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Abstract: In this paper, authors investigate homogeneous-heterogeneous chemical reaction and
heat absorption effects on a two-dimensional steady hydromagnetic Newtonian nanoliquid flow
along a continuously stretching sheet. The flow field is subjected to a uniform magnetic field acting
in a direction perpendicular to the direction of nanoliquid flow. A mathematical model of the
physical problem is presented involving nonlinear partial differential equations with appropriate
boundary conditions. These equations are then transformed into nonlinear ordinary differential
equations using a suitable similarity transformation. Finally, approximate solutions of the transformed
equations are obtained using the spectral quasi-linearization method. Results of fluid velocity,
fluid temperature, and species concentration are depicted graphically, while the values of skin
friction and Nusselt number are presented in tabular form. Fluid flow models of this kind find
applications in catalytic reactors involving chemical reactions, insulation systems, and in heat
exchangers. The applied magnetic field has a retarding influence on the nanofluid velocity and
species concentration, while it does not have any significant effect on the nanofluid temperature.
The homogeneous and heterogeneous reactions tend to decrease the species concentration.

Keywords: homogeneous-heterogeneous reactions; heat absorption; hydromagnetic flow; stretching
sheet; SQLM

1. Introduction

Nanofluids have many applications in industries, such as, in cooling of electronic circuits and in
enhancing heat transfer characteristics in geothermal heat source pumps. These are conventional base
fluids containing 1–50 nm sized nanoparticles of metals and oxides. The enhanced thermal properties
of nanofluids were first reported by Choi et al. [1]. Choi et al. [1] observed that the thermal conductivity
of the base fluids can be enhanced significantly by mixing a mere amount (about 0.01 fraction by
volume) of nanoparticles in the base fluid. Consequently, studies involving the flow of nanofluids were
investigated by several researchers [2–5] to examine the different aspects of the problem. The effect of
magnetic field on the flow of a viscous and electrically conducting fluid is known to be significant and
is crucial in industrial and engineering applications, such as, in magnetohydrodynamic (MHD) pumps,
generators, accelerators, and flow meters. In spite of its important applications in industry, there are
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very few research studies that highlight the consequences of an externally applied transversal magnetic
field on the flow and heat transfer characteristics along a stretching/shrinking sheet. An investigation
on the influence of magnetic field on a transient nanofluid flow including the melting and heat sink
influences was presented by Chamkha et al [6]. They concluded that an increase in Hartmann number
tends to increase the coefficient of skin friction. Ibrahim et al. [7] analyzed the two-dimensional MHD
nanofluid flow near a stagnation point including the effects of Brownian motion and thermophoresis
diffusion. They found that the momentum boundary layer gets thinner with increasing values of the
magnetic parameter.

There are several fluid engineering devices where the temperature difference between the
boundary layer fluid and surface plays an important role. Heat generation/absorption effects produced
due to temperature-differences have significant implications on heat transfer characteristics, such as,
in processes where the working fluid undergoes exothermic/endothermic chemical reactions [8],
and in preparation of metal waste obtained as a by-product from used nuclear fuel [9]. Thus,
the studies involving heat sources/sinks have become a central point of attraction for the researchers
interested in investigating fluid dynamic problems. The effect of heat generation/absorption on
the hydromagnetic flow and heat transfer along a semi-infinite flat plate in a saturated porous
medium was examined by Chamkha and Khaled [10]. They considered two different cases viz.
uniform heat flux and uniform wall temperature at the plate. The similarity solution for steady
state problem of free convection hydromagnetic liquid flow from an oblique plate was obtained
by Chamkha and Khaled [10]. The transient convective heat and mass transfer flow towards a
vertical surface under the influence of an external magnetic field and heat generation/absorption
was analytically investigated by Kamel [11]. The unsteady two-dimensional magnetohydrodynamic
flow of a heat absorbing fluid considering the effects of thermal and mass buoyancy was examined
by Chamkha [12]. Alam et al. [13] presented a numerical investigation for the simultaneous free and
forced convection flow over a permeable surface with an aim to highlight the impact of heat generation.
Alam et al. [14] later investigated the combined influences of chemical reaction and heat generation
on the hydromagnetic flow over a permeable surface. Recently, Mahatha et al. [15] investigated the
non-uniform heat generation/asborption effects on the hydromagnetic stagnation point boundary
layer flow of a nanofluid over a stretching sheet with Newtonian heating at the surface.

Systems involving chemical reactions are complicated. Chaudhary and Merkin [16,17] examined
the influences of both homogeneous and heterogeneous reactions on the stagnation point viscous fluid
flow. They presented two simple models for both the reactions in a boundary layer stagnation-point
flow considering (i) equal and (ii) different diffusivities for reactant and auto-catalyst. Merkin [18]
studied the viscous flow along a flat plate in the presence of both the reactions. This study was later
extended by Chaudhary and Merkin [19] to include the effect of loss of auto-catalyst. They obtained
numerical solutions near the leading edge of a plate. Khan and Pop [20] examined the stagnation point
flow on a porous wall considering the effects of both the chemical reactions. Khan and Pop [21] also
investigated the influences of homogeneous and heterogeneous reactions on a viscoelastic fluid flow
along a stretching surface. They encountered a reducing effect of the viscoelastic parameter on the
species concentration at the surface. Recently, Kameswaran et al. [22,23] and Nandkeolyar et al. [24]
analyzed the influences of both these chemical reactions on a nanofluid flow considering different
aspects of the problem.

Motivated by aforementioned research studies, our aim is to analyze the effects of homogeneous
and heterogeneous chemical reactions due to foreign species and heat absorption on the
two-dimensional laminar boundary layer flow of a Newtonian nanofluid along a stretching surface
under the influence of an externally applied uniform transverse magnetic field. The heat absorption
phenomena play an important role in many fluid engineering devices and affect the heat transfer
characteristics in the flow-field. There is no study in the literature that provides an insight into the
combined influences of heat absorption, heterogeneous and homogeneous chemical reactions on the
magnetohydrodynamic flow of a Newtonian nanofluid under the conditions of the present problem.
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2. The Mathematical Formulation

Let us consider the steady fully developed hydromagnetic flow of a heat absorbing Cu-water
nanoliquid along a continuously stretching sheet in the presence of two chemically reacting foreign
species A and B with concentrations a and b, respectively. The length of the sheet is taken along
the x axes whereas the y axis is taken normal to the sheet. The thermophysical properties of Cu
nanoparticles and pure water are presented in Table 1. The fluid flow, in the region y > 0, is caused by
linear stretching of the sheet with velocity Uw(x) along its length keeping the position of the origin O
fixed. The fluid flow is permeated by a uniform magnetic field of strength B0 acting along y-axis. The
fluid temperature at the surface is maintained at Tw(x) whereas outside the boundary layer region, it
is at a constant temperature T∞. The flow configuration and axes system are depicted in Figure 1. It is
further assumed that

• the flow is not subjected to polarized/applied voltages so that the effect of polarization of voltages
is neglected [25],

• the magnetic Reynolds number of the fluid is very small so that the induced magnetic field effects
are neglected as compared to the applied magnetic field,

• the effect of buoyancy forces are ignored,
• the base fluid and nanoparticles are in thermal equilibrium and there is no slip between them,
• it is assumed that a homogeneous reaction takes place between the species A and B as [16]

A + 2B→ 3B, rate = kcab2 (1)

while a heterogeneous first order, isothermal reaction undergoes on the catalyst surface, as

A→ B, rate = hsa (2)

where kc and hs are homogeneous and heterogeneous reaction rates, respectively. It is further
assumed that no energy is released during these reactions.
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Figure 1. Flow configuration and boundary conditions.

Table 1. Physical properties of water and Cu particles.

Nanofluid Component ρ(kg/m3) Cp(J/kgK) k(W/mK)

Pure water 997.1 4179 0.613
Copper (Cu) 8933 385 401
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Under the above assumptions, equations governing the conservation of mass, momentum, energy,
and species concentrations, are given by

∂u
∂x

+
∂v
∂y

= 0, (3)

u
∂u
∂x

+ v
∂u
∂y

=
µn f

ρn f

∂2u
∂y2 −

σB0
2

ρn f
u, (4)

u
∂T
∂x

+ v
∂T
∂y

= αn f
∂2T
∂y2 −

Q0

(ρcp)n f
(T − T∞), (5)

u
∂a
∂x

+ v
∂a
∂y

= DA
∂2a
∂y2 − kcab2, (6)

u
∂b
∂x

+ v
∂b
∂y

= DB
∂2b
∂y2 + kcab2, (7)

where u and v are components of nanofluid velocity in x and y directions, respectively, T denotes
temperature of the nanofluid within the boundary layer, µn f , σ, ρn f , αn f , and Q0, are respectively,
viscosity, electrical conductivity, density, thermal diffusivity, and heat absorption. The subscript n f
stands for the physical properties of nanofluid.

The dynamic viscosity un f , effective density ρn f , thermal diffusivity αn f , thermal conductivity
kn f , and heat capacitance (ρcp)n f of the nanofluid are defined as [26–29]

µn f =
µ f

(1− φ)2.5 , (8)

ρn f = (1− φ)ρ f + φρs, (9)

αn f =
kn f

(ρcp)n f
, (10)

kn f

k f
=

ks + 2k f − 2φ(k f − ks)

ks + 2k f + 2φ(k f − ks)
, (11)

(ρcp)n f = (1− φ)(ρcp) f + φ(ρcp)s. (12)

The subscripts f and s, in the above equations, are used to denote the physical properties of the
base fluid and nanoparticles, respectively, and φ denotes the volume fraction of the nanoparticles.

The appropriate boundary conditions for the flow problem are

At y = 0 : u = Uw(x) = cx
L , v = 0, T = Tw = T∞ + d

( x
L
)2 , DA

∂a
∂y = hsa, DB

∂b
∂y = −hsa; (13)

As y→ ∞ : u→ 0, T → T∞, a→ a0, b→ 0. (14)

where c is a constant which measures the stretching rate of the sheet, d is a proportionality constant used
for measuring a rise in the boundary layer temperature with increasing x, a0 denotes the concentration
of the foreign species A outside the boundary layer. The symbol L denotes the characteristic length of
the flow which, in this case, may be defined as the thickness of the boundary layer. We now chose a
transformation given by

ψ(x, y) =
√

cν f

L
x f (η), θ =

(T − T∞)

(Tw − T∞)
, a = a0 g(η), b = a0 h(η), η =

√
c

ν f L
y, (15)
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so that the conservation of mass Equation (3) is satisfied, and Equations (4)–(7) are transformed to a
set of similarity equations, given by

f ′′′ + φ1 f f ′′ − φ1 f ′2 −Mφ2 f ′ = 0, (16)

θ′′ + Prφ3 f θ′ − 2Prφ3 f ′θ − Prβhφ4θ = 0, (17)

g′′ + Sc f g′ − ScKgh2 = 0, (18)

h′′ +
Sc
δ

f h′ +
Sc
δ

Kgh2 = 0, (19)

where

M =
σB2

0 L
ρ f c

, Pr =
ν f

α f
, βh =

Q0L
c(ρcp) f

, Sc =
ν f

DA
, K =

kca2
0L

c
, φ1 = (1− φ)2.5

{
(1− φ) + φ

(
ρs

ρ f

)}
,

φ2 = (1− φ)2.5, φ3 =

{
ks + 2k f + 2φ(k f − ks)

}{
1− φ + φ

(ρcp)s
(ρcp) f

}
{

ks + 2k f − 2φ(k f − ks)
} , φ4 =

ks + 2k f + 2φ(k f − ks)

ks + 2k f − 2φ(k f − ks)
,

and δ =
DB
DA

.

The non-dimensional parameters defined above are, Prandtl number Pr, magnetic parameter
M, Schmidt number Sc, heat absorption parameter βh, homogeneous reaction rate K, and the ratio of
mass diffusion constants δ. The functions φ1, φ2, φ3 and φ4 depend on the thermal properties of the
nanoparticles and the base fluid, and are dimensionless.

Boundary conditions (13) and (14), in non-dimensional form, are

At η = 0 : f = 0, f ′ = 1, θ = 1, g′ = Ksg, δh′ = −Ksg; (20)

As η → ∞ : f ′ → 0, θ → 0, g→ 1, h→ 0, (21)

where Ks =
hs

DA

√
ν f L

c measures the heterogeneous reaction’s strength.
Assuming that the chemical species A and B have equal diffusivities i.e., δ = 1 [16], we obtain,

g(η) + h(η) = 1. (22)

Equations (18) and (19) under this assumption, reduce to

g′′ + Sc f g′ − ScKg(1− g)2 = 0, (23)

subject to the conditions

g′(n) = Ksg(n) at η = 0, and g(η)→ 1 as η → ∞. (24)

Thus the problem is now described by the Equations (16), (17), and (23) with the boundary
conditions (20), (21) and (24). One may also wish to obtain the values of local skin friction coefficient
C fx and local Nusselt number Nux, which for the present problem are

C fx Re1/2
x =

1
(1− φ)2.5 f ′′(0), (25)

Nux/Re1/2
x = − 1

φ4
θ′(0). (26)

where Rex = xUw(x)
ν is local Reynolds number.
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3. Solution Procedure

The numerical solution of the mathematical model represented by Equations (16), (17), and (23)
together with the boundary conditions (20), (21), and (23), respectively, is obtained using a
quasi-linearization technique known as Spectral quasi-linearization method (SQLM) which is
successfully employed for solving fluid flow problems by Motsa et al. [30]. In view of the framework
of SQLM, the iteration scheme is obtained as

f ′′′r+1 + a1,r f ′′r+1 + a2,r f ′r+1 + a3,r fr+1 = −a4,r, (27)

b1,r f ′r+1 + b2,r fr+1 + θ′′r+1 + b3,rθ′r+1 + b4,rθr+1 = −b5,r, (28)

c1,r fr+1 + g′′r+1 + c2,rg′r+1 + c3,rgr+1 = −c4,r, (29)

where

a1,r = φ1 fr, a2,r = −2φ1 f ′r −Mφ2, a3,r = φ1 f ′′r , a4,r = −φ1( fr f ′′r − f ′2r ),

b1,r = −2Prφ3θr, b2,r = Prφ3θ′r, b3,r = Prφ3 fr, b4,r = −Pr(2φ3 f ′r + βhφ4),

b5,r = Pr(φ3 frθ′r − 2φ3 f ′r θr), c1,r = Scg′r, c2,r = Sc fr, c3,r = ScK(−1 + 4gr − 3g2
r ),

c4,r = Sc(− frg′r − 2Kg2
r + 2Kg3

r ).

The boundary conditions for the above iteration scheme are

fr+1(0) = 0, f ′r+1(0) = 1, f ′r+1(∞)→ 0, (30)

θr+1(0) = 1, θr+1(∞)→ 0, (31)

g′r+1(0) = Ksgr+1(0), gr+1(∞)→ 1, (32)

The linearized Equations (27)–(29) are then treated with the Chebyshev pseudo-spectral
collocation method whose details are well presented by Motsa et al. [30] and Nandkeolyar et al. [24].
The method requires initial guesses to start with, which are taken as

f0(η) = 1− e−η , θ0(η) = e−η , g0(η) = 1− 0.5e−Ksη . (33)

In order to validate the results obtained by the spectral quasilinearization method, an error
analysis has been carried out. The infinity norm of the error in function values of two consecutive
iterations is examined and is set to meet the tolerance level ε. At the (r + 1)th level of iteration, the
maximum error Ed is defined as

Ed = max (‖z1,r+1 − z1,r‖∞, ‖z2,r+1 − z2,r‖∞, ..., ‖zm,r+1 − zm,r‖∞) (34)

where zi; i = 1, 2, . . . , m are the unknown functions in the nonlinear system. The values of Ed for
different iteration levels are plotted in Figure 2. For the computations presented in the paper ε = 10−12

and it can be seen that about 60 iterations are adequate for the SQLM iteration scheme to suffice the
prescribed tolerance limit ε. This accuracy level in f ′ and g are attained in a mere seven iterations.
An inspection analysis is carried out to investigate the required number of collocation points N and the
value of the variable L which is used to approximate ∞. At first, a suitable value of L∞ is determined
by successively increasing its value so that no further changes in the results are observed and that the
far boundary conditions are satisfied. For the present problem, a suitable value of L∞ is found to be
L∞ = 20. The far conditions are satisfied even for smaller values but it is only when we take L∞ = 20
that the results do not vary any further. The same steps are repeated for finding an appropriate value
of N and it is found that N = 80 is sufficient to achieve the prescribed accuracy level.
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Figure 2. Maximum error in (a) f ′ and g, (b) θ versus number of iterations.

4. Results and Discussion

In order to analyze the effects of nanoparticle volume fraction and magnetic field on the
fully developed flow-field, the profiles of fluid velocity f ′(η), fluid temperature θ(η), and species
concentration g(η), for several values of nanoparticle volume fraction φ and magnetic parameter M,
within the boundary layer region, are depicted in Figure 3 and 4 taking Sc = 1 and Pr = 6.7850.
The effects of homogeneous and heterogeneous reactions on species concentration and heat absorption
on fluid temperature are shown in Figure 5. In Table 2, we display the variations in C fx and Nux with
respect to the pertinent flow parameters.

The amount of Cu nanoparticles mixed in the base fluid is measured with the nanoparticle
volume fraction parameter φ, and the effect of this parameter on the profiles of nanofluid velocity
f ′(η), nanofluid temperature θ(η), and species concentration g(η) is depicted in Figure 3. It is
shown in Figure 3 that an increase in nanoparticle volume fraction increases the nanofluid velocity,
species concentration, and nanofluid temperature within the boundary layer region. One must note
that increasing the value of nanoparticle volume fraction beyond a critical value must start decreasing
the fully developed fluid velocity. However, at least for the values of volume fraction used, the fluid
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velocity is found to be increasing with increasing nanoparticle volume fraction. All the three boundary
layers, namely, the momentum boundary layer, the thermal boundary layer, and the concentration
boundary layer get thicker with increasing nanoparticle volume fraction.

The application of externally applied magnetic field B0 on the flow of a viscous, incompressible,
and electrically conducting fluid gives rise to a mechanical force, known as Lorentz force and the
strength of the applied magnetic field is represented by the non-dimensional magnetic parameter
M. Figure 4 is presented to show the effect of the magnetic parameter M on the nanofluid velocity,
nanofluid temperature, and species concentration. It is perceived from Figure 4a–c that the nanofluid
velocity and species concentration both decrease whereas the nanofluid temperature increases, within
the boundary layer region, with increasing magnetic parameter M. It is also noted that the effect of
the magnetic parameter on the fluid temperature is not that significant as compared to its effect on
nanofluid velocity and species concentration. Since the magnetic parameter M measures the strength of
the Lorentz force, we conclude that the Lorentz force has a tendency to reduce the nanofluid velocity as
well as species concentration, whereas it does not have a significant effect on the nanofluid temperature.
Thus, the magnetic field is found to provide a stabilization mechanism in the fluid flow which can be
utilized in boundary layer flow control.

Figure 5a,b illustrate the effects of homogeneous and heterogeneous reactions, on species
concentration while the impact of heat absorption on nanofluid temperature is presented in
Figure 5c. It is revealed in Figure 5a,b that the species concentration decreases on increasing both the
homogeneous reaction parameter K and heterogeneous reaction parameter Ks within the boundary
layer region. Additionally, within the boundary layer region, the nanofluid temperature also diminishes
with increasing values of heat absorption parameter βh. The parameters K and Ks are known to
represent the strength of homogeneous and heterogeneous reaction rates, respectively. Thus it can
be understood that the homogeneous and heterogeneous reactions have a reducing influence on the
species concentration. The heat absorption tends to reduce the fluid temperature within the boundary
layer region. It is worthy to mention that the heterogeneous reaction has a stronger effect on species
concentration than the homogeneous reaction.

In order to examine the effects of nanoparticle volume fraction φ, magnetic field M, and heat
absorption βh on the coefficient of skin friction and the coefficient of heat transfer at the plate, the
values of the skin friction coefficient f ′′(0) and the coefficient of heat transfer at the plate θ′(0) are
presented in Table 2 for several values of φ, M, and βh. In Table 2, the skin-friction coefficient f ′′(0)
and the Nusselt number θ′(0) are found to be decreasing with increasing values of the nanoparticle
volume fraction φ. This decrease in skin friction and heat transfer rate is due to a respective increase in
nanofluid velocity and temperature within the boundary layer region with increasing values of the
nanoparticle volume fraction. This indicates that the nanoparticle volume fraction has a tendency of
reducing the skin friction coefficient and the rate of heat transfer at the surface. It is witnessed from
Table 2 that the heat transfer coefficient θ′(0) is decreasing while the skin-friction coefficient f ′′(0) is
increasing with increasing values of the magnetic parameter M which implies that the rate of heat
transfer at the plate is reduced with increasing Lorentz force whereas it has a reverse effect on the skin
friction. In addition, the heat transfer coefficient θ′(0) is found to be an increasing function of βh which
leads to the conclusion that the heat absorption tends to enhance the rate of heat transfer at the surface.
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Figure 3. Variations in (a) f ′, (b) θ, and (c) g with respect to φ when M = 2, K = 0.5, Ks = 0.5, βh = 2,
Sc = 1 and Pr = 6.7850.
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Figure 4. Variations in (a) f ′, (b) θ, and (c) g with respect to M when φ = 0.2, K = 0.5, Ks = 0.5, βh = 2,
Sc = 1, and Pr = 6.7850.
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Figure 5. Variations in g with respect to (a) Ks and (b) K, and in (c) θ with respect to βh when φ = 0.1,
M = 2, and Pr = 6.7850.
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Table 2. Variations in C fX Re1/2
x and NuxRe−1/2

x for different parameter values when Pr = 6.7850.

φ M βh C fx Re1/2
x NuxRe−1/2

x

0.1 2 2 1.7078 6.2232
0.2 2 2 1.6213 4.9122
0.3 2 2 1.4862 3.6863
0.2 2 2 1.6213 4.9122
0.2 3 2 1.7891 4.8806
0.2 4 2 1.9425 4.8518
0.2 2 1 1.6213 4.5859
0.2 2 2 1.6213 4.9122
0.2 2 3 1.6213 5.2150

5. Conclusions

The combined effects of homogeneous and heterogeneous chemical reactions and heat absorption
on the fully developed magnetohydrodynamic Newtonian nanofluid flow past a linearly stretching
sheet are investigated. The governing nonlinear ordinary differential equations are solved using a
Chebyshev pseudo-spectral method based numerical technique known as spectral quasilinearization
method (SQLM). The spectral quasilinearization method is found to be successful in solving the present
problem. The significant findings of the study are summarized below:

1. The impact of nanoparticle volume fraction on the momentum, thermal, concentration boundary
layers is to increase their thickness. The nanoparticle volume fraction has reducing influences on
the skin friction coefficient and the rate of heat transfer at the surface.

2. The Lorentz force which appears in the flow-field due to the applied magnetic field reduces the
thickness of momentum and concentration boundary layers whereas it has an opposite effect
on the thermal boundary layer. The observed effect, however, on the thermal boundary layer
is not significant and the Lorentz force marginally increases its thickness. The skin friction
increases, whereas the rate of heat transfer at the surface decreases, with increasing strength of
magnetic field.

3. The effect of homogeneous and heterogeneous reactions is to decrease the species concentration
within the boundary layer region.

4. Heat absorption has the tendency to decrease the thickness of the nanofluid thermal boundary
layer whereas it increases the rate of heat transfer at the surface.
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