N2+ EN+ & = 0 where, the parametric values of &1, &, & and all other associated parameters
are expressed in the following table:

Table 1: Expressions for &1, &2, and &3.

& = —(Ju + Ja2 + J33).
&o = Ji1Jao + JazJ33 + J33J11 — J12Jo1 — JagJ32 — Ji3J31.
&3 = Ji1Jag 32 + JaoJ13J31 + J33J12J21 — Ji1 2233 — J12J23J31 — Ja1J32J13.

r —b P .
Ju = (1= 38 — @0 — Sk oy =GB — sl 93 N+ easa(1 - )P — dy
Jig = 7501(:_1% Jog = 723_?_211\\[7 + 62(14&(1 — b)N
Jia = _a2(1-bR Jay = (1-b)ezaa B2 P
18 = PR 3= SR
I = ) oo = i —sal1 —H)P

Jaz = U;;gfgﬂ + egjzgf,v — 29 P — aya(l — b)N — dy

Therefore, using Routh-Hurwitz criterion, £* will be locally asymptotically stable, i.e., the eigenval-
ues of the characteristic equation will be negative or roots have negative real part if & > 0, & > 0
and &€& — & > 0; otherwise the system will be unstable around E* = (R*, N*, P*). [

i (Global stability analysis

Theorem 6: The positive coexisting equilibrium E*(R*, N*, P*) is globally asymptotically stable with
respect to all the solutions initiating in the interior of RY if the following condition hold:

(1) eq > 1,

(ii) e; > 1 and A" < Bi(e; — 1),

ey Al a1 B
(i) % > Grate e



Proof. We show the global stability of coexisting equilibrium E*(R*, N*, P*) by by constructing a
suitable Lyapunav function V(R, N, P) : R? — R such that

V(R,N,P)=Vi(R,N,P)+ Vo(R,N,P)+ V3(R,N, P)

where, Vi(R,N,P) = (R— R* — R ln(%))
Vo(BN,P) = (N = N* =~ N*In(5..))
p

Apparently, the function V(R, N, P) is defined and continuous on the interior of R?. Now, it can
be easily seen that the function V(R, N, P) is zero at (R*, N*, P*) and is positive in the interior of
R?. Thus V(R, N, P) takes minimum value at (R*, N*, P*). We evaluate the time derivative of this
scalar valued function V(R, N, P) along the solutions of the model (5).

So, the time derivative of V/(R, N, P) along the solutions of (5) is

v v dVy s
dt — dt dt dt

dVi 1 dR
Thus, — = = (R — R")—
us, T ~ R
dVs 1 dN
— = —(N—-N")—
dt N( )dt
dV3 1 dP
Vs _ 2 p_ pnil
dt P( )dt
5“/1 R OélN OZQ(l—b)P
N — =(R—R" 1——)— —
oW dt ( )[T( K) b1+ R B+ R }

1 —b)P* . N*
Since (R*, N*, P*) satisfies (5), we have % =r(l- %) — 5?1 T

After some algebraic simplification and with the help of above equation, the time derivative of V;
takes the following form

%__{R a N
dt

a

K (B +R)(B + RY) }(R - R - p1 + R*

(R—R")(N —N%)

Similarly, we have

dVs 9 era1
— = —7(N = N*)* 4+ esaqa(l = b)(N — N*)(P — P*) + R— R")(N - N~
dVs 9 e32f2(1 —b)
— = —%(P—P")* —a4a(l —=b)(N — N*)(P— P*) + R—R")(P - P*
Now, putting the value of %, % and % we get
dV R OélN *\2 *\2 *\ 2
— = —{=- R—R)* =y (N —=N")"—%w(P—-P
dt {K (51+R)(51+R*)}( )" =l )" — 7 )

61CY1/31 aq

+[(51 + R)(51 + R*) B+ R
+(ea — V)aga(l —b)(N — N*)(P — P*) +

LRI

6304252(1 - b)
(B2 + R)(B2 + R*)

(R—R)(P=P")

10



If we consider,

limsup R(t) = A liminf R(t) = A’
t—o0 t—00

limsup N(t) = B liminf N(t) = B’
t—00 t—00

limsup P(t) = C liminf P(¢) = C’
t—o0 t—00

Using the above consideration, we have

dVv A o B * * *
e1ay Qi

+[(51 +A) B+ R) B+ R
+(es — aga(l —b)(N — N*)(P — P*) +

|(r =RV = N7)

6304252(1 - b)
(B2 + A) (B2 + R¥)

If e >1,e; > 1 and A" < f1(e; — 1), then the above equation reduces to the following form

(R—R")(P—P7)

av A/ OélB % * *
ey | L R L)

Hence, we conclude that if the hypotheses of Theorem are satisfied then %
trajectories in R? except (R*, N*, P*).

Therefore, E*(R*, N*, P*) is globally asymptotically stable. |

< 0 along all the

iz Bifurcation analysis

Theorem 7: The necessary and sufficient condition for occurrence of Hopf bifurcation of the system
(5) at b =b* are

(i) &) > 0 fori = 1,2,3 and & (b)&(b*) — &(b) = 0

(i) Re[2],_y # 0 fori=1,2,3
where \; are the roots of the characteristic equation corresponding to the coexisting equilibrium point
E*.

Proof. The characteristic equation of the Jacobian matrix around interior equilibrium point E* =
(R*, N*, P*) is

N+aN+EA+86=0 (8)
So, the interior equilibrium point E* = (R*, N*, P*) is locally asymptotically stable when & > 0,
&3>0 and £& — & > 0 where &1, &, and &3 are given in Table 1.
When b = b*, the characteristic equation (8) becomes

(M +&)A+&) =0 (9)

Then, the roots of the above equation (9) are given by A\; = +iv/&3, Ao = —iy/& and A3 = —&;. Due
to the condition && — & = 0 at b = b*, there exist an open interval (b* — €, b* — ¢€) for some positive
€. Thus for b* € (b* —¢,b* — €), the characteristic equation (8) has no roots containing negative real
parts.
Now, for all b, the roots of (9) are in the following general form

A1 (b) = pua () + ipa(b)

Aa(b) = pa (b) — ip1(b)
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As(b) = =& (b)
Now, we shall verify the transversality condition
d

CRe0)] _ #0for 1=12

b=b
Now, substituting A1 (b) = u1(b) + iu2(b) into the characteristic equation (9), separating the real and
imaginary part after calculating the derivatives, we have

A(b)py (b) — B(b)p(b) + C(b) =

B(b)py (b) + A(b)p5(b) + D(b) = 0

where,
A(b) = 3ui(b) — 3p5(b) + 241 (D)6 (b) + &2(b)
B(b) = 641(b) p2(b) + 242(b)&1 (D)
C(b) = (13 (b) — p3(0))&1(D) + 1 (b)€5(b) + &5(D)

(b

§1(b) + p2(b)&5(b)

and (%) = 1/&(b*), we have

= 26, (b* \/52 b, C b*) (1) — &)L (b*) and D(b*) = /& (07)EL(bY)
d B(b*)D(b") +

Now, %[Re()\,-(b))] = =Ty

b=b*

0
D(b) = 2411 (b)p2 (b
Noticing that p(b*) =0

(b)

A(b) = =26 (b"), B(b

A(bT)C(b7)
B(b*)?
C(26(07)/&(0%)) X (/&(0%)& (b)) + (—282(b")) x (&5(07) — &(07)&1(b"))
(— 252(5*))2"'(251(5*) & (0%))?
C&(0")&(07) + & (07)&1(07) — &(07)
2{&(b7) + &)}

Therefore, %[ Re(A(B)|  #0 i &(0)&07)+E(0)(6) =€) # 0 and Ag(b*) = —&(b7) # 0
Hence, the transversality conditions hold and Hopf bifurcation occurs for system (5) at a critical value
b="b"

Henceforth the theorem. [
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