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Abstract: When theoretically investigating the nonlinear dynamics of quantum dot lasers (QDLs), the
parameter value of the electron escape rate (Ce) is sometimes approximated to zero to simplify the
calculation. However, the value of Ce is dependent on the energy interval between the ground state
(GS) and the excited state (ES) in the conduction band and is affected by the operation temperature.
As a result, such simplified approximation treatments may lead to inaccurate results. In this study,
after considering the effect of Ce, we investigate the nonlinear dynamics of QDLs with and without
optical feedback based on the asymmetric electron-hole carrier rate equation model. The simulation
results show that without optical feedback, the lasing conditions for ES and GS in free-running QDLs
are dependent on the value of Ce. A larger Ce is more helpful for the ES emission, and the GS emission
will stop lasing if Ce is large enough. Through analyzing the dynamical characteristics of GS and
ES in QDLs with optical feedback under different Ce values, it can be found that the dynamical
characteristics are strongly correlative with Ce.

Keywords: quantum dot lasers (QDLs); nonlinear dynamics; optical feedback; electron escape rate (Ce)

1. Introduction

Semiconductor lasers (SLs) can exhibit diverse nonlinear dynamical behaviors under
external perturbations, such as optical injection [1], optical feedback [2–4], and optoelec-
tronic feedback [5]. These dynamical behaviors include: steady (S) state; period one (P1)
state; period two (P2) state; multi-period (MP) state; chaotic (C) state; low frequency fluc-
tuation (LFF) [6,7] and bistable state [8], which can be applied in photonic microwave
generation [9,10]; all-optical logic gates [11]; reservoir computing [12,13]; chaotic secure
communications [14]; random number generation [15,16]; and so on.

With the technical development of SLs and photonic integration [17], self-assembled
nanostructured semiconductor quantum dot lasers (QDLs) have attracted the attention of
many researchers [18,19]. The active region of QDLs is a zero-dimensional quantum dots
(QD) nanostructure, which induces QDLs with discrete energy levels and state densities.
Compared with traditional quantum well SLs, QDLs possess some advantages, such as
low threshold current [20,21], temperature insensitivity [22,23], large modulation band-
width [24], and low chirp [25]. Such unique properties make QDLs excellent candidate
light sources in many fields, such as optical communications [26], all-optical logic gates [27],
silicon photonic integrated circuits [28], photonic microwave generation [29,30], and so
on. Related studies have demonstrated that QDLs can emit at the ground state (GS) and
excited state (ES), either solely or simultaneously, by doping the active region of QDLs and
changing the shape and size of QDs [31]. Since the GS and ES emission possesses a different
wavelength and threshold current, it can be divided into three types: ground state quantum
dot lasers (GS-QDLs), excited state quantum dot lasers (ES-QDLs), and dual-state quantum
dot lasers (DSQDLs) [32,33]. For DSQDLs, there are two threshold currents. When the bias
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current arrives at the first threshold current, the GS starts to lase. With the further increase
in the bias current, the number of carriers in the ES rapidly increases. Once the bias current
exceeds the second threshold, the GS and ES can simultaneously emit and the wavelength
difference between GS and ES emission is close to 100 nm [34]. For GS-QDLs and ES-QDLs,
there is always only one threshold current as the bias current increases. GS-QDLs possess
a lower threshold current compared with ES-QDLs owing to relatively low energy and
strong damping of relaxation oscillation of GS-QDLs. In recent years, the nonlinear dy-
namics of QDLs under external perturbations have received extensive attention [35,36].
Under optical injection, hysteresis bistability has been observed in QDLs [37]. Under
optical feedback, mode competition of QDLs [38], energy exchange between longitudinal
modes [39], two-color oscillations [40,41], and low-frequency fluctuations (LFF) [42,43]
have been experimentally and theoretically reported successively. Theoretically, there are
two models for analyzing the nonlinear dynamics of QDLs under external perturbations.
One is the symmetric exciton model [44], in which excitons are particles formed by the
coulomb interactions between electrons and holes in different energy levels of QD semicon-
ductor materials. As a result, the energy level of GS and ES of QDLs presents electrically
neutral. This model can be applied to investigate the modulation characteristics [45], optical
noise characteristics [46], and photonic microwave generation [29], etc. The other is the
asymmetric electron-hole model [47], in which electrons and holes are heavily aggregated
in different energy levels of QD semiconductor materials, respectively. Under this case, the
coulomb interactions between electrons and holes are much smaller than the interactions
between electrons and electrons, and holes and holes, and then the symmetry between
electron-hole pairs is broken. The asymmetric electron-hole model can be adopted to
explain some behaviors of QDLs, such as the hysteresis bistability in QDLs under optical
injection [37], the external cavity mode competition [38], and all-optical switching [48] in
QDLs under optical feedback, etc. We have noted that the parameter value of electron
escape rate (Ce) is sometimes estimated to be zero in order to simplify calculations during
adopting the asymmetric electron-hole model. In fact, as pointed out in [39], the different
Ce values would affect the change in the GS-ES carrier number.

Based on above considerations, in this study, the effect of Ce on the nonlinear dynamics
of QDLs under optical feedback is analyzed by adopting the asymmetric electron-hole
model. The structure of the article is as follows: First, we analyze the factors influencing
the parameter values of Ce. Second, we inspect the effect of different Ce on the lasing
characteristics of QDLs without optical feedback. Next, via bifurcation diagrams, the
nonlinear dynamics of QDLs under optical feedback are analyzed for different value Ce.
Finally, through mapping the dynamical state distribution of QDLs in the space of phase
offset and optical feedback intensity, the effect of Ce on the dynamical state distribution is
revealed.

2. Asymmetric Electron-Hole Carrier Rate Equation Model

Figure 1 shows a schematic of asymmetric electron-hole carrier dynamics and energy
level structure of QDLs, where the carriers include electrons with negative charge in the
conduction band and holes with positive charge in the valence band. In this model, only two
relatively low energy levels including the ground state (GS) and the first excited state (ES)
energy level are considered. The active region of QDLs is assumed to contain only one type
of QD ensemble; meanwhile, the effect of non-uniform broadening is ignored. The carriers
can be injected directly into the ES level through electrodes. Parts of the carriers are captured
into the GS energy level by carrier scattering and Auger recombination processes [49] with a
capture rate of Be,h, where the superscripts e and h represent electrons and holes, respectively.
Due to thermal excitation process [49], some carriers in the GS energy level escape into the
ES energy level, with an escape rate of Ce,h. Based on the asymmetric electron-hole carrier
dynamics and energy level structure model of QDLs, dimensionless rate equations [48] for
the nonlinear dynamics of QDLs under optical feedback can be described as:
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where the subscripts GS and ES represent the ground state and excited state, respectively.
E and n represent the complex electric field and carrier number, respectively. J is the
normalized injected current (Je = Jh = J). t represents the dimensionless time normalized
to the photon lifetime τp, and τ is the external cavity round trip time. kc stands for the
normalized optical feedback intensity. ω represents the angular frequency normalized
to 1/τp. η represents the ratio of the photon lifetime to the non-radiative carrier lifetime.
Considering that the GS and ES have two-fold degeneration and four-fold degeneration,
respectively, we set gGS = 2g0 and gES = 4g0 (g0 is the effective gain factor). 1 − n describes
Pauli blocking and a(nh + ne) represents the frequency change induced by the resonant
carrier factor a [42]. The symmetric distribution of electron-hole pairs is broken due to the
difference between Ce and Ch. To determine the escape rates Ce,h, here we use the Kramers
relation [46]:

Ce,h = Be,hexp(−∆Ee,h

kbT
) (7)

where ∆Ee and ∆Eh are the energy level interval between GS and ES in the conduction
band and in the valence band, respectively, and kb represents the Boltzmann constant. T
represents the operation temperature of lasers. Generally, ∆Eh is near to 0, and therefore
Ch ≈ Bh. However, ∆Ee is usually tens of meV. Referring to [37], we set ∆Ee at 50 meV. In
this case, the dependence of Ce on the operation temperature of QDLs is given in Figure 2,
where Bh = Be = Ch = 150 [48]. Obviously, Ce is increased with the increase in the operation
temperature of QDLs. At room temperature, kbT = 25 meV, and then Ce = 20.3.
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Figure 1. Schematic diagram of asymmetric electron-hole carrier dynamics and energy level structure
of QDLs. ES(e): electrons in excited state; ES(h): holes in excited state; GS(e): electrons in ground
state; GS(h): holes in ground state.
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Figure 2. Electron escape rate Ce as a function of the operation temperature of QDLs.

3. Results and Discussion

Equations (1)–(6) can be numerically solved by the fourth-order Runge–Kutta method
via MATLAB software, with the parameters [48]: η = 0.02, Be = Bh = Ch = 150, g0 = 0.75,
aGS = aES = 5, ωGS ≈ 3015.9, ωES ≈ 3222.1.

Figure 3 shows the normalized output power of GS (blue) and ES (red) as a function of
normalized injection current J for a free-running QDL under different Ce, and the threshold
currents of ES and GS as a function of Ce for a free-running QDL. For Ce = 0 (Figure 3a),
the QDL starts to lase when J arrives at 3.0. When J is within the range of 3.0–4.5, the
free-running QDL is operating at the GS emission. Once J exceeds 4.5, the ES of QDL
starts to lase. With a further increase in J, the output power of GS decreases while the
output power of ES increases. When J is within the range of 4.5–10.0, the free-running QDL
is operating at the coexistence of GS and ES. When J is more than 10.0, the GS emission
is completely suppressed. As shown in Figure 3b, for Ce = 20.3 (corresponding to room
temperature), the threshold current of QDL is 3.0, and only the ES emits. Obviously, for
QDL operating at room temperature, adopting the approximate treatment of Ce = 0 will
lead to inaccurate results. From Figure 3c, it can be seen that the threshold currents of GS
and ES are depended on Ce. With the increase in Ce, the threshold current of ES decreases
firstly and then maintains a constant level, while the threshold current of GS remains at
a constant firstly and then the GS stops lasing. As a result, a relatively larger value of Ce

(meaning a higher temperature) is more helpful for ES emission, which is consistent with
the experimental observation in [50]. In the following, taking J = 3.5 and J = 5.7 as examples,
we will analyze the effect of different Ce values on the nonlinear dynamics of QDL with
optical feedback.
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A bifurcation diagram is usually adopted to analyze the nonlinear dynamics evolution
of QDLs with a certain parameter. The bifurcation diagram is obtained from a time series
by sampling and plotting local peaks and valleys of the output waveform for different
parameter values [51,52]. Figure 4 gives the bifurcation diagrams of power extreme and
mean power of the GS (blue) and ES (red) as a function of optical feedback intensity (kc)
under J = 3.5 and delayed time τ = 100. For Ce = 0 (Figure 4(a1)), the GS is stable (S)
under kc < 0.0092. For kc is within the range of (0.0092, 0.015), the output waveform of GS
emission has two extreme values corresponding to the peaks and valleys, and the GS can
be judged to operate at period one (P1) oscillation. When kc is located within the range of
(0.015, 0.016), the output waveform of GS possesses four extreme values corresponding
to the peaks and valleys, and the GS can be determined to be period two (P2) oscillation.
When kc is within the range of (0.028, 0.031), the output waveform of GS emission has
multiple extreme values corresponding to the peaks and valleys, then the GS operates at
the multi-period (MP) oscillation. When kc exceeds the value of 0.031, the output waveform
shows irregular oscillation, and the GS evolves into chaotic (C) oscillation. For ES emission,
one can observe only for 0.02 < kc < 0.028, in which the ES behaves C oscillation. When
Ce = 5 (Figure 4(b1)), only the ES emits under kc < 0.012. When kc is located within the range
of (0.012, 0.04), the GS undergoes an evolution from P1, S, P1, P2, MP to C oscillation. Once
kc exceeds the values of 0.04, the GS appears as a new cascade bifurcation from S, MP into C
oscillation. When kc is within the range of (0.012, 0.014), the ES enters P1 oscillation. When
kc exceeds the values of 0.044, the ES evolves into C oscillation. When Ce = 10 (Figure 4(c1)),
the ES has multiple dynamical states, including S, P1, P2, and MP oscillation when kc is
in the range of (0, 0.035). When kc is located within the range of (0.057, 0.062) and (0.08,
0.083), the ES behaves as C oscillation. When kc is within the range of (0.036, 0.09), the GS
exhibits from S, P2, MP to C oscillation. When Ce = 15 (Figure 4(d1)), the ES shows various
dynamical states, such as S, P1, P2, MP, and C oscillation within the range of (0, 0.051).
For GS emission, it only starts emission when the kc exceeds 0.053. When kc is located
within the range of (0.053, 0.09), the GS exhibits multiply dynamical states such as S, P1, P2,
and C oscillation. As shown in Figure 4(e1), when Ce = 20.3 (corresponding to the room
temperature), only the ES emits for kc < 0.081, and S, P1 and C oscillation can be observed.
For GS, it starts to emit for kc > 0.081, C and S oscillation can be observed. By comparing
the bifurcation diagram of power extreme and mean power under different Ce, one can find
that strongly optical feedback is favorable for GS emission under a given Ce; meanwhile,
the dynamical evolution of GS and ES is significantly related to the value of Ce. Moreover,
for a larger value of Ce (corresponding to a higher temperature), the region of feedback
strength for realizing chaotic output is narrower.
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Figure 5 shows the bifurcation diagrams of power extreme and mean power of the
GS (blue) and ES (red) as a function of kc under injection current J = 5.7 and delay time
τ = 100. For Ce = 0 (Figure 5(a1)), the GS and ES are stable under kc < 0.023. When kc
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is within the range of (0.023, 0.025), the GS and ES show various dynamical states such
as P1, P2, and MP oscillation. When kc exceeds the values 0.034, the GS and ES enter C
oscillation. When Ce = 5 (Figure 5(b1)), only the ES emits under kc < 0.018. When kc is
located within the range of (0.018, 0.04), the GS starts emission and the GS and ES are S. The
GS and ES exhibit multiple dynamical states, including P1, P2, and MP, under the range
of (0.04, 0.042). When kc is within the range of (0.042, 0.1), the GS and ES evolve from S to
C oscillation. When Ce = 10 (Figure 5(c1)), only the ES emits under kc < 0.037. With the
increase in kc from 0.037 to 0.065, the GS and ES behave as S. Once kc exceeds 0.07, the GS
and ES evolve into C oscillation. When Ce = 15 (Figure 5(d1)), the ES is S under the range
of kc (0, 0.055). When kc is located within the range of (0.055, 0.075), the GS and ES show
rich dynamical states, including P1, P2, and MP oscillation. When kc exceeds 0.075, the
GS and ES enter C oscillation. As shown in Figure 5(e1), when Ce = 20.3 (corresponding
to the room temperature), only the ES emits for kc < 0.065. When kc is within the range of
(0.065, 0.098), the GS and ES emit simultaneously and multiple dynamical states such as
P1, P2, and MP oscillations can be observed. When kc is located within the range of (0.098,
0.1), the GS emission operates at S, while the ES emission is suppressed. By comparing the
bifurcation diagram of power extreme and mean power under different Ce, it can be found
that the GS and ES always have the same dynamic evolution with the increase in kc. For
a relatively large Ce, a lower kc is more favorable for the ES emission, and a stronger kc is
more favorable for the GS emission. Similarly, in the case of QDL biased at 3.5, for a larger
value of Ce (corresponding to a higher temperature), the chaos state can be observed within
a narrower region of the feedback strength.
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Besides the optical feedback intensity (kc), the phase offset (defined as ∆τwGS) caused
by the slight variation in τ is another crucial factor to affect the nonlinear dynamics of QDLs.
Finally, we simulate the dynamical evolution of QDL in the parameter space composed of
such two crucial parameters; the corresponding results under J = 3.5 are given in Figure 6.
For Ce = 0 (Figure 6(a1,a2)), while the dynamical states of GS include S, P1, P2, MP, and
C, and the C state occupies the widest area. The dynamical states of ES include S, P1,
P2, and MP, and most of the region is S state. When Ce = 5 (Figure 6(b1)), there are still
various dynamical states, including S, P1, P2, MP, and C, but the C region is shrunken
compared with that of Ce = 0. As shown in Figure 6(b2), although most areas still belong
to the S region for ES, the regions for other dynamical states are expanded. For Ce = 10
(Figure 6(c1,c2)), multiple dynamical states including S, P1, P2, MP and C can be observed
for the GS and ES. For Ce = 15 (Figure 6(d1,d2)) and Ce = 20.3 (Figure 6(e1,e2)), the S region
for GS becomes larger and other dynamic states become smaller, and more dynamical states
including S, P1, P2, MP and C oscillation can still be observed for ES emission.



Photonics 2023, 10, 878 7 of 10

Photonics 2023, 10, x FOR PEER REVIEW 7 of 10 
 

 

 
Figure 5. Bifurcation diagrams of power extreme and mean power as a function of feedback inten-
sity of GS (blue) and ES (red) in QDL biased at 5.7 under optical feedback with τ = 100 and (a) Ce = 
0, (b) Ce = 5, (c) Ce = 10, (d) Ce = 15, (e) Ce = 20.3, respectively. 

Besides the optical feedback intensity (kc), the phase offset (defined as ∆τwGS) caused 
by the slight variation in τ is another crucial factor to affect the nonlinear dynamics of 
QDLs. Finally, we simulate the dynamical evolution of QDL in the parameter space com-
posed of such two crucial parameters; the corresponding results under J = 3.5 are given in 
Figure 6. For Ce = 0 (Figure 6(a1,a2)), while the dynamical states of GS include S, P1, P2, 
MP, and C, and the C state occupies the widest area. The dynamical states of ES include 
S, P1, P2, and MP, and most of the region is S state. When Ce = 5 (Figure 6(b1)), there are 
still various dynamical states, including S, P1, P2, MP, and C, but the C region is shrunken 
compared with that of Ce = 0. As shown in Figure 6b2, although most areas still belong to 
the S region for ES, the regions for other dynamical states are expanded. For Ce = 10 (Figure 
6(c1,c2)), multiple dynamical states including S, P1, P2, MP and C can be observed for the 
GS and ES. For Ce = 15 (Figure 6(d1,d2)) and Ce = 20.3 (Figure 6(e1,e2)), the S region for GS 
becomes larger and other dynamic states become smaller, and more dynamical states in-
cluding S, P1, P2, MP and C oscillation can still be observed for ES emission. 

 
Figure 6. Mapping of the dynamical states of GS emission (the first row) and ES emission (the second 
row) in the parameter space of feedback intensity and phase offset for QDL biased at 3.5 under 
different Ce where (a) Ce = 0, (b) Ce = 5, (c) Ce = 10, (d) Ce = 15, (e) Ce = 20.3. S: stable, P1: period one, 
P2: period two, MP: multi-period, and C: chaos.  

For J = 5.7, the corresponding results are given in Figure 7. For Ce = 0 (Figure 7(a1,a2)), 
the dynamical states of GS and ES include S, P1, P2, MP, and C oscillation. In the dwhole 
parameter space, a small number of regions are located at S. For Ce = 5 (Figure 7(b1,b2)) 
and Ce = 10 (Figure 7(c1,c2)); there are also multiple dynamical states, such as S, P1, P2, 
MP, and C oscillation, and the C region is shrunken compared with that under Ce = 0. For 
Ce = 15 (Figure 7(d1,d2)) and Ce = 20.3 (Figure 7(e1,e2)), the S region of GS and ES widens 
in the whole space and other dynamic states of the region become smaller. From Figures 

Figure 6. Mapping of the dynamical states of GS emission (the first row) and ES emission (the second
row) in the parameter space of feedback intensity and phase offset for QDL biased at 3.5 under
different Ce where (a) Ce = 0, (b) Ce = 5, (c) Ce = 10, (d) Ce = 15, (e) Ce = 20.3. S: stable, P1: period one,
P2: period two, MP: multi-period, and C: chaos.

For J = 5.7, the corresponding results are given in Figure 7. For Ce = 0 (Figure 7(a1,a2)),
the dynamical states of GS and ES include S, P1, P2, MP, and C oscillation. In the dwhole
parameter space, a small number of regions are located at S. For Ce = 5 (Figure 7(b1,b2)) and
Ce = 10 (Figure 7(c1,c2)); there are also multiple dynamical states, such as S, P1, P2, MP, and
C oscillation, and the C region is shrunken compared with that under Ce = 0. For Ce = 15
(Figure 7(d1,d2)) and Ce = 20.3 (Figure 7(e1,e2)), the S region of GS and ES widens in the
whole space and other dynamic states of the region become smaller. From Figures 6 and 7,
it can be concluded that the dynamical states distribution of GS and ES in the parameter
space of optical feedback intensity and phase offset is strongly dependent on the parameter
value of Ce.
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4. Conclusions

In summary, via an asymmetric electron-hole carrier rate equation model, the effects
of the different parameter values of electron escape rate (Ce) on the nonlinear dynamics of
quantum dot lasers (QDLs), with or without optical feedback, are theoretically investigated.
The simulation results show that, for QDLs without optical feedback, the emission threshold
of ground state (GS) and excited state (ES) strongly depends on the parameter value of Ce.
A relatively larger value of Ce is more helpful for ES emission, and GS stops lasing when Ce

is large enough. For QDLs with optical feedback, various dynamical states, such as stable
(S), period one (P1) oscillation, period two (P2) oscillation, multi-period (MP) oscillation,
and chaotic (C) oscillation of GS and ES for QDLs, can be observed. By comparing the
dynamical state distributions for GS and ES in the parameter space of feedback intensity
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and phase offset under different Ce, it can be concluded that the dynamic state of QDLs
with optical feedback is strongly correlative with the parameter value of Ce. As a result,
when theoretically investigating the nonlinear dynamics of QDLs with or without optical
feedback, the effect of Ce should be taken into account for obtaining accurate results.
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