
Supplementary information

1 Variational System Inference

The general strong form for the Advection-Diffusion PDE is

∂C

∂t
= D ·∆C −∇ · C[vx, vy] (1)

where D, vx and vy are the Diffusivity and the Advective velocities in x and the y directions,

respectively.

∫
Ω

∂C

∂t
wdΩ =

∫
Ω

(∇ · (D∇C)−∇ · (Cv))wdΩ

=

∫
Ω

(−D∇w · ∇C + Cv · ∇w)wdΩ +

∫
∂Ω

w (D∇C − Cv) .nds (2)

where w represents the weighting function (an arbitrary variation on the density field). Fol-

lowing the standard procedure in finite element analysis (FEA) computations of discretizing

the domain and accounting for the arbitrariness of the weighting function’s degrees of free-

dom, Equation (2) leads to a set of algebraic equations written as the residual vector, R = 0

where the residue is given as :

R = −Ae

[∫
Ωe

(
∂C

∂t
N +D∇N · ∇C − Cv · ∇N

)
dΩ−

∫
∂Ωe

N (D∇C − Cv) .nds

]
(3)

where Ae is the FEM assembly operation and N = [N1, · · · , Nn
nel] is the vector of interpo-

lation functions in an element. The residue can be succinctly written as:

R(D, vx, vy) = y −
[
Ξ1,Ξ2,Ξ3

]Dvx
vy


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where

y = −Ae

∫
Ωe

∂C

∂t
NdΩ

Ξ1 = Ae

[∫
Ωe

∇N · ∇CdΩ−
∫
∂Ωe

N∇C.nds

]

Ξ2 = Ae

[∫
Ωe

−C
∂N

∂x
dΩ +

∫
∂Ωe

NCnxds

]

Ξ3 = Ae

[∫
Ωe

−C
∂N

∂y
dΩ +

∫
∂Ωe

NCnyds

]

The Variational System Identification problem is then posed as the following minimization

problem:

D, vx, vy = argmin
D̃,ṽx,ṽy

|R(D̃, ṽx, ṽy)|2 (4)

2


	Variational System Inference

