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Abstract: This study investigates the effects of asymmetric coupling strength on nonlinear dynamics
of two mutually long-delay-coupled semiconductor lasers through both experimental and numerical
efforts. Dynamical maps and spectral features of dynamical states are analyzed as a function of the
coupling strength and detuning frequency for a fixed coupling delay time. Symmetry in the coupling
strength of the two lasers, in general, symmetrizes their dynamical behaviors and the corresponding
spectral features. Slight to moderate asymmetry in the coupling strength moderately changes their
dynamical behaviors from the ones when the coupling strength is symmetric, but does not break the
symmetry of their dynamical behaviors and the corresponding spectral features. High asymmetry in
the coupling strength not only strongly changes their dynamical behaviors from the ones when the
coupling strength is symmetric, but also breaks the symmetry of their dynamical behaviors and the
corresponding spectral features. Evolution of the dynamical behaviors from symmetry to asymmetry
between the two lasers is identified. Experimental observations and numerical predictions agree not
only qualitatively to a high extent but also quantitatively to a moderate extent.

Keywords: semiconductor lasers; nonlinear dynamics; mutual coupling; asymmetric coupling
strength; symmetry breaking

1. Introduction

Nonlinear dynamics of two mutually delay-coupled semiconductor lasers has at-
tracted much research interest due to its profound physics and promising applications.
By simply adjusting the operating conditions of the two lasers, including bias current,
coupling strength, and detuning frequency, various dynamical behaviors can be induced,
such as mutual injection locking, period-one (P1) dynamics, period-two (P2) dynamics,
quasi-periodic dynamics, and chaos. The unique temporal and spectral features found
in these dynamical behaviors have been proposed, respectively, to improve performance
characteristics of existing technologies, such as enhancing the bandwidth of direct mod-
ulation [1–5] and suppressing nonlinear distortion due to direct modulation [6–8], or to
provide alternatives for novel applications, such as tunable microwave generation [9–12],
chaotic synchronization [13–16], reservoir computing [17–19], and decision making [20].
For these technological applications, the bias currents of the two lasers are, in general,
adjusted independently and differently so that specific characteristics or functionalities are
achieved. This inevitably leads to a difference in the coupling strength between the two
lasers, i.e., the coupling strength is asymmetric.

Prior studies [21–25] that investigate nonlinear dynamical behaviors and their features
in mutually coupled lasers mainly considered symmetric coupling strength only. The dy-
namical behaviors of the two lasers are mainly identical, i.e., symmetric, even though
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symmetry breaking in their behaviors does happen over a limited range of operating condi-
tion. An interesting yet fundamental question to ask is whether the dynamical behaviors of
the two lasers with asymmetric coupling strength are kept symmetric. For example, the re-
sult of a recent study [26], of which purpose focuses on showing that coupling strength
asymmetry makes the mutually coupled laser system behave like a unidirectionally cou-
pled laser system, indicates that their dynamical behaviors are still identical even when
their coupling strength becomes slightly or moderately asymmetric. Would the dynamical
behavior symmetry still hold if the extent of the coupling strength asymmetry enhances?
The answer to this question is important not only for fundamental understandings about
how and to what extent such a laser system responds to asymmetric coupling strength,
but also for technological applications where such a laser system is expected to operate
at a specific dynamical behavior all the time even when the coupling strength becomes
asymmetric. However, this issue has not been much emphasized yet, and is thus numer-
ically and experimentally investigated in this study using two mutually coupled lasers
with a delay time longer than the relaxation resonance period of the lasers at free running.
As shown in the following analyses, slight to moderate asymmetry in the coupling strength
does not break the symmetry between the dynamical behaviors of the two lasers. Sym-
metry breaking of the dynamical behaviors happens when the coupling strength is highly
asymmetric. Evolution of the dynamical behaviors from symmetry to asymmetry between
the two lasers is observed, where numerical predictions and experimental observations
agree not only qualitatively to a high extent but also quantitatively to a moderate extent.

The remainder of this paper is outlined as follows. In Section 2, the numerical model for
two mutually delay-coupled semiconductor lasers, which is derived from the well-known
Lang–Kobayashi equations, used in this study is described, and numerical predictions
are demonstrated. In Section 3, the experimental setup of the laser system used in this
study is introduced, and experimental observations are presented and compared with the
numerical predictions shown in Section 2. Finally, a summary is given in Section 4.

2. Numerical Prediction

The dynamical behaviors of two mutually delay-coupled semiconductor lasers are
numerically investigated in this section to obtain a picture of when, how, and to what
extent changes in their dynamical behaviors happen if their coupling strength varies
from symmetry to asymmetry. The numerical results would serve as a proper guidance
for an experiment study demonstrated in Section 3 to verify the numerical predictions.
Optical and microwave spectra presented here are obtained by considering the spontaneous
emission noise of both lasers in the numerical calculation so that a fair comparison can be
made with those obtained in the experimental study. Temporal evolutions shown here are
calculated without taking into account the spontaneous emission noise of both lasers so
that an easy comparison can be made between the outputs of the two lasers.

2.1. Numerical Model

Two mutually delay-coupled semiconductor lasers under study can be mathematically
described by the following Lang–Kobayashi equations [27–30]:

Laser Diode 1 (LD1):

dA1

dt
= −γc1

2
A1 + i(ω01 −ωc1)A1 +

Γ1

2
g1(1− ib1)A1 (1)

+η21 A2(t− τ2)eiω02τ2 − iΩA1 + Fsp1

dN1

dt
=

J1

ed1
− γs1N1 − g1S1. (2)
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Laser Diode 2 (LD2):

dA2

dt
= −γc2

2
A2 + i(ω02 −ωc2)A2 +

Γ2

2
g2(1− ib2)A2 (3)

+η12 A1(t− τ1)eiω02τ1 + Fsp2

dN2

dt
=

J2

ed2
− γs2N2 − g2S2. (4)

Here, Aj is the total complex intracavity field amplitude of LDj, where j = 1 or
2, γcj is the cavity decay rate, ω0j is the free-running oscillation frequency, ωcj is the
angular frequency of the cold cavity, Γj is the confinement factor describing the spatial
overlap between the gain medium and the optical mode, bj is the linewidth enhancement
factor relating the dependence of the refractive index on changes in the optical gain, gj
is the optical gain parameter which is a function of the charge carrier density Nj and
the intracavity photon density Sj, Fspj = Frj + iFij is the complex field noise, η12 and η21
are the injection coupling rates from LD1 to LD2 and from LD2 to LD1, respectively, τ1
and τ2 are the coupling delay times from LD1 to LD2 and from LD2 to LD1, respectively,
fi = Ω/2π = (ω01 − ω02)/2π is the detuning frequency between LD1 and LD2 at free
running, Jj is the bias current density, e is the electron charge, dj is the active layer thickness,
and γsj is the spontaneous carrier decay rate. The photon density is related to the intracavity
field by:

Sj =
2ε0n2

j

h̄ω0j
|Aj|2 (5)

where ε0 is the free-space permittivity, nj is the refractive index, and h̄ is the reduced Plank’s
constant. The gain coefficient gj is a function of the photon density and carrier density
described as:

gj =
γcj

Γj
+ γnj

Nj − N0j

S0j
− γpj

Sj − S0j

ΓjS0j
(6)

where γnj represents the differential carrier relaxation rate, γpj describes the nonlinear
carrier relaxation rate, N0j indicates the free-running carrier density, and S0j expresses the
free-running photon density, respectively.

For the purpose of numerical calculation, Equations (1)–(4) are recast about the
steady-state, free-running operating point of each laser, where Aj = |A0j|(arj + iaij) and
Nj = N0j(1 + ñj) are used, and A0j is the free-running field amplitude.

Laser Diode 1 (LD1):

dar1

dt
=

1
2

[
γc1γn1

γs1 J̃1
ñ1 − γp1(a2

r1 + a2
i1 − 1)

]
(ar1 + b1ai1) (7)

+Ωai1 + ξs
21γc1[ar2(t− τ2) cos ω02τ2 − ai2(t− τ2) sin ω02τ2] + Far1

dai1

dt
=

1
2

[
γc1γn1

γs1 J̃1
ñ1 − γp1(a2

r1 + a2
i1 − 1)

]
(−b1ar1 + ai1) (8)

−Ωar1 + ξs
21γc1[ai2(t− τ2) cos ω02τ2 + ar2(t− τ2) sin ω02τ2] + Fai1

dñ1

dt
= −

[
γs1 + γn1(a2

r1 + a2
i1)
]
ñ1 − γs1 J̃1(a2

r1 + a2
i1 − 1) (9)

+
γs1γp1

γc1
J̃1(a2

r1 + a2
i1)(a2

r1 + a2
i1 − 1).
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Laser Diode 2 (LD2):

dar2

dt
=

1
2

[
γc2γn2

γs2 J̃2
ñ2 − γp2(a2

r2 + a2
i2 − 1)

]
(ar2 + b2ai2) (10)

+ξs
12γc2[ar1(t− τ1) cos ω02τ1 − ai1(t− τ1) sin ω02τ1] + Far2

dai2

dt
=

1
2

[
γc2γn2

γs2 J̃2
ñ2 − γp2(a2

r2 + a2
i2 − 1)

]
(−b2ar2 + ai2) (11)

+ξs
12γc2[ai1(t− τ1) cos ω02τ1 + ar1(t− τ1) sin ω02τ1] + Fai2

dñ2

dt
= −

[
γs2 + γn2(a2

r2 + a2
i2)
]
ñ2 − γs2 J̃2(a2

r2 + a2
i2 − 1) (12)

+
γs2γp2

γc2
J̃2(a2

r2 + a2
i2)(a2

r2 + a2
i2 − 1).

Here ξs
12 = η12|A01|/γc2|A02| and ξs

21 = η21|A02|/γc1|A01| represent the strength of
coupling from LD1 to LD2 and from LD2 to LD1, respectively. A superscript s is used
for both symbols to distinguish the coupling strength defined here from the one defined
in the experimental study presented in Section 3. The normalized bias level is described
by J̃j = (Jj/edj − γsjNj)/γsjNj. The phase factor ω02τj is set to zero throughout the numer-
ical calculation in order to simplify the study. The normalized Langevin noise-source
parameters Farj = Frj/|A0j| and Faij = Fij/|A0j| describe the real and imaginary parts of the
normalized spontaneous emission parameters, respectively, and are characterized by a
spontaneous emission rate as [31]:〈

Farj(t)Farj(t
′)
〉
=
〈

Faij(t)Faij(t
′)
〉
=

Rspj

2|A0j|2
δ(t− t′) (13)〈

Farj(t)Faij(t
′)
〉
=
〈

Faij(t)Farj(t
′)
〉
= 0 (14)

where Rspj represents the fraction of the spontaneous emission noise into the laser mode.
The values of the intrinsic laser parameters used for the numerical calculation here,

which are experimentally measured using the four-wave mixing method [32], are shown in
Table 1. Throughout the numerical calculation, the intrinsic laser parameters of LD1 and
LD2 are set identical in order to simplify the study. Under this condition, the relaxation
resonance frequency of either free-running laser is 10.25 GHz. A second-order Runge–Kutta
method with the measured laser parameters is used to solve Equations (7)–(12). Throughout
the numerical study, a time duration of about 0.47 ps is used for one integration step, and a
time duration of 1 µs is adopted for complete integration.

Table 1. The values of laser parameters used in the numerical calculation.

Parameter Symbol Value

Linewidth enhancement factor b1, b2 3
Normalized bias level J̃1, J̃2 1.222
Coupling delay time τ1, τ2 40.15 ns
Cavity decay rate γc1, γc2 5.36× 1011 s−1

Spontaneous carrier relaxation rate γs1, γs2 5.96× 109 s−1

Differential carrier relaxation rate γn1, γn2 7.53× 109 s−1

Nonlinear carrier relaxation rate γp1, γp2 1.91× 1011 s−1

Spontaneous emission rate Rsp1, Rsp2 4.7 × 1018 V2m−1s−1 [31]

2.2. Dynamics Behaviors under Symmetric Coupling Strength

For the purpose of comparison, the dynamical behavior of the mutually delay-coupled
laser system is first investigated when the coupling strength is symmetric, i.e., ξs

12 = ξs
21,

in this subsection. To obtain a global understanding of how the laser system behaves at a
fixed coupling delay time of 40.15 ns under study, maps of dynamical states as a function of
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ξs
12 and fi for LD1 and LD2 are presented in Figure 1a and Figure 1b, respectively. Regions

of mutual injection locking, P1 dynamics, P2 dynamics, and chaos are marked by red,
yellow, blue, and black, respectively. Periodic dynamics with periods higher than two are
included in the regions of chaos. Comparing Figure 1a with Figure 1b demonstrates that the
dynamical behaviors of both lasers are generally identical over the range of ξs

12 and fi under
study when the coupling strength is symmetric. In addition, each different dynamical
state generally appears symmetrically with respect to fi = 0. The mutual injection locking
states emerge at weak coupling strength and small frequency detuning. The P1 dynamical
states appear when ξs

12 is smaller than 0.044 over the range of fi under study. The chaotic
states start to emerge when ξs

12 is greater than 0.007. Note that the coupling delay time,
40.15 ns, is chosen here according to the one used in the experimental setup described in
Section 3 so that fair comparisons can be made between numerical and experimental results
demonstrated in Section 3.

Figure 2 shows the typical optical spectrum, microwave spectrum, and temporal
evolution for each different dynamical state of LD1 (red curve) and LD2 (black curve)
presented in Figure 1. Note that the frequency axes of all the optical spectra shown in this
study are relative to the free-running oscillation frequency of LD2. As Figure 2(a-i) shows,
where (ξs

12, fi) = (0.009, −2.9 GHz), both LD1 and LD2 oscillate at the same offset frequency
of−1.52 GHz, indicating that mutual injection locking is established between the two lasers.
Two relaxation resonance sidebands appear 10 GHz away from the principal oscillation
with the lower one being slightly stronger due to the positive value of b. As Figure 2(b-i)
presents, photodetection of the optical signal generates a spectral component at 10 GHz
due to the relaxation resonance and a small bump around 0 GHz. The bump actually
consists of several spectral components that are equally separated by 12.45 MHz, as the
inset shows. The frequency separation corresponds to the loop frequency of the round-trip
delay coupling between the two lasers, i.e., the reciprocal of the summation of the two
coupling delay times. The appearance of such loop modes is a typical feature of a delay-
coupled system because an additional resonance condition given by the round-trip delay
coupling is required for the system to satisfy. As Figure 2(c-i) shows, the intensity of both
lasers is constant over time yet with an extremely weak modulation at the loop frequency,
12.45 MHz, which can be hardly observed with bare eyes. Note that the intensity value
shown in the figures of this section is calculated by removing the direct-current component
of each signal. As Figure 2(c-i) also presents, the temporal evolution of the intensity is
identical between the two lasers. In fact, LD1 leads LD2 by about 40.15 ns (i.e., the coupling
delay time) in Figure 2(c-i) where the temporal evolution of the LD1 intensity is shifted by
about 40.15 ns for easy comparison.

As Figure 2(a-ii) shows, where (ξs
12, fi) = (0.011,−20 GHz), either LD1 or LD2 oscillates

at a frequency that is slightly red-shifted from its free-running oscillation frequency due
to the injection pushing effect [33]. Moreover, oscillation sidebands appear around the
principal oscillation of each laser, which are equally separated by an oscillation frequency
of f0 = 20.06 GHz. Such a spectral feature is a typical signature of the P1 dynamics.
This generates a microwave at f0 = 20.06 GHz and its harmonics after photodetection,
as illustrated in Figure 2(b-ii), which is highly advantageous for high-frequency microwave
generation [34–38]. Due to the round-trip delay coupling, there also appears a small
bump around 0 GHz, which consists of several spectral components equally separated by
12.45 MHz, as those shown in the inset of Figure 2(b-i). Similar closely-spaced spectral
components also appear on top of each P1 spectral component shown in Figure 2(b-ii).
As Figure 2(c-ii) shows, the intensity of either laser oscillates sinusoidally with a single
period equal to the reciprocal of f0 = 20.06 GHz. The sinusoidal intensity oscillation of
either laser is, in fact, extremely weakly modulated at the loop frequency, 12.45 MHz,
which can be hardly observed with bare eyes. As Figure 2(c-ii) also presents, the temporal
evolution of the intensity oscillation is identical between the two lasers yet with LD1 leading
LD2 by about 40.15 ns, corresponding to the coupling delay time. For easy comparison,
the temporal evolution of the LD1 intensity is shifted by about 40.15 ns in Figure 2(c-ii).
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Figure 1. Maps of dynamical states for (a) LD1 and (b) LD2, respectively, in the mutually-coupled
laser system when ξs

12 = ξs
21. Regions of mutual injection locking, P1 dynamics, P2 dynamics,

and chaos are marked by red, yellow, blue, and black, respectively.

Figure 2. (a) Optical spectra, (b) microwave spectra, and (c) temporal evolutions of LD1 (red curve)
and LD2 (black curve) for (i) mutual injection locking at (ξs

12, fi) = (0.009, −2.9 GHz), (ii) P1 dynamics
at (ξs

12, fi) = (0.011, −20 GHz), (iii) P2 dynamics at (ξs
12, fi) = (0.02, −20 GHz), and (iv) chaos at

(ξs
12, fi) = (0.05, −20 GHz). The inset of (b-i) shows the enlargement of the microwave spectrum for

LD2 around 0 GHz. The x-axes in (a) are relative to the free-running oscillation frequency of LD2.
The red curves in (a,b) are up-shifted by 100 dB for clear visibility.

By increasing the coupling strength so that (ξs
12, fi) = (0.02, −20 GHz), as Figure 2(a-iii)

shows, while the spectral components observed in Figure 2(a-ii) for either laser are simi-
larly kept with a slight increase in their frequency separation, leading to f0 = 20.21 GHz,
subharmonics emerge in the midway between the spectral components. Such a spectral
feature is a typical signature of the P2 dynamics. The beating between the spectral com-
ponents at the photodetector not only gives rise to a microwave at f0 = 20.21 GHz and its
harmonics, but also leads to subharmonics at the midway between the spectral components,
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as Figure 2(b-iii) shows. Due to the round-trip delay coupling, there also appears a small
bump around 0 GHz, which consists of several spectral components equally separated by
12.45 MHz, as those shown in the inset of Figure 2(b-i). Similar closely-spaced spectral
components also appear on top of each P2 spectral component shown in Figure 2(b-iii).
As Figure 2(c-iii) shows, not only does the intensity of either laser oscillate sinusoidally with
a period equal to the reciprocal of f0 = 20.21 GHz, but the intensity oscillation is also mod-
erately modulated with a period equal to two times the reciprocal of f0 = 20.21 GHz. Such
a moderately modulated intensity oscillation is also extremely weakly modulated at the
loop frequency, 12.45 MHz, which can be hardly observed with bare eyes. As Figure 2(c-iii)
also presents, the temporal evolution of the moderately modulated intensity oscillation
is almost identical between the two lasers. In fact, LD1 leads LD2 by about 40.15 ns (i.e.,
the coupling delay time) in Figure 2(c-iii) where the temporal evolution of the LD1 intensity
is shifted by about 40.15 ns for easy comparison.

By continuing to increase the coupling strength so that (ξs
12, fi) = (0.05, −20 GHz),

as Figure 2(a-iv) shows, a broad and continuous spectral distribution appears for either laser,
which is a typical signature of chaos. After photodetection, as Figure 2(b-iv) presents, such
a spectral feature generates a broadband chaotic microwave with a spectral distribution of
more than 40 GHz, which is highly advantageous for chaos-based applications, such as high-
resolution chaotic radars [39–42], high-speed chaotic communication [43–46], and high-
entropy random number generation [47–50]. Owing to the round-trip delay coupling,
spectral components that are equally separated by 12.45 MHz, as those shown in the
inset of Figure 2(b-i) yet with much weaker intensity, also emerge on top of the spectral
distribution in Figure 2(b-iv). As Figure 2(c-iv) shows, the intensity of both lasers oscillates
irregularly, and is extremely weakly modulated at the loop frequency, 12.45 MHz, which can
be hardly be observed with bare eyes. The temporal evolution of the intensity oscillation is
similar between the two lasers with LD1 leading LD2 by about 40.15 ns, corresponding to
the coupling delay time. For easy comparison, the temporal evolution of the LD1 intensity
is shifted by about 40.15 ns in Figure 2(c-iv).

As observed from Figure 2(a-ii) to Figure 2(a-iv), the laser system follows a period-
doubling route to chaos as ξs

12 increases at fi = −20 GHz. A similar route is also found
when fi falls between−24 GHz and−13 GHz and between 15 GHz and 26 GHz, as Figure 1
presents. The results obtained in either Figure 1 or Figure 2 conclude that the dynamical
behaviors of both lasers are, in general, symmetric when the coupling strength is symmetric,
which agrees with the observations in prior studies [23–25].

2.3. Dynamics Behaviors under Asymmetric Coupling Strength

In the following analyses, to investigate how the two lasers react when the coupling
strength becomes asymmetric, the strength of the coupling from LD2 to LD1 is fixed at
ξs

21 = 0.01 and 0.001, respectively, while the strength of the coupling from LD1 to LD2 is
varied from ξs

12 = 0 to 0.06. As noted, while ξs
21 = 0.01 is about the same order of magnitude

as ξs
12, ξs

21 = 0.001 is about an order of magnitude smaller than ξs
12. Maps of dynamical states

as a function of ξs
12 and fi for LD1 and LD2 when ξs

21 = 0.01 are presented in Figure 3(a-i)
and Figure 3(b-i), respectively, at a fixed coupling delay time of 40.15 ns. Note that periodic
dynamics with periods higher than two are included in the regions of chaos. Comparing
Figure 3(a-i,b-i) with Figure 1 shows that, while the regions of chaos suppress moderately,
the regions of mutual injection locking and P1 dynamics expand moderately. The spectral
features of different nonlinear dynamical states in Figure 3(a-i,b-i) are closely similar to
those presented in Figure 2. Comparing Figure 3(a-i) with Figure 3(b-i) demonstrates that
the dynamical behaviors of the two lasers are generally symmetric at the extent of the
coupling strength asymmetry under study here.
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Figure 3. Maps of dynamical states for (a) LD1 and (b) LD2, respectively, in the mutually coupled
laser system when (i) ξs

21 = 0.01 and (ii) ξs
21 = 0.001. Regions of mutual injection locking, P1 dynamics,

P2 dynamics, and chaos are marked by red, yellow, blue, and black, respectively.

Such dynamical behavior symmetry is, however, not guaranteed if the extent of the
coupling strength asymmetry increases, as Figure 3(a-ii,b-ii) demonstrate, where ξs

21 is
reduced from 0.01 to 0.001. While the dynamical behaviors of the two lasers are symmetric
over most of the operating conditions considered here, asymmetry happens over a region
where ξs

12 falls between 0.034 and 0.06 and fi is between 11 GHz and 22 GHz, a region where
ξs

12 falls between 0.03 and 0.055 and fi is between 7 GHz and 10 GHz, and a region where
ξs

12 falls between 0.018 and 0.06 and fi is between −25 GHz and −12 GHz. Comparing
Figure 3(a-ii,b-ii) with Figure 3(a-i,b-i) shows that, as ξs

21 is reduced, the regions of mutual
injection locking and P1 dynamics continue to expand and thus become dominant, while
the regions of chaos continues to suppress.

To investigate how the dynamical behaviors of both lasers evolve from symmetry
to asymmetry when ξs

21 = 0.001, a development of optical spectra, microwave spectra,
and temporal evolutions for LD1 (red curve) and LD2 (black curve) is presented in Figure 4
when ξs

12 is adjusted and fi is fixed at 9 GHz. At ξs
12 = 0.0019, either LD1 or LD2 behaves as

a P1 dynamical state with an oscillation frequency of about 9 GHz, as either Figure 4(a-i),
Figure 4(b-i), or Figure 4(c-i) presents. The temporal evolution of the intensity oscillation is
identical between the two lasers yet with LD1 lagging LD2 by about 40.15 ns, as Figure 4(c-i)
shows where the temporal evolution of the LD2 intensity is shifted by about 40.15 ns.
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Figure 4. (a) Optical spectra, (b) microwave spectra, and (c) temporal evolutions of LD1 (red
curve) and LD2 (black curve) for (i) ξs

12 = 0.0019, (ii) ξs
12 = 0.006, (iii) ξs

12 = 0.028, (iv) ξs
12 = 0.048,

and (v) ξs
12 = 0.055, respectively, when ξs

21 = 0.001 and fi = 9 GHz. The x-axes in (a) are relative to
the free-running oscillation frequency of LD2. The red curves in (a,b) are up-shifted by 100 dB for
clear visibility.

As ξs
12 is increased to 0.006, either LD1 or LD2 still behaves as a P1 dynamical state

yet with an oscillation frequency of about 8.87 GHz, as either Figure 4(a-ii), Figure 4(b-ii),
or Figure 4(c-ii) presents. The temporal evolution of the intensity oscillation is identical
between the two lasers yet with LD1 lagging LD2 by about 40.15 ns, as Figure 4(c-ii) presents
where the temporal evolution of the LD2 intensity is shifted by about 40.15 ns. While the
microwave spectral features and temporal evolutions between the two lasers look highly
similar in Figure 4(b-ii) and Figure 4(c-ii), respectively, a slight deviation exists in their
optical spectral features in Figure 4(a-ii). Not only a few more spectral components appear
in LD2, but also the principal oscillation becomes less dominant, making the optical spectral
profile of LD2 more widely distributed. This implies that the two lasers start to behave
differently in a subtle manner even though they both behave as a P1 dynamical state. Such
a deviation becomes more significant when ξs

12 is further increased to 0.028, as Figure 4(a-iii)
shows. Both lasers now evolve into a P2 dynamical state, as more evidently observed in
Figure 4(b-iii) where subharmonics emerge in the midway of spectral components at the
integral multiples of 11.29 GHz, and also in Figure 4(c-iii) where an intensity oscillation
with a period equal to the reciprocal of 11.29 GHz is moderately modulated with a period
equal to two times the reciprocal of 11.29 GHz. As noted, the temporal evolution of the
moderately modulated intensity oscillation becomes moderately dissimilar between the
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two lasers with LD1 leading LD2 by about 40.15 ns, as Figure 4(c-iii) presents where the
temporal evolution of the LD1 intensity is shifted by about 40.15 ns.

As ξs
12 continues to increase to 0.048, the optical spectra, microwave spectra, and tem-

poral evolutions of both lasers shown in Figure 4(a-iv), Figure 4(b-iv), and Figure 4(c-iv), re-
spectively, exhibit completely different features and profiles. On one hand, as Figure 4(a-iv)
shows, LD1 oscillates at an offset frequency of 9 GHz that is surrounded by two low-
intensity spectral components about 11 GHz away. The two low-intensity components
result from the modified relaxation resonance of LD1 due to the optical injection from LD2.
Such a modification leads to the enhancement of the relaxation resonance frequency, which
is more clearly identified in Figure 4(b-iv) where the microwave spectrum peaks at around
11 GHz. This indicates that LD1 now emits a continuous-wave optical output with a slightly
higher relaxation resonance frequency as compared with its free-running condition, which
is verified by Figure 4(c-iv) where the LD1 intensity remains constant over time. On the
other hand, as either Figure 4(a-iv) or Figure 4(b-iv) shows, a broad and continuous spectral
distribution is observed for LD2, indicating that LD2 now behaves as a chaotic state, which
is verified by Figure 4(c-iv) where the LD2 intensity oscillates irregularly.

By further increasing ξs
12 to 0.055, either LD1 or LD2 behaves as a P1 dynamical state

with an oscillation frequency of about 12.28 GHz, as either Figure 4(a-v), Figure 4(b-v),
or Figure 4(c-v) presents. While the microwave spectral features and temporal evolutions
of both lasers look highly similar in Figure 4(b-v,c-v), a distinct deviation exists in their
optical spectral features in Figure 4(a-v). Not only do a few more spectral components
emerge in LD2, but the principal oscillation also becomes less dominant, making the optical
spectral profile of LD2 more widely distributed. This implies that the two lasers behave
differently in a subtle manner even though they both behave as a P1 dynamical state.

The extremest case for the dynamical behavior asymmetry happens when ξs
21 = 0.

This indicates that no optical injection is introduced from LD2 to LD1 and the laser system
therefore work as a unidirectional optical injection system. Under such an operating
condition, the distribution of dynamical states as a function of ξs

12 and fi for LD2 is greatly
similar to the one presented in Figure 3(b-ii), while LD1 is kept at its free-running operation
and thus emits a continuous-wave optical output no matter how ξs

12 and fi are adjusted.
The results shown in Figures 1–4 indicate that the dynamical behavior of the laser

system could change when the coupling strength becomes asymmetric. This suggests
that if a specific dynamical behavior is used for applications where a difference in the
coupling strength between the two lasers is likely to happen in order to achieve certain
features or functionalities, care must be taken so that the laser system is operated at the
same dynamical behavior even when the coupling strength becomes asymmetric during
operation. In addition, the results also demonstrate that the dynamical behaviors of
the two lasers could become asymmetric when the coupling strength becomes highly
asymmetric. This suggests that if both lasers are expected to simultaneously operate at a
specific dynamical behavior all the time for applications, care must be taken either to avoid
the operation of the laser system with highly asymmetric coupling strength, or to avoid
the operation of the laser system over regions where symmetry breaking in the dynamical
behavior happens.

3. Experimental Observation

In the previous section, the dynamical behaviors of two mutually delay-coupled
semiconductor lasers are numerically investigated when their coupling strength becomes
asymmetric. Slight to moderate asymmetry in the coupling strength moderately changes
their dynamical behaviors from the ones when the coupling strength is symmetric, but does
not break the symmetry of their dynamical behaviors and spectral features. High asymme-
try in the coupling strength, however, not only strongly changes their dynamical behaviors
from the ones when the coupling strength is symmetric, but also breaks the symmetry of
their dynamical behaviors and spectral features. In this section, an experimental study is
carried out to verify the numerical predictions.
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3.1. Experimental Setup

A schematic diagram of a mutually long-delay-coupled laser system consisting of
two single-mode distributed feedback semiconductor lasers, LD1 (Furukawa FRL15DCW5-
A81) and LD2 (Furukawa FRL15DCW5-A81), is presented in Figure 5a. The two lasers
are mutually coupled by optical injection from one to the other through an optical circu-
lator in each optical injection route, as the blue or red path indicates. For LD2, its bias
current and temperature are fixed at 70 mA and 18.9 ◦C, respectively, throughout the
study. This results in a free-running oscillation frequency of 193.28 THz, an output power
of 15.48 mW, and a relaxation resonance frequency of 10 GHz. For LD1, while its bias
current is fixed at 70 mA throughout the study, its temperature is slightly adjusted around
25.57 ◦C in order to detune its free-running oscillation frequency away from 193.28 THz
(i.e., the free-running oscillation frequency of LD2) by fi for the excitation of possible
dynamical behaviors. The free-running LD1 therefore emits an output power varying
slightly around 13.43 mW, depending on the temperature adjustment, with a relaxation
resonance frequency of 10 GHz. A variable optical attenuator in each optical injection
route adjusts the power of the optical injection (i.e., the coupling strength) from one laser
to the other. For the experimental analysis, the coupling strength received by LD2, ξe

12, is
defined as the square root of the power ratio between the optical injection from LD1 and the
free-running LD2. Similarly, the coupling strength received by LD1, ξe

21, is defined as the
square root of the power ratio between the optical injection from LD2 and the free-running
LD1. Note that a superscript e is used for both symbols to distinguish the coupling strength
defined here from the one defined in the numerical investigation presented in Section 2.
These definitions differ by a factor of η12/γc2 for coupling from LD1 to LD2 and η21/γc1
for coupling from LD2 to LD1, respectively. According to the values of η12, η21, γc1, and γc2
used in the simulation of this study, as previously indicated, the coupling strength defined
in the experimental study is about an order of magnitude larger than that defined in the
numerical investigation for a given ratio between the fields of the optical injection and
the injected laser. Polarization maintaining fibers are used for all the optical devices and
components to keep the polarization states of both lasers unchanged. Both optical injection
routes have approximately the same fixed length, which corresponds to a coupling delay
time of about 40.15 ns from one laser to the other. Such a delay time is longer than the
relaxation resonance period of either laser used here. To investigate the spectral features
of LD1 and LD2 outputs, respectively, one output port of each fiber coupler in Figure 5a
is connected to a detection system consisting of an optical spectrum analyzer (Advantest
Q8384) and a microwave spectrum analyzer (Keysight PXAN9030A) following a 50-GHz
photodetector (u2t Photonics XPDV2120R), as shown in Figure 5b.

Figure 5. Schematic diagram of (a) a mutually delay-coupled laser system and (b) a detection system.
LD1, laser diode 1; LD2, laser diode 2; FC, fiber coupler; C, circulator; VOA, variable optical attenuator;
PD, photodetector; OSA, optical spectrum analyzer; and MSA, microwave spectrum analyzer.

3.2. Dynamical Behaviors under Symmetric Coupling Strength

The dynamical behavior of the mutually delay-coupled laser system is first studied
when the coupling strength is symmetric, i.e., ξe

12 = ξe
21, in this subsection. To obtain a

global understanding of how the laser system behaves at a fixed coupling delay time of
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40.15 ns under consideration, maps of dynamical states as a function of ξe
12 and fi for

LD1 and LD2 are presented in Figure 6a and Figure 6b, respectively. Regions of mutual
injection locking, P1 dynamics, P2 dynamics, and chaos are marked by red, yellow, blue,
and black, respectively. Periodic dynamics with periods higher than two are included in
the regions of chaos. Comparing Figure 6a with Figure 6b demonstrates that the dynamical
behaviors of both lasers are generally identical over the range of ξe

12 and fi under study
when the coupling strength is symmetric. This experimental observation is consistent with
the numerical prediction presented in Figure 1. Except for the P2 dynamical states that only
appear over a small region where fi falls between −26 GHz and −14 GHz, other nonlinear
dynamical states generally appear symmetrically with respect to fi = 0. The mutual injection
locking states emerge at weak coupling strength and small frequency detuning. The P1
dynamical states appear when ξe

12 is smaller than 0.21 over the range of fi under study.
The chaotic states start to emerge when ξe

12 is greater than 0.1. Comparing Figure 6 with
Figure 1 shows that, except for the P2 dynamical states that appear over a region where fi
falls between 15 GHz and 26 GHz only in the numerical result, the distribution of different
dynamical states as a function of ξs

12 and fi is highly similar. For example, the mutual
injection locking states appear when ξe

12 is smaller than 0.125 in Figure 6 and when ξs
12 is

smaller than 0.012 in Figure 1, while the chaotic states start to emerge when ξe
12 is greater

than 0.1 in Figure 6 and when ξs
12 is greater than 0.007 in Figure 1. Considering that ξe

12
is by definition about an order of magnitude larger than ξs

12, these results demonstrate
that the numerical model used here reproduces the experimental observations not only
qualitatively to a high extent but also quantitatively to a moderate extent.

Figure 6. Maps of dynamical states for (a) LD1 and (b) LD2, respectively, in the mutually coupled laser
system when ξe

12 = ξe
21. Regions of mutual injection locking, P1 dynamics, P2 dynamics, and chaos

are marked by red, yellow, blue, and black, respectively.

Figure 7 shows the typical optical and microwave spectra for each different dynamical
state of LD1 (red curve) and LD2 (black curve) presented in Figure 6. Note that the
frequency axes of all the optical spectra shown in this study are relative to the free-running
oscillation frequency of LD2. As Figure 7(a-i) shows, where (ξe

12, fi) = (0.06, −5 GHz),
both LD1 and LD2 oscillate at the same offset frequency of −2.84 GHz, indicating that
mutual injection locking is established between the two lasers. Photodetection of such
an optical signal only generates a small bump around 0 GHz, as Figure 7(b-i) presents.
The bump actually consists of several spectral components that are equally separated by
12.45 MHz, as the inset shows, which corresponds to the loop frequency of the round-trip
delay coupling between the two lasers. The loop modes are not observed in Figure 7(a-i)
due to the limited resolution, about 0.01 nm at the wavelength of 1550 nm, of the optical
spectrum analyzer used in this study.
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Figure 7. (a) Optical spectra and (b) microwave spectra of LD1 (red curve) and LD2 (black curve) for
(i) mutual injection locking at (ξe

12, fi) = (0.06, −5 GHz), (ii) P1 dynamics at (ξe
12, fi) = (0.1, −20 GHz),

(iii) P2 dynamics at (ξe
12, fi) = (0.15, −20 GHz), and (iv) chaos at (ξe

12, fi) = (0.28, −20 GHz). The inset
of (b-i) shows the enlargement of the microwave spectrum for LD2 around 0 GHz. The x-axes in
(a) are relative to the free-running oscillation frequency of LD2. The red curves in (a,b) are up-shifted
by 100 dB for clear visibility. The gray curves in (b-iv) show the noise floor of the laser system.

As Figure 7(a-ii) shows, where (ξe
12, fi) = (0.1, −20 GHz), either LD1 or LD2 oscillates

at a frequency that is slightly red-shifted from its free-running oscillation frequency. In ad-
dition, oscillation sidebands emerge around the principal oscillation of each laser, which
are equally separated by an oscillation frequency of f0 = 20.8 GHz. Such a spectral feature
is a typical signature of the P1 dynamics. Photodetection of the optical signal generates a
microwave at f0 = 20.8 GHz and its harmonics, as illustrated in Figure 7(b-ii). Due to the
round-trip delay coupling, there also appears a small bump around 0 GHz, which consists
of several spectral components equally separated by 12.45 MHz, as those shown in the
inset of Figure 7(b-i). Similar closely-spaced spectral components also appear on top of
each P1 spectral component shown in Figure 7(b-ii).

By increasing the coupling strength so that (ξe
12, fi) = (0.15, −20 GHz), as Figure 7(a-iii)

shows, while the spectral components observed in Figure 7(a-ii) for either laser are sim-
ilarly kept with a slight increase in their frequency separation, leading to f0 = 21.5 GHz,
subharmonics emerge in the midway between the spectral components. Such a spectral
feature is a typical signature of the P2 dynamics. The beating between the spectral com-
ponents at the photodetector not only gives rise to a microwave at f0 = 21.5 GHz and its
harmonics, but also leads to subharmonics at the midway between the spectral compo-
nents, as Figure 7(b-iii) shows. As observed, due to the round-trip delay coupling, there
also appears a small bump around 0 GHz, which consists of several spectral components
equally separated by 12.45 MHz, as those shown in the inset of Figure 7(b-i). Similar
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closely-spaced spectral components also appear on top of each P2 spectral component
shown in Figure 7(b-iii).

By continuing to increase the coupling strength so that (ξe
12, fi) = (0.28, −20 GHz),

as Figure 7(a-iv) shows, a broad and continuous spectral distribution appears for either laser,
which is a typical signature of chaos. After photodetection, as Figure 7(b-iv) presents, such
a spectral feature generates a broadband chaotic microwave with a spectral distribution
of more than 40 GHz. Due to the round-trip delay coupling, spectral components that are
equally separated by 12.45 MHz, as those shown in the inset of Figure 7(b-i) yet with much
weaker intensity, also emerge on top of the spectral distribution in Figure 7(b-iv).

As noted from Figure 7(a-ii) to Figure 7(a-iv), the laser system follows a period-
doubling route to chaos as ξe

12 increases at fi = −20 GHz, which agrees with the numerical
prediction shown in Figure 2. A similar route is also found when fi falls between −26 GHz
and −14 GHz, as demonstrated in Figure 7. The observations found in either Figure 6
or Figure 7 conclude that the dynamical behaviors of both lasers are, in general, symmet-
ric when the coupling strength is symmetric, which verifies the numerical predictions
demonstrated in either Figure 1 or Figure 2.

3.3. Dynamics Behaviors under Asymmetric Coupling Strength

To study how the two lasers respond when the coupling strength becomes asymmetric,
the strength of the coupling from LD2 to LD1 is fixed at ξe

21 = 0.01, while the strength of
the coupling from LD1 to LD2 is varied from ξe

12 = 0 to 0.3. Note that ξe
21 = 0.01 is an order

of magnitude smaller than ξe
12, and is so chosen that the dynamical behavior asymmetry

could happen based on the numerical prediction found in Section 2.3. Maps of dynamical
states as a function of ξe

12 and fi for LD1 and LD2 are presented in Figure 8a and Figure 8b,
respectively, at a fixed coupling delay time of 40.15 ns. Note that periodic dynamics with
periods higher than two are included in the regions of chaos. Comparing Figure 8 with
Figure 6 shows that, while the regions of chaos shrink dramatically, the regions of mutual
injection locking and P1 dynamics largely expand and become dominant. Comparing
Figure 8a with Figure 8b demonstrates that, while the dynamical behaviors of the two lasers
are symmetric over most of the operating conditions considered here, asymmetry breaking
happens mainly over a region where ξe

12 falls between 0.17 and 0.24 and fi is around 10 GHz
and mildly over a region where ξe

12 is around 0.16 and fi is around −20 GHz. Compared
with Figure 3(a-ii) and Figure 3(b-ii), the experimental observations on the distribution of
different dynamical states greatly agree with the numerical predictions, except for the P2
dynamical states appearing on the right-upper corner of Figure 3.

Figure 8. Maps of dynamical states for (a) LD1 and (b) LD2, respectively, in the mutually coupled
laser system when ξe

21 = 0.01. Regions of mutual injection locking, P1 dynamics, P2 dynamics,
and chaos are marked by red, yellow, blue, and black, respectively.

To study how the dynamical behaviors of both lasers develop from symmetry to
asymmetry when ξe

21 = 0.01, a progression of optical and microwave spectra for LD1 (red
curve) and LD2 (black curve) is presented in Figure 9a and Figure 9b, respectively, when
ξe

12 is adjusted and fi is fixed at 10 GHz. At ξe
12 = 0.019, either LD1 or LD2 behaves as a P1

dynamical state with an oscillation frequency of about 10 GHz, as either Figure 9(a-i) or
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Figure 9(b-i) demonstrates. As ξe
12 is increased to 0.064, either LD1 or LD2 still behaves

as a P1 dynamical state yet with an oscillation frequency of about 9.4 GHz, as either
Figure 9(a-ii) or Figure 9(b-ii) presents. While the microwave spectral features of both
lasers look highly similar in Figure 9(b-ii), a slight deviation exists in their optical spectral
features in Figure 9(a-ii). Not only do a few more spectral components emerge in LD2,
but the principal oscillation also becomes less dominant, making the optical spectral
profile of LD2 more widely distributed. This implies that the two lasers start to behave
differently in a subtle manner even though they both behave as a P1 dynamical state. Such
a deviation becomes more significant when ξe

12 is further increased to 0.151, as Figure 9(a-iii)
shows. Both lasers now evolve into a P2 dynamical state, as more evidently observed in
Figure 9(b-iii), where subharmonics emerge in the midway of spectral components at the
integral multiples of 11.9 GHz.

As ξe
12 is continued to increase to 0.213, both optical and microwave spectra of the two

lasers shown in Figure 9(a-iv,b-iv) exhibit completely different spectral features. On one
hand, as Figure 9(a-iv) presents, LD1 oscillates at an offset frequency of 9.47 GHz that is
surrounded by two low-intensity spectral components about 11.7 GHz away. The two
low-intensity components result from the modified relaxation resonance of LD1 due to the
optical injection from LD2, which is more clearly identified in Figure 9(b-iv) where a small
bump appears at around 11.7 GHz. This indicates that LD1 now emits a continuous-wave
optical output with a slightly higher relaxation resonance frequency as compared with
its free-running condition. On the other hand, as either Figure 9(a-iv) or Figure 9(b-iv)
shows, a broad and continuous spectral distribution is observed for LD2, indicating that
LD2 now behaves as a chaotic state. By further increasing ξe

12 to 0.3, either LD1 or LD2
behaves as a P1 dynamical state with an oscillation frequency of about 16 GHz, as either
Figure 9(a-v) or Figure 9(b-v) demonstrates. While the microwave spectral features of both
lasers look similar in Figure 9(b-v), a slight deviation exists in their optical spectral features
in Figure 9(a-v). Not only do a few more spectral components emerge in LD2, but the
principal oscillation also becomes less dominant, making the optical spectral profile of LD2
more widely distributed. This implies that the two lasers behave differently in a subtle
manner even though they both behave as a P1 dynamical state. Comparing Figure 9 with
Figure 4 demonstrates that the experimental observations on the evolution of the dynamical
behaviors from symmetry to asymmetry agree well with the numerical predictions.

The extremest case for the dynamical behavior asymmetry happens when no optical
injection is introduced from LD2 to LD1, i.e., ξe

21 = 0. Under such an operating condition,
the distribution of dynamical states as a function of ξe

12 and fi for LD2 is greatly similar to
the one presented in Figure 8b, while LD1 is kept at its free-running operation and thus
emits a continuous-wave optical output no matter how ξe

12 and fi are adjusted.
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Figure 9. (a) Optical spectra and (b) microwave spectra of LD1 (red curve) and LD2 (black curve) for
(i) ξe

12 = 0.019, (ii) ξe
12 = 0.064, (iii) ξe

12 = 0.151, (iv) ξe
12 = 0.213, and (v) ξe

12 = 0.3, respectively, when
ξe

21 = 0.01 and fi = 10 GHz. The x-axes in (a) are relative to the free-running oscillation frequency
of LD2. The red curves in (a,b) are up-shifted by 100 dB for clear visibility. The gray curves in
(b-iv) show the noise floor of the laser system.

4. Conclusions

This study experimentally and numerically investigates the effects of asymmetric
coupling strength on nonlinear dynamics of two mutually coupled semiconductor lasers
with a delay time longer than the relaxation resonance period of either laser at free running.
Symmetry in the coupling strength of the two lasers, in general, symmetrizes their dynami-
cal behaviors and the corresponding spectral features. Slight to moderate asymmetry in
the coupling strength moderately changes their dynamical behaviors from the ones when
the coupling strength is symmetric, but does not break the symmetry of their dynamical
behaviors and the corresponding spectral features. The former suggests that if a specific
dynamical behavior is used for applications where a difference in the coupling strength
between the two lasers is likely to happen in order to achieve certain features or functionali-
ties, care must be taken so that the laser system is operated at the same dynamical behavior
even when the coupling strength becomes asymmetric during operation. High asymmetry
in the coupling strength not only strongly changes their dynamical behaviors from the ones
when the coupling strength is symmetric, but also breaks the symmetry of their dynamical
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behaviors and the corresponding spectral features. This suggests that if both lasers are
expected to simultaneously operate at a specific dynamical behavior all the time for appli-
cations, care must be taken either to avoid the operation of the laser system with highly
asymmetric coupling strength, or to avoid the operation of the laser system over regions
where symmetry breaking in the dynamical behavior happens. Evolution of the dynamical
behaviors from symmetry to asymmetry between the two lasers is observed. The numerical
model used here reproduces the experimental observations not only qualitatively to a high
extent but also quantitatively to a moderate extent.
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