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Abstract: Magnetic induction communication and wireless power transmission based on magnetic
coupling have significant application prospects in underwater environments. Mutual impedance is a
key parameter particularly required for the design of the systems. However, mutual impedance is
usually extracted from measurements when the coils are processed, which is obviously not conducive
to the system optimization in the design phase. In this paper, a model of the mutual impedance
of coils immersed in water is established. The magnetic vector potential is expressed in the form
of series by artificially setting a boundary, and then the mutual impedance calculation formula of
the coils immersed in water is derived. In the analysis, the effect of the conductivity of water, the
excitation frequency, and the number of turns of the coils are mainly taken into account. In addition,
the variation of the mutual impedance of coils in air and water with axial displacement is also
compared. The models can be used to analyze the coil coupling characteristics in the presence of
conductive medium, which is helpful for the design process.

Keywords: mutual impedance; inductive power transfer; coils; water

1. Introduction

Recently, magnetic coupling technology based on the concept of magnetic induction
(MI) has been widely used in eddy current testing (ECT) [1], MI-based communication [2],
and wireless power transmission (WPT) due to its advantages of isolation and conve-
nience [3–5]. Especially in the underwater environment, WPT technology can overcome the
problem of rapid energy supply for autonomous underwater vehicles (AUVs) [6–9]. As a
result, it is of great significance to develop a WPT system for underwater environments.

The WPT system used in underwater environments is similar to that used in air. It cou-
ples the alternating power generated by the primary side to the secondary side through a
pair of coils, and the secondary side obtains direct current (DC) power through rectification.
The difference is that the media between the coils is conductive water. Therefore, the
magnetic coupling characteristics are different from that in air. It has been reported that
the power transmission efficiency and capacity are related to the mutual coupling of the
coils [10]. In the design process of WPT, most of the work is the design and optimization of
the coils [11]. Thus, the mutual coupling analysis of the coils in water is an important topic
for the design of the underwater WPT system.

It is usually necessary to carefully design the shape and installation position of the
coils for the reliable coupling between coils in the power transmission system. There are
inevitably magnetic materials and conductive materials around coils, which makes the
coupling analysis between coils more complicated. However, the mutual impedance test
is often carried out after the coils are processed. In order to estimate mutual impedance,
numerous methods have been proposed by the researchers in order to calculate the mutual
impedance of the coils. In [12], the magnetic vector potential approach is used to calculate
the mutual inductance of two circular coils arbitrarily placed with respect to each other.
This paper gives the mutual inductance calculation method of two coils in a non-conductive
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environment based on the Neumann formula. In [13], the mutual impedance characteristics
of two coils above a conducting plate are studied. The conducting plate will not only cause
the change of the real part of the mutual impedance(the effect of the losses in the media), but
also affect the imaginary part (mutual inductance). In [14], the influence of the conductivity
of the medium on the mutual inductance is systematically studied. The research shows that
the existence of the conductive medium will make the mutual inductance become complex.
In [15], the mutual inductance between two planar coils is developed, and an analytical
expression of the mutual inductance with respect to the properties of the media is carried
out. However, this paper focuses on the influence of the material of the coil substrate on
the mutual inductance of the coils. The influence of the medium between coils on mutual
inductance has not been studied. In [16], an exponential attenuation factor is introduced to
express the effect of conductive media on mutual impedance. The attenuation rate depends
on the permeability, conductivity and dielectric constant of the media. However, in the
MI region, the change of magnetic field is usually a complex function of the electrical
parameters of the media and distance, so the introduction of exponential attenuation
factor cannot well express the effect of the media on mutual impedance. In [17], the eddy
current equivalent resistance is introduced to express the influence of water on the electrical
parameters of the coil. However, when the coil is close to the conductive medium, it will
not only cause the change of self inductance and AC resistance, but also form eddy
currents in the conductive medium and produce ohmic loss. The eddy current equivalent
resistance cannot directly express the influence of conductive medium on the coil coupling
characteristics. In addition, a variety of measurement methods have been proposed to
measure the mutual impedance of the coils and study the characteristics of media [18,19].

In this paper, the planar circular coil is taken as an example, and the mutual impedance
of the coils immersed in water is analyzed from the perspective of magnetic vector potential
by using the Truncated Region Eigenfunction Expansion (TREE) method [20,21]. The in-
fluence of truncation region and summation term on the accuracy of calculation results is
analyzed. In addition, the influence of excitation frequency and the conductivity of media
on mutual impedance is systematically studied, and the similarities and differences of
mutual impedance in air and water are compared. The models can be used to analyze the
coil coupling characteristics in the presence of conductive medium, which is helpful for the
design process.

The organization of this paper is as follows. Section 2 introduces the mutual impedance
model of coils immersed in water from the perspective of magnetic vector potential.
In Section 3, the influence of truncation region and summation term on the accuracy of the
proposed model is analyzed. In Section 4, an experiment is established to verify previous
conclusions. Finally, the most important conclusions are summarized in Section 5.

2. Mutual Impedance of Two Coils of Filamentary Currents

The structure of the analyzed system is shown in Figure 1. In this figure, two coils
insulated by small dielectric boxes are immersed in water. The two coils have ni and nj
turns, respectively. In this approach, the multi-turn coil is modeled as a series of circular
filamentary coil. The coil i is driven by a constant current I at angular frequency ω. The
vertical distance of the two coils is d. The electromagnetic model of the coils depicted
in Figure 1 is shown in Figure 2. Space is divided into six sections. The dielectric box is
replaced by an infinitely wide dielectric layer. Region I, IV, and VI are characterized by
electrical conductivity σ and magnetic permeability µ of water, and Region II, III, and V are
characterized by σ = 0 and µ = 1. With axial symmetry, the coil current density has only an
azimuthal component; therefore, the vector potential becomes a scalar one. The potential
A in all regions satisfies the following differential equation for the circular filamentary coil
with radius r0 and height z0.
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Figure 1. Schematic diagram of coils immersed in water.
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Figure 2. 2D axisymmetric view of the coils in the presence of water.
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∂r2 +
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− A
r2 +

∂2 A
∂z2 = k2

i A − µ0ι0 (1)

where ι0 represents the current density of the circular filamentary coil, it can be described as

ι0 = Iδ(r − r0)(z − z0) (2)

where k2
i = jωµrµ0σi, the general form of the solution can be expressed as a series

A(r, z) =
∞

∑
i=1

[Ai J1(κir) + BiY1(κir)][Cieλiz + Die−λiz] (3)

where λi =
√

κ2
i + jωµrµ0σi, J1 is the first-kind order-one Bessel function, and Y1 is the

second-kind order-one Bessel function. Because the electromagnetic field generated by the
coil i does not extend to great distances, it can be assumed that potential vanishes at r = h,
i.e., A(h, z) = 0. In particular, in Region I, C(1)

i = 0, and in Region VI, D(6)
i = 0 to ensure

that the potential remains finite at z = ±∞. Bi should be 0 due to the divergence of Y1(0).
Therefore the eigenvalues κi are the roots of the equation:

J1(κih) = 0 (4)
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Therefore, the components of the magnetic vector potential in all regions can be
expressed as 

A1(r, z) =
∞

∑
i=1

J1(κir)e−λizD(1)
i

A2(r, z) =
∞

∑
i=1

J1(κir)(eκizC(2)
i + e−κizD(2)

i )

A3(r, z) =
∞

∑
i=1

J1(κir)(eκizC(3)
i + e−κizD(3)

i )

A4(r, z) =
∞

∑
i=1

J1(κir)(eλizC(4)
i + e−λizD(4)

i )

A5(r, z) =
∞

∑
i=1

J1(κir)(eκizC(5)
i + e−κizD(5)

i )

A6(r, z) =
∞

∑
i=1

J1(κir)eλizC(6)
i

(5)

From the continuity of Bz and Hr at the five interfaces of the six layers, we get

A1(r, z1) = A2(r, z1)

∂A1(r, z)
∂z

∣∣∣∣
z=z1

− ∂A2(r, z)
∂z

∣∣∣∣
z=z1

= 0

A2(r, z0) = A3(r, z0)

∂A2(r, z)
∂z

∣∣∣∣
z=z0

− ∂A3(r, z)
∂z

∣∣∣∣
z=z0

= −µ0ι0

A3(r, 0) = A4(r, 0)

∂A3(r, z)
∂z

∣∣∣∣
z=0

− ∂A4(r, z)
∂z

∣∣∣∣
z=0

= 0

A4(r,−z2) = A5(r,−z2)

∂A4(r, z)
∂z

∣∣∣∣
z=−z2

− ∂A5(r, z)
∂z

∣∣∣∣
z=−z2

= 0

A5(r,−z3) = A6(r,−z3)

∂A5(r, z)
∂z

∣∣∣∣
z=−z3

− ∂A6(r, z)
∂z

∣∣∣∣
z=−z3

= 0

(6)
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Substituting (5) into the boundary conditions (6), there are

∞

∑
i=1

J1(κir)e−λiz1 D(1)
i =

∞

∑
i=1

J1(κir)[eκiz1 C(2)
i + e−κiz1 D(2)

i ]

∞

∑
i=1

−J1(κir)λie−λiz1 D(1)
i −

∞

∑
i=1

J1(κir)κi(eκiz1 C(2)
i − e−κiz1 D(2)

i ) = 0

∞

∑
i=1

J1(κir)(ez0κi C(2)
i + e−z0κi D(2)

i ) =
∞

∑
i=1

J1(κir)(ez0κi C(3)
i + e−z0κi D(3)

i )

∞

∑
i=1

J1(κir)κi(eκiz0 C(2)
i − e−κiz0 D(2)

i )−
∞

∑
i=1

J1(κir)κi(eκiz0 C(3)
i − e−κiz0 D(3)

i ) = −µ0ι0

∞

∑
i=1

J1(κir)(C
(3)
i + D(3)

i ) =
∞

∑
i=1

J1(κir)(C
(4)
i + D(4)

i )

∞

∑
i=1

J1(κir)κi(C
(3)
i − D(3)

i )−
∞

∑
i=1

J1(κir)λi(C
(4)
i − D(4)

i ) = 0

∞

∑
i=1

J1(κir)(e−z2λi C(4)
i + ez2λi D(4)

i ) =
∞

∑
i=1

J1(κir)(e−z2κi C(5)
i + ez2κi D(5)

i )

∞

∑
i=1

J1(κir)λi(e−z2λi C(4)
i − ez2λi D(4)

i )−
∞

∑
i=1

J1(κir)κi(e−z2κi C(5)
i − ez2κi D(5)

i ) = 0

∞

∑
i=1

J1(κir)(e−z3κi C(5)
i + ez3κi D(5)

i ) =
∞

∑
i=1

J1(κir)e−z3λi C(6)
i

∞

∑
i=1

J1(κir)κi(e−z3κi C(5)
i − ez3κi D(5)

i )−
∞

∑
i=1

J1(κir)λie−z3λi C(6)
i = 0

(7)

Multiply both sides of the above equations by J1(κir)r , integrate from 0 to h and use
the orthogonality property of the Bessel function, we get

e−λiz1 D(1)
i = eκiz1 C(2)

i + e−κiz1 D(2)
i

− λ1D(1)
i e−λiz1 − κi(C

(2)
i eκiz1 − D(2)

i e−κiz1) = 0

eκiz0 C(2)
i + e−κiz0 D(2)

i − eκiz0 C(3)
i − e−κiz0 D(3)

i = 0

[hJ0(κih)]2

2
[κi(eκiz0 C(2)

i − e−κiz0 D(2)
i )− κi(eκiz0 C(3)

i − e−κiz0 D(3)
i )] = −µ0ι0r0 J1(κir0)

C(3)
i + D(3)

i = C(4)
i + D(4)

i

κi(C
(3)
i − D(3)

i ) = λi(C
(4)
i − D(4)

i )

C(4)
i e−λiz2 + D(4)

i eλiz2 − C(5)
i e−κiz2 − D(5)

i eκiz2 = 0

λi(C
(4)
i e−λiz2 − D(4)

i eλiz2)− κi(C
(5)
i e−κiz2 − D(5)

i eκiz2) = 0

C(5)
i e−κiz3 + D(5)

i eκiz3 − C(6)
i e−λiz3 = 0

κi(C
(5)
i e−κiz3 − D(5)

i eκiz3)− λi(C
(6)
i e−λiz3) = 0

(8)

Then we get the coefficients C(5)
i , D(5)

i by solving (8).

C(5)
i = 4ι0e−z0κi+2z3κi+z2(κi+λi)r0λi(κi + λi)[e2z0κi (λi − κi)− e2z1κi (κi + λi)]µ0 J1(κir0)

/
h2 J2

0 (hκi)[−e2z2(κi−λi)
4 − e2(z1+z3)κi+2z2λi (κi + λi)

4 + e2z2κi (κ2
i − λ2

i )
2 − e2(z1+z2)κi (κ2

i − λ2
i )

2

− e2z3κi (κ2
i − λ2

i )
2 + e2(z1+z3)κi (κ2

i − λ2
i )

2 + e2z3κi+2z2λi (κ2
i − λ2

i )
2 + e2z1κi+2z2(κi+λi)(κ2

i − λ2
i )]

D(5)
i =

(λi − κi)

(λi + κi)e2z3κi
C(5)

i (r0, z0)

(9)
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On the assumption that a multi-turn coil can be approximated by the superposition of
a number of filamentary coils, and the coil has a rectangular cross-section. If the current
density is constant over the dimensions of the coil, the equivalent current density of coil i
can be expressed as follows

ι = ni I/[(r2 − r1)(z02 − z01)] (10)

If we let the current distribution in the filamentary coils approach a continuous
distribution, we can approximate the coil i of finite cross-section by the integral [20,21].
Replace the current density ι0 in (9) with ι, we get

C(5)
i =

∫ r2

r1

∫ z02

z01

C(5)
i (r0, z0)dr0dz0

D(5)
i =

∫ r2

r1

∫ z02

z01

D(5)
i (r0, z0)dr0dz0

(11)

According to the law of electromagnetic induction, the voltage induced in a length of
wire can be expressed as

V =
∮

C
E · dl = −jω

∮
C

A5 · dl (12)

where dl is a vector differential line element tangential to the path of the source current.
The total voltage induced in the coil j is then

Vtotal =

nj

∑
i=1

Vi (13)

where Vi can be calculated by (12), then we can approximate the sum operation as an
integral operation:

Vtotal = −jωND

∫∫∫
Ω

A5 dV (14)

where ND =
nj

(r4−r3)(z11−z12)
represents the turn density of the coil j. The mutual impedance

Zij is defined as the ratio between Vtotal and the driving current I, as it can be seen as
follows:

Zij =
Vtotal

I
= Rij + jωM (15)

The parameter Rij represents the effect of the losses in the media, it represents a
component of the induced voltage Vtotal in phase with the driving current I. The parameter
M is the total mutual inductance between the two coils [15]. It can be seen from the above
formula that in the presence of conductive media, mutual impedance becomes complex.

3. Convergence Analysis of the Model

In the analysis of the previous section, the mutual impedance is expressed in the
form of series. Obviously, the results are closely related to the sum term N and truncation
region h. The convergence of TREE method has been fully verified in the field of ECT [21].
Therefore, this section focuses on the influence of summation term N and truncation region
h on the accuracy of calculation results in the presence of water, which can be used as a
theoretical guide for engineering application.

The summation term N is considered as a variable that ranges from 1 to 40. The trunca-
tion region h is swept from h = r2 to h = 10r2. The distance between the two coils is equal
to 2 cm. The outer radius and inner radius of the coils are 10 cm and 6 cm, respectively. The
number of turns is 20, and the excitation frequency is fixed at 100 kHz. The conductivity
of water is set to σ = 4 S/m. According to these conditions, the calculated results are
shown in Figures 3 and 4. As it can be seen, different summation terms N and h can lead to
different calculation results. For any h, the results will converge with the increase of the
sum term N. Basically, when the sum term is greater than 20, the results will converge.
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However, for different h, the convergence results are different. When h is equal to r2 or
2r2, the results of convergence are quite different. However, when h is greater than 3r2, the
final convergence result is almost the same. This indicates that the distribution region of
magnetic field generated by excitation current is limited. Therefore, the hypothesis that
the magnetic vector potential is equal to 0 when r = h is reasonable. Thus, in practical
engineering application, the truncation region can be selected according to the needs of
calculation accuracy and calculation time.

Figure 3. The influence of N and h on the real part of mutual impedance.

Figure 4. The influence of N and h on the imaginary part of mutual impedance.

4. Experimental Results and Discussion

An experimental is implemented to verify the theoretical and simulation results
as shown in Figure 5. Two identical coils have been winded by copper wires with a
diameter of 1 mm, and each one of them has 20 turns of external and internal radii of
100 mm and 60 mm, respectively. In order to prevent leakage of current, the two coils
are insulated from the surrounding environment by small dielectric boxes made of acrylic
material. The dielectric box size is 600 mm × 800 mm × 10 mm. In order to ensure
the accuracy of the coil position during the test, coils are fixed on the inner surface of
the dielectric boxes by glue. The dielectric boxes are immersed in a water tank with the
size of 900 mm × 800 mm × 600 mm. The inner wall of the water tank is designed with a
guide groove, which can be used for fixing the dielectric boxes. During the experiment,
the conductivity of water is adjusted by adding sea salt into the water. Measurements
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have been performed by using the Wayne Kerr 6500B Impedance Analyzer. The mutual
impedance is measured by the in-phase and the opposing-phase connections of the two
coils. Two different connections give the following impedances applying the reciprocity
theorem [15]:

Zi = (Ri + Rj) + jω(Li + Lj) + 2Zij

Zo = (Ri + Rj) + jω(Li + Lj)− 2Zij
(16)

where Zij is the mutual impedances between the two coils. Ri, Rj are the parasitic resistance
of the coil i and coil j, while Li, Lj are the self-inductances of the two coils.

Subtract the left side from the left side, and the right side from the right side of the
above two equations, we get

Zij =
Zi − Zo

4
= Rij + jωM (17)

M = Im(Zij)/ω (18)

Figure 5. Image of the experimental setup.

The FEA tool COMSOL is used to model and compare the estimated results with the
experimental results. The selected space dimension is 2D axisymmetric, the physical field
is magnetic field. Two coaxial uniform multi-turn coils are constructed, and the number
of turns is 20. The coils are surrounded by a rectangular region with width of 40 cm and
height of 1 cm, respectively. The region is defined as air. The regions are surrounded by
a rectangular region with width of 80 cm and height of 30 cm. The models of the coils
immersed in air or water can be constructed by modifying the material properties of this
area to water or air. the element size of mesh is normal. By applying 1A excitation current
to one coil and setting the other coil as open circuit, the mutual impedance between coils is
obtained by measuring the voltage at both ends of the open circuit coil.

4.1. Influence of the Conductivity in the Mutual Impedance

In order to investigate the effect of the conductivity in the mutual impedance, the coils
in air and immersed in water with different conductivity are both tested in this experiment.
As depicted in Figure 5, the coils are parallel and coaxial in the water tank. When the water
tank is not filled with water, the mutual impedance between the coils in air is tested, and
different conductivity is generated by adding sea salt into the water tank. The experimental
results are shown in Figure 6a,b compared with the analytical results. According to the
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influence of summation term N and truncation region h on the accuracy of calculation
results in the previous section, N = 30, and h = 5r2 are selected in this case. The distance
between the two coils is 20 mm, and the measurement frequency is fixed at 100 kHz. The
conductivity ranges from σ = 0 S/m, which corresponds to the air, to σ = 4 S/m, which
corresponds to seawater. It is obviously observed that the estimated results have the same
trend with the simulation and measurement results. As shown in Figure 6a, the real part of
mutual impedance increases with the increase of conductivity. When the conductivity is
zero, the difference between the estimated results and the simulation and measured results
is large. The estimated real part of mutual impedance is zero. When the conductivity
increases, the difference between the estimated results and the simulation and measured
results is gradually narrowed. This is because the proposed model assumes that the current
in the coil is uniformly distributed and does not consider skin effect and proximity effect.
However, the actual coil inevitably has the above two effects. There is a coupling between
the turns of the coil due to the proximity effect. At the same time, the magnetic field
generated by the eddy current in water will also affect coupling between the coils. When
the medium conductivity σ is zero, the real part of mutual impedance mainly comes from
the influence of proximity effect, which is not considered in the model. When σ increases
gradually, the magnetic field produced by eddy current in water is the main reason for
the change of the real part of mutual impedance. Therefore, when the conductivity is low,
the real part estimation error is larger, while the error decreases when the conductivity
increases gradually. In Figure 6b, there is only a slight reduction in the imaginary part of
mutual impedance, when σ = 0 S/m, the imaginary part is equal to 51.56 uH, and when
σ = 4 S/m, the imaginary part is reduced to 51.52 uH. The estimated error is about 4%.
The estimation error of imaginary part mainly comes from the definition of equivalent
turn density of coil j. In order to simplify the calculation, the cross-section of coil area is
assumed to be a rectangle, and the equivalent turn density is used to approximate the coil
space. However, the cross-section of each turn of the actual and simulated coils is circular,
and the coil does not occupy the whole rectangular section space. Thus, there is a constant
bias in the estimation. The change of mutual impedance with conductivity shows that in
the case of medium conductivity and excitation frequency of the coil are not too high, the
additional magnetic field induced by eddy current in the medium has little effect on the
original magnetic field generated by the excitation coil, so the mutual inductance in the
water is almost the same as that in air.

0 1 2 3 4

0.00
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0.10

0.15

0.20

 Experiment
 Simulation
 Estimation

Re
[Z

ij]
(

)

electrical conductivity (S/m)
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(a) (b)

Figure 6. (a) The real part of mutual impedance of two coils as a function of the conductivity of media. (b) The imaginary part of
mutual impedance of two coils as a function of the conductivity of media.
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4.2. Influence of Frequency in the Mutual Impedance

In this case, the effects of excitation frequency in the mutual impedance are inves-
tigated. Considering that the change of the imaginary part is not obvious when the
conductivity is less than 4 S/m, and in underwater environment, high frequency will cause
high ohmic losses, this section focuses on the variation of mutual impedance with respect
to frequency within 1 MHz when the coil is immersed in seawater. N = 30, and h = 5r2
are also selected as in the previous section. As shown in Figure 7a,b, the results show that
the imaginary part decreases with the increase of frequency, but the real part of mutual
impedance increases with the increase of frequency. However, the imaginary part at tens
of kHz and hundreds of kHz is only reduced a little, the real part of mutual impedance
increases exponentially. With the increase of the coil excitation frequency, the estimation
error of the real part increases gradually. With the increase of the excitation frequency
of the coil, on the one hand, the eddy current energy in the water is enhanced. At the
same time, due to the existence of skin effect and proximity effect, the current distribution
in the coil can no longer be equivalent to uniform distribution. Therefore, the real part
estimation error increases with the excitation frequency. It is precisely because the increase
of frequency will cause the increase of energy loss in the medium, so the working frequency
of underwater wireless power transmission system is usually around 200 kHz [6]. The esti-
mated results of the model in this frequency band can be used for parameter optimization
in the design phase.
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Figure 7. (a) The real part of mutual impedance of two coils as a function of the excitation frequency. (b) The imaginary part of mutual
impedance of two coils as a function of the excitation frequency.

4.3. Variation of Mutual Impedance with Axial Displacement

In the underwater MI communication or WPT system, in order to ensure sufficient
coupling between the coils, it is usually necessary to keep the coils coaxial. In this con-
figuration, we focus on the influence of the axial displacement in the mutual impedance
when the coil is immersed in water. In order to compare the effect of water on the mutual
impedance, we also compare and test the mutual impedance in air. The measurement
frequency is fixed at 100 kHz. The axial displacement is varied from 0.2r to 1.2r. As shown
in Figure 8a,b, when the axial displacement of the coil increases, both the real part and the
imaginary part of mutual impedance decrease gradually. When the displacement increases
to r, then the imaginary part decreases by about 0.8. It is worth mentioning that when the
coil is in water and air, the trend of the imaginary part with axial displacement is almost
the same.
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Figure 8. (a) The real part of mutual impedance of two coils with respect to axial displacement when f = 100 kHz, σ =0 S/m, 4 S/m.
(b) The imaginary part of mutual impedance of two coils with respect to axial displacement when f = 100 kHz, σ =0 S/m, 4 S/m.

Because the frequency is also one of the factors that affect the mutual impedance
between coils, the mutual impedance of coils with axial displacement at 10 kHz and
910 kHz is compared and tested when σ = 4 S/m. The results are shown in Figure 9a,b. It
can be seen that Figure 9b, and Figure 8b are almost the same. This is because when the
conductivity of the media is fixed, although the frequency has an impact on the imaginary
part, the attenuation of the imaginary part is very small in the frequency range of interest.
The difference is that the difference of excitation frequency will lead to the difference of the
real part of mutual impedance.
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Figure 9. (a) The real part of mutual impedance of two coils with respect to axial displacement when σ = 4 S/m, f =10 kHz, 910 kHz.
(b) The imaginary part of mutual impedance of two coils with respect to axial displacement when σ = 4 S/m, f = 10 kHz, 910 kHz.

4.4. Error Analysis Introduced by the Assumption of Cross-Section

In the previous sections, we systematically analyzed the effects of medium conduc-
tivity, coil excitation frequency and axial displacement on mutual impedance. It can be
seen that the method proposed in this paper can estimate the influence law of the above
factors on the mutual impedance, but the estimation results will also have a small deviation.
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Because the method proposed in this paper assumes that the current is evenly distributed in
the coil, and for the convenience of calculation, the cross-section of the coil is approximated
by a rectangular cross-section. Since the estimation error caused by current distribution
has been analyzed in Sections 4.1 and 4.2, this section focuses on the error introduced by
the assumption of the coil cross-section. Some calculations of the mutual impedance of
the coils have been performed considering the number of turns as a parameter. The two
coils are placed coaxial, the vertical distance is 2 cm, the inner radius of the coil remains
unchanged, both are fixed at 6 cm, the excitation frequency is fixed at 100 kHz, and the
conductivity of the medium is equal to 4 S/m. The number of turns has been swept from
10 to 20. In order to analyze the error of the model, both the circular cross-section closer
to the real object and the rectangular cross-section used for approximate calculation are
compared. The results are shown in Figure 10a,b. With the increase of the number of turns,
the real and imaginary parts of mutual impedance increase gradually. This is because the
increase of the number of turns increases the coupling area of the coil, but also increases
the eddy current loss in water, which leads to the increase of the real and imaginary parts
of mutual impedance. It can be seen from the simulation results that when the excitation
frequency and other parameters remain unchanged, the simulation result with rectangular
cross-section will make the estimation of the real part of mutual impedance smaller and
the estimation result of the imaginary part of mutual impedance larger than that of circular
cross-section. This also indirectly verifies the deviation of the method proposed in this
paper. Therefore, in the process of solution, the rectangular cross-section can be used to
approximate the cross-section of the coil, because the error caused by the assumption of
rectangular cross-section is not large.
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Figure 10. (a) The real part of mutual impedance of two coils with respect to the number of turns. (b) The imaginary part of mutual
impedance of two coils with respect to the number of turns.

4.5. Discussion

In the design process of MI communication and WPT system, the most important work
is the design of coil and the optimization of system parameters. The size of the coil and
the operating frequency of the system are related to the communication distance of the MI
communication system or the theoretical power capacity that can be transferred and power
transmission efficiency of the WPT system. The model and calculation method proposed in
this paper can be used to estimate the coupling state of coils in the design process. Through
the estimation of the coupling state, combined with the electrical parameters of the coil
itself, the working parameters of the system can also be optimized. Although the proposed
model only studies the mutual impedance characteristics of the coil immersed in water, it
can also be used in other cases where there is conductive medium. The coupling state of
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the coil in the corresponding environment can be obtained simply by adding the dielectric
layer and modifying the electrical parameters of each layer.

5. Conclusions

In this paper, a model of the mutual impedance between the coils immersed in water
is established. In this model, the TREE method is adopted, and the magnetic vector
potential is expressed as a series according to the continuity of magnetic induction intensity
and magnetic field intensity at the media boundary. Finally, the expression of mutual
impedance is derived. The calculated results are in good agreement with the experimental
results in the frequency bands commonly used in underwater wireless power transmission
system. The study shows that the mutual impedance between the coils is related to the
excitation frequency and the conductivity of the media in the presence of water. The
increase of frequency will cause the decrease of the imaginary part of mutual impedance,
but compared with that in the air, it is only reduced by less than 1%. However, the real
part of the mutual impedance increases significantly with the increase of frequency and
conductivity. Therefore, resistive loss is the significant difference between coils in water
and air.
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