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Abstract: The results of a numerical solution of the problem of supersonic flow past a blunt fin
mounted on a plate with a developing boundary layer are presented. The initial formulation of the
problem is based on the presented in the literature computational and experimental investigation, in
which the laminar flow regime was studied for the fin perpendicular to the plate at the free-stream
Mach number equal to 6.7. Earlier, the authors showed (2020) that under these conditions there
exist two stable solutions to the problem. These solutions correspond to the metastable states of
flow with different configurations of the vortex structure and different patterns of local heat transfer.
In the present study, the influence of a temperature ratio on the vortex structure in the separation
region, local heat transfer, and the possibility of obtaining a dual solution are investigated. The ability
to switch between solutions of two types using a short-time change in the plate temperature ratio
are shown.

Keywords: high-speed flows; viscous–inviscid interaction; horseshoe vortices; numerical simulation;
duality of solution; flow control

1. Introduction

One of the main requirements for the design of high-speed vehicles is the ability to
withstand the aerodynamic heating that occurs at these speeds [1]. The areas that are
most susceptible to such thermal loads are the stagnation zones that form due to flow
separation. In the case of supersonic flow past any obstacle mounted on the streamline
surface, separation of the flow occurs due to the interaction of the shock wave with the
boundary layer. The complex problem of the shock wave/boundary layer interaction is of
great scientific and practical importance and has been intensively studied for many years,
starting from the 1950s (see, for instance, [2–17]).

Certainly, the features of the three-dimensional shock wave/boundary layer interac-
tion are very complex, and it especially concerns the nature of heating and the peak value
of the heat flux in the interaction region. Therefore, it remains necessary to conduct studies
to determine the exact nature of the three-dimensional flow above the surface under given
geometric or flow conditions; at the same time, a numerical study makes it possible to
study a wide range of determining parameters.

The model problem of supersonic flow past a symmetric blunt fin mounted on a plate
is most often considered in the literature [5–15]. This type of geometry is a simplified
representation of a wing–body or fin–body junction on a high-speed vehicle [16]. Generally,
the flow is essentially three-dimensional, with a complex shock wave structure. The bow
shock that occurs in front of the body interacts with the boundary layer and the separation
region arising upstream of the fin. The pressure rise across the shock is transmitted
upstream through the subsonic part of the boundary layer that leads to flow separation.
The separated flow rolls up into a series of horseshoe vortices as it goes around the fin.
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Within the separated flow region, there is a mixture of subsonic and supersonic flow. The
complex nature of the flow in the separation region gives rise to a number of secondary
shocks, and hence to multiple shock–shock interactions and triple point formations. Areas
of enhanced heating and pressure are experienced on the plate surface and the fin itself,
and at the same time, peak values are much higher than the undisturbed values.

In the literature, studies are carried out both for the turbulent and laminar cases, and
the last one is especially important for the practical application of high-speed flows, since
high-Mach-number flows are more resistant to laminar–turbulent transition [17,18].

The first studies on numerical simulation used computational meshes that could
not provide sufficient resolution of all flow features [5]. To date, high-quality numerical
simulations for this configuration have been carried out in many works, and the results
obtained are in a good agreement with the experimental data [7–10,13,14]. Despite the
progress reached in the investigations of such type of flows, at present there are some
aspects that require more detailed study. In particular, the question of a possible non-
uniqueness of the solution remains a weakly investigated area.

Among other papers, one should note the extended experimental and numerical study
by Tutty et al. [8], where the laminar air flow with the free-stream Mach number of 6.7
past a blunt fin is considered. The flow structure in front of the streamlined body and the
plate–surface heat transfer were investigated for three values of the Reynolds number based
on the leading edge fin diameter: ReD = 1.25 × 104, 2.50 × 104, and 3.75 × 104. A good
agreement between the calculation results and the experimental data was demonstrated.
In the later computational study [9], it was established that the numerical solution is time
dependent in certain cases investigated in [8]. Recently, in our investigations [14] it was
shown that, under the conditions of study [8], a dual solution exists with two different
solutions corresponding to metastable states of flow with different configurations of the
vortex structure in the leading separation region; the revealed duality of the solution persists
in a certain Reynolds number range [15]. At the same time, concerning the computations,
the authors of [8] interpreted the obtained numerical solutions as stationary and unique
for all the cases considered (ReD = 1.25 × 104, 2.50 × 104, and 3.75 × 104). It should also
be noted that the possibility of existence of a non-unique solution in supersonic flow past
a body, system of bodies, or their separate parts is well-known fact; the physical aspect
of this problem consists in the strong nonlinearity of gas–dynamic processes. One of the
examples is the experimental and numerical confirmation of the duality of the pattern of
the supersonic flow past the model of an axisymmetric body with the rectangular ring
cavity [19,20].

In our previous study, it was established that the dual solution occurs in some range of
determining parameters, such as the Reynolds number and the Mach number, and also in
different geometric configurations [15]. In the present work, we continue our investigations
of the possibility of dual solution existence in the case when the temperature ratio is varied.
On the other hand, one of the important problems, both from a fundamental and practical
point of view, is the possibility of switching between the solutions of two types. In practical
applications, heating (or cooling) some areas of the flow using various methods is often
used in flow control [21–24].

Accordingly, the main objective of the present study is to investigate numerically the
temperature ratio effect on the possibility of obtaining a dual solution in supersonic flow
past a blunt fin mounted on the plate. In addition, we present our initial experience in
switching between solutions of two types by means of introducing a short-time change in
the plate temperature.

2. Problem Definition and Computational Aspects

The formulation of the problem is based on the data of the above-mentioned com-
putational and experimental study [8], in which the structure of laminar supersonic air
flow (Mach number M∞ = 6.7, Prandtl number Pr = 0.71, and ratio of specific heats γ = 1.4)
past the fin mounted on the plate was studied (Figure 1). Following [8], we assumed
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that the flow is laminar in the entire domain. The Reynolds number calculated from the
bluntness diameter (D = 2.5 mm) corresponds to the minimum value considered in [8]
(ReD = 1.25 × 104). The free-stream total temperature is equal to T0 = 630 K.
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Figure 1. Flow diagram and dimensions of the computational domain.

The computational domain is illustrated in Figure 1. The fin is located at a dis-
tance of Lplate = 145 mm from the plate leading edge, and the remaining dimensions of
the computational domain were taken in accordance with [8], as follows: R = 76.5 mm,
Lf = 60 mm, and H = 25 mm.

The full three-dimensional Navier–Stokes equations for a thermally and calorically
perfect gas were solved numerically. The temperature dependence of the viscosity coeffi-
cient was evaluated with Sutherland’s law. Homogeneous flow was specified on the inlet
boundary of the computational domain and the no-slip condition was implied on the body
surface and on the plate. The non-reflecting boundary conditions were specified on the
lateral and upper boundaries and the zero-gradient condition is specified at the outlet.

In [8], the body surface and the plate were maintained at a constant temperature,
Tw = 300 K, which corresponds to a temperature ratio of Tw/T∞ = 4.76. In the present study,
the plate-surface temperature was varied from 250 K to 500 K (temperature ratio ranges
from 3.97 to 7.94), whereas the body temperature was fixed at 300 K.

The finite-volume unstructured code SINF/Flag-S [12,13] was used to perform cal-
culations. The convective fluxes on the faces of control volumes were evaluated using
the second-order AUSM scheme [25] applying the van Albada TVD limiter [26]. For the
evaluation of viscous fluxes, a nominally second-order scheme was used. The numerical
scheme is described in detail in [12].

All simulations were carried out based on the time-dependent formulation, an im-
plicit time-advancing scheme of second-order accuracy (the backward three-layer scheme)
was used, and the used dimensionless time step is equal to ∆tU∞/Lplate = 3.67 × 10−4

(∆t = 5 × 10−8 s). Note that in all considered cases with different (fixed) values of the
temperature ratio the transient process converged to a steady-state solution.

The simulations were performed using a quasi-structured grid consisting of 20 million
cells. The parameters of the computational grid were chosen based on a previous grid-
convergence study [14]. The used grid has about 70 cells across the incoming boundary
layer, which has a thickness of about 1.2D before separation; the first near-wall cell is
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about 0.01 mm in the normal direction. Fragments of the grid near the fin leading edge
are illustrated in Figure 2. In the framework of the present study, calculations for some
cases were performed also using a locally refined grid (of 50 mln cells). The results of the
work were obtained using computational resources of Peter the Great Saint-Petersburg
Polytechnic University Supercomputing Center (www.spbstu.ru).
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3. Results
3.1. Duality of the Flow Pattern

Previously (see Section 1), it has been revealed that in the base case (corresponding to
the parameters given in [8]: ReD = 1.25 × 104 and Tw/T∞ = 4.76) there is a dual solution.
As described in detail in [14], in this case one solution (termed Solution II below) can be
obtained using uniform initial fields, which are constructed from the flow parameters at
the computational domain inlet. Another solution (denoted further as Solution I) is man-
aged to be obtained using “auxiliary” initial fields extracted (at an arbitrary instant) from
a nonstationary solution, which develops in computations at a considerably higher Reynolds
number (in particular, at ReD = 2.5 × 104).

A general view of the flow structure, which corresponds to Solution I, is shown in
Figure 3. This figure illustrates the volume streamlines, as well as the relative heat flux
distribution over the body and plate surface (qw0 is the heat flux calculated in the case of
a plate without obstacle). The main features of the flow are characterized by the formation
of the separation region with a system of horseshoe vortices that expand around the side of
the fin, and by a strong non-monotonicity of the heat flux distribution in the junction region.

To demonstrate the distinctive features of the two stable solutions, Figures 4 and 5
present, respectively, the flow structure in the plane of symmetry and the plate-surface
relative heat flux distribution with superimposed streamlines. The solutions differ mainly
in the length of the leading separation region (LS/D) and in the location of the center of
the main horseshoe vortex (Xv/D). Distinctions in vortex structure also lead to different
characteristics of heat flux distribution. A more extended analysis of the dual solution is
given in [15].

www.spbstu.ru
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Figure 6 shows the calculated distributions of the plate-surface nondimensional heat
flux (normalized by the flat plate value qwp) along the symmetry line (a) and along a cross
line, x/D = 1 (b). In addition, experimental and numerical data from [8] are presented.
One should note the main distinctions in the heat flux distributions along the symmetry
line computed for two solutions: in addition to the global maximum (outside the field of
Figure 5), the heat flux distributions related to Solution II contain one more well-pronounced
local maximum, whereas in Solution I two local maxima of a lower level are predicted.
Similar trends persist as the flow turns around the body, except that the first local maxi-
mum in Solution I is faded out (Figure 6b). Solution I agrees well with experimental and
computational data reported in [8] for this metastable flow state. One can also see that there
is almost no difference between the results obtained using the base grid and the refined
one for both solutions, which confirms the sufficiency of the grid resolution.

Figure 6. Relative heat flux distribution compared to Tutty et al [8]: (a) along the line of symmetry on
the plate Y/D = 0; (b) along line X/D = 1.

3.2. Influence of the Temperature Ratio

To study the influence of the temperature ratio on the flow pattern in the case of
an existing dual solution, a series of parametric calculations was carried out at various
values of the plate temperature, whereas the body temperature was fixed. The plate
temperature was varied from 250 K to 500 K with a step of 25 K, which corresponded to
a temperature ratio range of 3.97 to 7.94. To obtain a solution for each new value of the
temperature ratio, the fields of gas dynamics quantities corresponding to either Solution I
or Solution II obtained for the previous value of the plate temperature were set as initial
fields. This procedure of gradual increasing (or decreasing) of the plate temperature was
started from the fields obtained for the base case (Tw/T∞ = 4.76). The parameters of all
the cases considered, as well as some representative characteristics of the studied flow
(discussed below), are given in Table 1. This table also provides data for the boundary
layer thickness, δ, calculated in the case of the plate without an obstacle and evaluated at
X/D = 0.

Concerning the choice of the lower limit of variable temperature Tw, one should note
that in the case of the plate temperature of 225 K (and lower), Solution I does not reach a
steady state. That was a reason for limiting the lowest temperature ratio by a value of 3.97.
In principle, it is possible to find a more accurate “critical” temperature ratio, separating
steady and unsteady solutions, but it was out of the purposes of the present study.
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Table 1. Calculated separation zone parameters for two solutions.

Solution I Solution II

Tw, K Tw/Tin δ/D |XV|/D LS/D |XV|/D LS/D

250 3.97 1.11 1.758 6.436 0.946 5.911
275 4.37 1.17 1.726 6.431 0.951 5.950
300 4.76 1.20 1.695 6.426 0.955 5.990
325 5.16 1.27 1.650 6.423 0.969 6.018
350 5.56 1.29 1.581 6.408 0.974 6.041

375 5.95 1.34 0.982 6.056
400 6.35 1.38 0.984 6.063
425 6.75 1.43 0.989 6.078
450 7.14 1.47 0.995 6.086
475 7.54 1.56 1.001 6.082
500 7.94 1.61 1.008 6.078

The results of the performed parametric calculations show that for values of the
temperature ratio less than or equal to 5.56, there are two stable solutions, while starting
from a value of 5.95 only a single solution exists. The presented data allow us to conclude
that a critical value of the temperature ratio, at which the duality of the solution disappears,
lies in the range from 5.56 to 5.95. Figure 7 shows bifurcation diagrams which illustrate
changes in the location of the main horseshoe vortex center, |Xv|/D, and the separation
region length, LS/D, depending on the temperature ratio (calculated values are given in
Table 1). For the solution of the first type, an increase in the temperature ratio leads to
a displacement of the center of the main horseshoe vortex towards the streamlined body,
while the length of the upstream separation region remains practically unchanged. In the
second solution, in contrast to Solution I, |Xv|/D varies slightly, but some reduction in the
separation region length is observed with a decrease in the temperature ratio.
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To illustrate the effect of temperature ratio on the dual solution vortex structures,
Figure 8 shows the Mach number fields in the symmetry plane for two values of the
temperature ratio: Tw/T∞ = 4.37 and Tw/T∞ = 5.56. The last value corresponds to the
largest one at which two stable solutions are obtained. One can see that in both solutions
the upstream separation region becomes thicker when the temperature ratio is increased.
This effect (more pronounced in the case of Solution II) is an expected observation, since an
increase in the temperature ratio, resulting in lower gas density in the near plate layers,
leads to an increase in the incoming boundary layer thickness (see Table 1). From the
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other side, the main peculiarities of flow rearrangement inside the separation region
due to the temperature ratio change are different for the two solutions. In the case of
Solution I, an increase in the temperature ratio leads to a notable shift of the main vortex
towards the streamlined body, despite the separation region length remaining nearly
unchanged. Contrary to that, in the case of the second solution, a gradual increase in the
temperature ratio leads to a noticeable increase in the separation region length, whereas
the multi-vortex structure adjacent to the fin leading edge remains nearly the same.
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One can see that the distinguished features of the dual solution maintain with changes
in the temperature ratio, whereas the temperature ratio influence on the solution of the
same type is relatively weak (at least in the range considered). Figure 9 shows Mach
number fields in the symmetry plane for two values of the temperature ratio at which
only a unique solution is obtained; as in case of a dual solution, the temperature ratio
effect is insignificant. A comparison of Figures 8 and 9 allows one to conclude that the
vortex structure of the unique solution is closer to the one inherent to the solution of the
second type.
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The temperature ratio influence on the heat flux distribution is illustrated in Figure 10.
One can see again that the temperature ratio effect is less pronounced than the distinctions
between the solutions of two types. It is also remarkable that the heat flux distribution
corresponding to the unique solution is closer to the one typical to Solution II.
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3.3. Switching the Flow Regime by Changing Plate Temperature

One of the important fundamental issues is the stability of the metastable solutions
of both type under the external action of a finite amplitude. From the other side, the
existence of a dual solution allows performing flow control by switching between these
solutions using, in particular, a short-time impact. Here, we present our initial experience
in switching between solutions of two types by means of a short-time change in the plate
temperature. In the case presented below, for both solutions obtained at Tw/T∞ = 4.76 (base
case), the following procedure was applied: starting from the initial fields corresponding
to the steady-state solutions of one or another type, the plate temperature was suddenly
changed to some value (at time t1) and a transient process of flow rearrangement was
calculated during a short time (2.5 × 10−4 s); then (at time t2), the plate temperature was
returned to the original value. The time dependence of the plate temperature is shown
in Figure 11 (top row); in the figure, the values of temperature in a monitoring point are
also shown (bottom row) to illustrate the transient process of the flow rearrangement (the
monitoring point is located inside the separation region at X/D = −1.6, Z/D = 0.6, and
Y/D = 0). One should note that for switching from Solution I to Solution II (Figure 10a),
the plate temperature should be increased. This can be explained by analyzing the bi-
furcation diagram (see Figure 7), where one can see that only the solution of the second
type can exist at high temperature ratios. In addition, the lowest value of the plate tem-
perature increase, at which switching could be achieved, should not be less than 100 K
(for the chosen duration of the plate temperature change). To switch from Solution II to
Solution I (see Figure 11b), one should reduce the plate temperature, and this decrease
should be dramatic (by 250 K). In both cases considered, the transition process to a steady
state after switching to the original plate temperature (at time t2) lasts about 3 × 10−4 s,
which is comparable to the provoking action duration.
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The fields of the Mach number at the symmetry plane, obtained at the moment t2, are
shown in Figure 12. Compared with the fields shown in Figure 4 for solutions of each type,
it can be clearly seen that the corresponding fields at the time moment t2 are close to the
steady-state ones in the following way: Figure 12a is similar to Figure 4b and vice versa.
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To illustrate the evolution of the vortex structure during the switching process, the
time dependences of the location of the main horseshoe vortex center and the separation
region length are shown in Figure 13. It is of interest to note the non-monotonicity of
the switching process: when the switching from Solution I to Solution II occurs, the main
horseshoe vortex noticeably shifts outwards from the fin and then shifts in the opposite
direction; the separation region length first decreases, then increases strongly and then
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decreases again. In the case of switching from Solution II to Solution I one can see a similar
behavior (except small differences in the horseshoe vortex shifting process).
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4. Discussion

The present work was aimed at the numerical simulation of supersonic flow past
a symmetric blunt fin mounted on a plate, along which the boundary layer develops, for
the conditions based on the computational and experimental work [8]. It was established
earlier that in such configuration a dual solution can exist in some range of determining
parameters. In the present study, it was shown that a dual solution exists in some range
of the temperature ratio. By means of gradually increasing the temperature ratio, it has
been revealed that there is a critical value at which the duality of the solution disappears:
its value lies in the range from 5.56 to 5.95. It can be reasonably assumed that in the case
of an adiabatic plate (corresponding to the temperature ratio of about 8 for the incoming
boundary layer), only the unique solution exists. As it was shown earlier (and confirmed in
the present work), solutions of two types noticeably differ in the vortex structure. Contrary
to that, a considerable change in the temperature ratio (for each solution type) results in
a slight alteration of the flow characteristics. As a continuation of the study, we plan to
investigate the duality of the solution when varying other determining parameters (in
particular, the free-stream Mach number). One can naturally suppose that such a duality of
the solution can be observed when investigating other problems of similar configurations.

As it was shown in [9] and in our paper [11], periodic oscillations can occur in the flow
at some values of determining parameters. The study of such unsteady behavior with the
definition of its physical nature is of great theoretical and practical interest (including the
problem of laminar–turbulent transition) and will be investigated in our further research.
Among others, a very interesting question is the peculiarities of the transition process to
a nonstationary regime for solutions of different type.

The existence of a dual solution opens up the possibility of switching between solutions
of different type, which can be important for practical applications, and in particular, for
flow control. In our study, we achieve switching between solutions of different type by
a short-time impact consisting of a sharp change in the plate temperature. It was established
that switching from Solution I to Solution II can be achieved by a short-time increase in the
plate temperature from 300 K (original value) to 400 K; lower values of the temperature
increase were not enough. Switching from Solution II to Solution I is more challenging:
only a reduction in the plate temperature to 50 K allows the switching. Thus, one can
assume that Solution II is more stable in a sense. The stability of the solutions of each type
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is a separate important and challenging problem, which we are also planning to engage in
in the future.

It should be noted that the simulated switching process is not monotonic (see Figure 12):
for instance, in the case of switching from Solution I to Solution II, the separation re-
gion length first decreases, then increases strongly and then decreases again. Such non-
monotonicity is obviously due to the nonlinear nature of the considered problem. An
investigation of the non-monotonicity of the flow integral characteristics during the switch-
ing process is also of great interest.

As a concluding remark, we would like to emphasize that both numerical and experi-
mental studies of the solution duality in the context of supersonic viscous flows are very
challenging and laborious tasks. It is important also to construct theoretical interpretations
of the given results to be able to predict the presence or absence of a dual solution in related
configurations; we hope that our numerical studies can help generate such interpretations.
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