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Abstract: Qualitative methods are widely used for the solution of inverse obstacle problems. They
allow one to retrieve the morphological properties of the unknown targets from the scattered field by
avoiding dealing with the problem in its full non-linearity and considering a simplified mathematical
model with a lower computational burden. Very many qualitative approaches have been proposed
in the literature. In this paper, a comparison is performed in terms of performance amongst three
different qualitative methods, i.e., the linear sampling method, the orthogonality sampling method,
and a recently introduced method based on joint sparsity and equivalence principles. In particular,
the analysis is focused on the inversion of experimental data and considers a wide range of (distinct)
working frequencies and different kinds of scattering experiments.

Keywords: inverse obstacles problem; inverse source problem; joint sparsity; linear sampling method;
microwave imaging; orthogonality sampling method

1. Introduction

The inverse scattering problem aims to retrieve the electromagnetic properties of unknown targets
by processing the field they scatter [1,2]. This problem can be of interest in biomedical imaging in
order to discriminate between healthy and malignant biological tissues, identify anomalies inside the
human body, and build an electromagnetic model of a specific anatomical district [3-5]. Moreover, it is
relevant in other applications, such as underground prospecting as well as non-destructive testing of
materials, in order to detect and characterize buried targets and internal defects [6,7].

Due to the non-linearity and ill-posedness of this class of inverse problems [1,8], the quest to
develop reliable, accurate, and effective solution methods is still ongoing. As witnessed by many
papers published in literature, several researchers and scholars are very active on this topic, covering
its challenging computational, algorithmic, modeling, and experimental aspects.

Due to the mathematical difficulties of the problem, many studies have been focused on the
introduction of solution methods for the corresponding inverse obstacle problem, whose scope is to
recover just the morphological information about the targets, namely their supports, by giving up their
electromagnetic properties [9-16]. Such methods are known as qualitative methods and are different
from quantitative methods, which aim at retrieving both electrical and morphological properties of
the region of interest [2,9]. Indeed, they tackle the problem in its full non-linearity, without involving
any approximation and allowing for a widening of the class of retrievable objects; unfortunately, such
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methods are characterized by a higher computational burden and longer processing time [2]. On the
other hand, qualitative methods are characterized by simplified mathematical models and a lower
computational burden [9].

Among qualitative methods, it is worth mentioning sampling methods that include the linear
sampling method (LSM) [12] (and the related factorization method [13]), as well as the orthogonality
sampling method (OSM) [14]. The main idea of these methods is that of sampling the investigation
domain in an arbitrary grid of points and computing at each point an indicator function whose
energy will assume different values depending on whether the sampled point belongs or not to the
scatter. Although both LSM and OSM belong to the class of sampling methods, they exhibit different
features. For instance, the LSM indicator function is computed by solving an auxiliary linear problem
whose solution involves the adoption of a regularization technique. In a different fashion, the OSM
does not require the solution of a linear problem since the indicator function is just related to the
evaluation of a scalar product. Moreover, the OSM seems to be more flexible with respect to the
measurement configurations.

By taking advantage of recent results in the area of compressive sensing and sparsity promoting
techniques [17], a new qualitative method has been very recently introduced in the literature that,
provided some conditions hold true, is able to retrieve the boundary of unknown targets rather than
their support [15,16]. Such a method exploits the equivalence theorem in the case of dielectric obstacles
and takes advantage of the particular distribution assumed by the induced currents in case of perfect
electric conductors [18]. Differently from sampling methods, it does not sample the investigation
domain in a grid of points, and it does not require the selection of a fixed threshold to discriminate
between points inside and outside the targets. However, if compared with LSM and OSM, it shows a
heavier computational burden.

Encouraged by the remarkable properties of the methods discussed above, in the following,
some comparisons and performance analysis are provided. In particular, the tests are performed
against experimental data [19] and consider a wide range of working frequencies and different kinds
of (monochromatic) data.

The paper is organized as follows. In Section 2, the inverse scattering problem is formulated.
Moreover, a brief summary of the three considered qualitative methods is given, including a discussion
on their expected advantages and disadvantages. In Section 3, some examples considering experimental
Fresnel data are reported. Finally, conclusions follow. Throughout the paper we consider the canonical
2D scalar problem (transverse magnetic (TM) polarized fields) and we assume and drop the time
harmonic factor exp{jwt}.

2. Materials and Methods

2.1. Mathematical Formulation of the Problem

Let D denote the region being tested where targets with support X are located.
Let x(r) = e€s(r)/ey, — 1 be the contrast function that relates the electromagnetic properties of
the scatterers to those of the host medium, wherein €; and ¢, are the complex permittivities of the
scatterers and the background medium, respectively. Let Es® (7, #+) be the scattered far-field pattern
measured on a closed circle curve I' in the far zone of the scatterers in direction #, when a unit
amplitude plane wave impinges from direction #;. Then, the equations describing the scattering
problem can be expressed as [1]:

E® (i, 7) = f Gy (b, 1)W(V, 21)dr = A W] )
D
E(r,#t) = Ei(r, ) + be(r’, r)W(¥,#)dv’ = E; + A;[W] )

D
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where E; and E are the incident and total field, respectively, W = xE is the contrast source, and r = (x, y)
scans the investigation domain D. Moreover, G, is the Green’s function in the far-field zone pertaining
to the background medium. Finally, A, and A; are short notation for the integral radiation operators.

In the inverse obstacle problem, one aims at retrieving the support X of the target, by giving up
its electromagnetic properties, from the (noise corrupted) measured data E;™ when the targets are
illuminated by a known incident field E; [9]. Such a problem is non-linear as well as ill-posed because
of the properties of the involved operator A, [1,8].

2.2. Linear Sampling Method

The LSM is one of the most popular qualitative methods to retrieve objects’” support from the
measurements of the corresponding scattered field data [12]. More in detail, it consists in sampling
the region under test into an arbitrary grid of points and solving for each point the so-called far field
integral equation given by:

f Eo™ (b 1) E(1s, 71) dFt = G (i, 1) 3)

r
wherein & represents the unknown function and rs the sampling point. Despite the linearity of
Equation (3), the evaluation of the solution & is not straightforward due to the compactness of
the operator at the left hand side, which implies ill-posedness in its inversion [12,20]. Hence, a
regularization technique is required. An effective choice is that of solving it by adopting the Tikhonov
regularization [20]. Then, the estimation of the unknown support is pursued by evaluating the [ norm
(i.e., the “energy”) of the unknown function & with respect to r;, given by:

Tesm(rs) = IE(rs, #)Il5 = fr |&(r, 7e) | i 4)

The above defined indicator depends on the sampling point rs and assumes a finite value when the
sampling point belongs to the unknown object, while it blows up elsewhere [12]. As such, by selecting
a fixed threshold, the indicator described in Equation (4) allows to discriminate between points inside
and outside the scatterers and finally retrieve X [20]. It is worth noting that the computational burden
is low, as the solution of Equation (4) just involves the evaluation of the singular values decomposition
(SVD) of the measured data [20].

2.3. Orthogonality Sampling Method

The OSM has recently been introduced in the literature [14]. It consists in computing the reduced
scattered field from the far-field pattern Es* (#y,, ¢). Such a reduced field can be computed by evaluating
the scalar product between the far field and the Green’s function in far-field zone, that is [14]:

a 1
ES (1, %) = f Es® (i, #1) e/ 757 iy, = E G ®)
r
where (-, -) denotes the scalar product and y is a constant for a fixed frequency [14]. In a nutshell,

Equation (5) tests the orthogonality relation between the far-field pattern and the Green’s function in
the far-field zone (apart from a constant). Then, the OSM indicator Ipgy(#s) is defined as:

X A2 g4
Tosm(rs) = Eslrs, #4l5 = fr |Es" (s, 74) [ dt (6)

and achieves large values when the far-field pattern approaches the one for the background Green'’s
function for the considered sampling point [14]. Again, by selecting a fixed threshold, it is possible to
discriminate sampling points belonging to the target support [14].



J. Imaging 2019, 5, 47 4 of 14

2.4. Shape Reconstruction Via Joint Sparsity Based Inverse Source and Equivalence Principles

In order to deal with inverse obstacle problems, one can also take advantage of the joint solution
of a number of related inverse source problems that consist of recovering the induced currents from the
knowledge of the measured far field pattern E;* [15,16]. The strategy is obviously suggested by the
fact that the support of W is exactly equal to 2 whatever incident field E; is. Note that inverse source
problems are linear (see Equation (1)) but are still (severely) ill-posed such that some additional care
is needed.

In this respect, note that when a generic electromagnetic field is propagating in the space in the
presence of dielectric obstacles, it induces some currents inside the obstacles, which are expected to be
different from zero inside X and in turn become sources of the scattered field data. However, by virtue
of the equivalence theorem [18] (which is a key point of the approach), the measured scattered field
can be eventually conceived as the one radiated by some equivalent surface currents, i.e., electric W;
and magnetic Wgyx and Wgy,, surface currents, which can play the role of the original ones.

The main advantage of considering the equivalent currents rather than the original ones is that
they are distributed over the boundary of X.. As a consequence, they can be identified by only a few
non-zero pixels in the investigation domain and, hence, can be considered sparse with respect to the
pixel basis representation. Then, a possible idea for their retrieval is that of looking for the sparsest
current distributions, which contemporarily satisfy the measured data. To this end, sparsity promoting
approaches can be exploited [17].

Interestingly, the property of sparsity displayed by the equivalent currents holds true regardless
of the direction of illumination #; or the kind of measurement configuration. In order to enforce this
joint sparsity among the different scattering experiments, an auxiliary variable 8 can be defined as
the common upper bound on the amplitude of the equivalent currents for the different scattering
illumination conditions. Accordingly, the problem is recast as [15,16]:

min||B(7)ll, (7a)
st ||Es™ = AWl = A [Weme) = Ay [Wemy ][, < 6 (7b)

Ws(f,f’t)| < B(r)
Wemx (1,7¢)| < B(r), Vel (7¢)
Wamy (r,7t)| < B(r)

where ||[|; is the /1 norm, and Ay and Ayyy are the integral radiation operators that relate the magnetic
surface currents to the scattered electric fields.

The variable B does not depend on the direction of illumination #;, but only on the position r in
the investigation domain. Moreover, it is expected to assume non-zero values only on the boundary of
2 such that it will act as a “boundary” indicator. For this reason, the method is called boundary retrieval
through inverse source and sparsity (B-IS). As a consequence, differently from LSM and OSM, there is
no need for a thresholding to retrieve the support from the indicator map, as the approach directly
retrieves the boundary of the targets.

Note the approach can be also applied to the case of perfect electrical conductors. In fact, in such
a case, the induced currents W exist only on the boundary of X and there is no need for introducing
equivalent surface currents. Then, the optimization problem (7) is further simplified [15,16].

As a final comment, note that the B-IS method belongs to the class of the joint sparsity-promoting
procedures. In particular, the joint sparsity used herein is not enforced by means of the mixed norm
I; — I as in References [21,22], but through the definition of the auxiliary variable 8.

2.5. Applicability and Limititations of the Three Methods

In LSM, the far field Equation (3) can be interpreted as an attempt to synthetize induced currents
such that their radiating part is focused and/or circularly symmetric with respect to the given sampling
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point [20,23]. As such, it correctly works as long as the object is convex and the non-radiating
component of the induced currents is negligible [20]. Usually, when the product of the maximum
amplitude of the contrast y times the maximum size of the target is large, which corresponds to an
increasing amount of non-radiating sources, it does not guarantee reliable reconstructions.

The OSM is based on a test of orthogonality, which allows one to compute the reduced scattered
field. As far as its physical interpretation is concerned, it has been recently argued in Reference [24]
that the reduced scattered field is related to the radiative part of the currents. As such, similarly to
LSM, the OSM indicator does not take into account the non-radiating part of the currents, so that,
again, limitations are expected with increasing electrical dimensions of the scatterer.

While both the LSM and OSM act on volumetric currents, which are located on all points belonging
to the support of the target, B-IS aims at jointly solving several inverse source problems, wherein
one is looking for currents that, under some reasonable hypotheses, are located on the boundary of
%. Notably, the optimization problem (7) does not aim at retrieving exactly the equivalent currents
but rather to find a common upper bound to their amplitudes. Also note the possible (superficial)
non-radiating currents do not seem to play any role in the process, while the possible non-radiating
volumetric currents are filtered out by the sparsity regularization. For all the above, the B-IS method
can be understood as more robust with respect to the presence of non-radiating currents than LSM and
OSM. Moreover, the upper bound in Equation (7) can be understood as a trade-off between sparsity
promoting and data fitting. As a consequence, B-IS will be able to retrieve at least the convex-hull of
the targets. Remarkably, probably because of the use of the /; norm rather than the /y pseudo-norm,
one can also be able to retrieve the shape of some non-convex target [15]. As a consequence of all the
above, B-IS is expected to fail when the boundary of the target is not sparse (for instance in case of a
ragged boundary), or when, according to the sparsity theory [17], the number of measurements is not
sufficiently large with respect to the degree of sparsity of the target contour.

Concerning the requirements about the kind of measured data, the LSM needs to correctly discretize
the integral operator in Equation (3) by collecting a sufficient number of data in multiview-multistatic
measurement configuration. As a consequence, even if the product of the maximum amplitude of the
contrast x times the maximum size of the target is not large, the undersampling of the measured data can
compromise the reconstructions. On the other side, the OSM requires an accurate discretization of the
integral in Equation (5) over the measurements curve, and hence, a sufficient number of measurements.
However, differently from LSM, OSM can compensate the low number of data points by considering
other kind of experiments different from multiview-multistatic ones. In fact, OSM and B-IS exhibit
wide flexibility with respect to processed data and can offer the possibility of combining information
arising from frequency diversity without the need of a posteriori merging the single results. To this
end, the OSM indicator can be easily modified by integrating over a given frequency band [14,24], and
the B-IS indicator function implicitly defined by Equation (7c) can be redefined as the upper bound for
the different sources at the different frequencies [15].

Another important difference among the methods regards the computational burden. The OSM
indicator does not involve the solution of an ill-posed problem but only the evaluation of a scalar
product. This implies more robustness with respect to measurement errors on the scattered data and a
very low computation burden. On the contrary, the LSM indicator function is computed by solving an
auxiliary linear problem, whose solution involves the adoption of a regularization technique. However,
the main computational effort of the method is the evaluation of the SVD of measured data, whose
dimension is only dictated by the number of scattering experiments. This task has to be carried out
only once, since the kernel of the linear system is the same for all sampling points. With respect to the
LSM and the OSM, B-IS exhibits a heavier computational burden, which drastically increases with
the number of unknowns, since an /1 norm optimization problem has to be solved. On the other side,
the problem underlying the B-IS belongs to the class of convex programming problems, whose single
optimal solution can be reached using any common local optimization procedure.



J. Imaging 2019, 5, 47 6 of 14

In terms of reconstruction accuracy, both the LSM and OSM require the selection of a fixed
threshold to discriminate between points inside and outside the targets. In a different fashion, the
B-IS does not provide an indicator map but directly looks for the boundary of the target. As such, it is
expected to be more accurate.

These aspects, which are briefly summarized in Table 1, will be further investigated in the
following numerical section.

Table 1. Summary of strong and weak points of the three solution methods.

LSM OosM B-IS

Reconstruction accuracy medium medium high
Computational burden low very low high
Flexibility with respect to the kind of data low high high

3. Results

In this section, an accurate comparative study was performed against the experimental data set
provided by the Institute Fresnel of Marseille [19], typically adopted to benchmark inverse scattering
procedures. In particular, four targets from the 2001 Fresnel database were considered, i.e.,:

e the DielTM target, which consists of a dielectric homogeneous cylinder of radius 1.5 cm and
relative permittivity 3 + 0.3

o the RectTM_Dece target, which is a rectangular metallic target of 25.4 mm X 12.7 mm not centered
with respect to the azimuthal positioner axis;

e the U-TM shaped target, which is a metallic U-shaped target with dimension 80 x 50 mm?

e the TwinDielTM target, which consists of two identical dielectric homogeneous cylinders of radius
1.5 cm and relative permittivity 3 + 0.3.

The complete description of the targets and the measurement set-up can be found in Reference [19],
while a schematic sketch is shown in Figure 1. The data were collected under a partially aspect-limited
configuration, where primary sources completely surrounded the targets, but for each illumination,
the measurements were taken only on an angular sector of 240° achieved by excluding the 120° sector

centered on the incidence direction.
‘[]72‘7 mm 50 mm % 40 mm
| Y

30 mm |m" ‘W 45 mm ‘ 45 mm
(a) (b) (c) (d)

Figure 1. Targets from 2001 Fresnel dataset: (a) DielTM target; (b) RectTM_Dece target; (c) U-TM-shaped
target, and (d) TwinDielTM target.

For the dielectric targets, the working frequencies could change among the interval 1-8 GHz with
a step of 1 GHz. Also, 12 GHz and 16 GHz data were available. On the other side, for the metallic
targets the working frequencies can change among the interval 2-16 GHz with a step of 2 GHz. For the
sake of brevity, only some significant reconstructions corresponding to some frequencies will be shown
in the following. Moreover, for each target, two different datasets have been considered. The first one
consisted of a 36 X 36 multiview-multistatic data matrix (the number of measurements and views M is
equal to 36), while the second one corresponded to a data matrix with halved dimensions, that is M
equal to 18. The investigated area of 0.1775 m X 0.1775 m was discretized in 40 x 40 cells.

In the following examples the single frequency indicators were normalized with respect to their
maximum values. In particular, the LSM indicator were rescaled as described in Reference [25].
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Note that the number of independent data were lower with respect to the numbers of unknowns.
This is a common problem of all inverse scattering and inverse obstacles problems. In fact, one is not
able to collect data at will, as only a finite number of independent experiments can be performed [26].
However, the qualitative methods we were comparing did not look for a quantitative reconstruction in
every pixel of the scenario, but they looked for some qualitative behavior of the indicator. Moreover,
all three methods somehow exploited additional regularizations.

3.1. Convex Dielectric Target

The results corresponding to the single dielectric circular cylinder are reported in Figure 2. As can
be seen, at the lowest frequencies, the three methods could localize the cylinder (whose diameter was
0.1Ap at 1 GHz and 0.2A4; at 2 GHz (A, was the wavelength in free space)). Its size was overestimated,
especially by LSM and OSM, while instead the B-IS method was not able to correctly identify its shape.
In the frequency range of 3-8 GHz, the performance of the three methods improved and the support
was correctly retrieved. This circumstance also held true at higher frequencies, although some artifacts
and ambiguities started to emerge. For instance, at 12 GHz, the OSM indicator was characterized
by a hole at the center of the cylinder, while at 16 GHz, some artifacts appeared in the background.
On the other hand, the B-IS indicator wrongly suggested some pixels inside the target, but such a
circumstance did not compromise the correct estimation of the target support.

When a reduced amount of data was processed, both OSM and LSM did not work fine at the
frequencies of 12 and 16 GHz, as shown in Figure 3. This was due to the fact that the amount of data,
which was needed in order to correctly discretize the far field Equation (3), as well as to correctly
compute the reduced scattered field Equation (5), was larger than M, whereas the size of the target
became large in terms of wavelength. The B-IS was instead robust with respect to the reduction of data.
In fact, the same performance (with respect to the case M = 36) was guaranteed when M = 18.

In order to quantitatively assess the quality of the reconstructions, the following dimensional
error errp was evaluated:

Trec =~ Tref
erry = ——— (8)
Tref

where ry.c and ;. being the radius of the reconstructed and the reference cylinders, respectively. This
metric allows one to appreciate the performance of the method in reconstructing the size of the target.
In evaluating these errors, two different methods have been adopted to binarize the LSM and OSM
indicator map. As the indicator maps are continuous functions, we first binarized them by applying
the Canny edge detector [27,28] to its dB plot and set it to one of the pixels internal to the identified
contour (see Table 2). The second method instead consisted of replacing all pixels in the input image
with value greater than a given level L € ]0,1] with the value 1 and replaced all other pixels with
the value 0 (see Table 3). Note that the B-IS method did not require the adoption of a binarization
technique. By comparing Tables 2 and 3, one can conclude that:

e the B-IS was more accurate in estimating the radius of the cylinder and it was robust with respect
to the reduction of M;

e the choice of the thresholding techniques could impact the reconstruction of the support of
the target. Indeed, the dimensional errors in Table 2 were different from the one in Table 3.
In particular, the Canny edge detector-based approach led to an overestimation of the radius of
the cylinder, while the second approach (L = 0.8) implied more accurate estimations, as witnessed
by the lower dimensional errors. Notably, the accuracy of the reconstructions when LSM and
OSM were adopted strongly depended on how the indicator map was binarized and on the
adopted threshold.

Finally, in order to emphasize the flexibility of OSM and B-IS with respect to the measurement
configuration, the inversion of a 72 x 9 data matrix was performed. In such a case the number of
experiments was reduced to 9, while the measurements were increased to 72. The corresponding
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indicators are reported in Figure 4. B-IS was able to quite accurately retrieve the target support,
while LSM only localized the target. Finally, differently from LSM, OSM was able to provide a
rough reconstruction of the support, as it was sensitive with respect to the number of measurements
rather than to the number of experiments.
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Figure 2. The DielTM target. From left to right: 2 GHz, 6 GHz, 12 GHz, and 16 GHz. From top to
bottom: LSM, OSM, and B-IS indicators. The number of measurements and views was M = 36.
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Figure 3. The DielTM target. From left to right: 2 GHz, 6 GHz, 12 GHz, and 16 GHz. From top to
bottom: LSM, OSM, and B-IS indicators. The number of measurements and views was M = 18.
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Table 2. Dimensional errors for the DielTM target. LSM and OSM indicators were binarized by
applying the Canny edge detector. The symbol * indicates the cases wherein the indicator maps were
not reliable, and the dimensional error was not computed.

LSM OsSM B-IS
Freq (GHz)
M =36 M=18 M =36 M=18 M =36 M=18
2 14 0.47 0.97 0.97 0.18 0.18
6 0.55 0.55 0.69 0.74 0.18 0.11
12 1 * 1 * 0.18 0.18
16 1 * 0.18 * 0.18 0.11

Table 3. Dimensional errors for the DielTM target. LSM and OSM indicators were binarized by
selecting L = 0.8. The symbol * indicates the cases wherein the indicator maps were not reliable, and the
dimensional error was not computed.

LSM OSM B-IS
Freq (GHz)
M =36 M=18 M =36 M=18 M =36 M=18
2 0.37 0.32 0.11 0.11 0.18 0.18
6 0.22 0.09 0.27 0.28 0.18 0.11
12 0.47 * 0.47 * 0.18 0.18
16 0.03 * 0.47 * 0.18 0.11

_I"I_

y [em]
b S Ebons oo
=
g 8
y [em]
b S Ebons oo
=
g 8
y [em]
b S Ebons oo

0 5 -5 0 5 -5 0 5
x [cm] x [cm] x [cm]

(@) (b) (0

Figure 4. The DielTM targetat 12 GHz. From left to right: LSM, OSM, and B-IS indicators. The dimension
of the data matrix was 72 X 9.

3.2. Convex Metallic Target

Figure 5 depicts the reconstructions corresponding to the metallic rectangular targets pertaining
to 2, 6,10, and 16 GHz and M = 18. As can be observed, at the lowest frequency, the methods were just
able to localize the scatterer, especially the B-IS method, which identified only some pixels in the center
of the target. In fact, at 2 GHz, the target was just 0.21; X 0.14; large. By increasing the frequency,
the capability of the methods in retrieving the shape of the metallic target improved. For instance, at
6 GHz, both LSM and OSM correctly retrieved the unknown support, while B-IS overestimated its
vertical dimension. However, in the frequency range of 8-16 GHz, both LSM and OSM came to exhibit
some artifacts and did not retrieve an indicator map that was monotonically decreasing outside the
actual support of the scatterer. This was correlated to the fact that the electromagnetic size of the target
became larger and the amount of data needed to correctly solve Equation (3), as well as compute the
reduced field Equation (5), was much larger than M. Indeed, by considering M = 36, reliable results,
which are not shown for the sake of brevity, could be achieved. Notably, when M = 18, the B-IS was
still able to reconstruct the actual support of the rectangular object also in the range of 8-16 GHz, as
shown in Figure 5k,1.
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Figure 5. The RectTM_Dece target. From left to right: 2 GHz, 6 GHz, 10 GHz, and 16 GHz. From top to
bottom: LSM, OSM, and B-IS indicators. The number of measurements and views was M = 18.

3.3. Non-Convex Metallic Target

The same behavior observed in the previous examples also holds true in case of the U-TM-shaped
target (see Figure 6). In fact, at 2 GHz, the target was detected by all three methods and approximately
localized by LSM and OSM, but only its convex-hull was retrieved by LSM and OSM. On the other
hand, at higher frequencies, the support was only approximately retrieved by all three methods.
In particular, some artifacts were present due to the mutual interactions between the “arms” of the
target, especially in the LSM and OSM indicators, which were sensitive to the non-radiating part of the
currents. Note that such a target belongs to the class of non-convex targets, so that it represents a more

challenging case with respect to the previous ones.
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Figure 6. The U-TM-shaped target. From left to right: 2 GHz, 6 GHz, and 10 GHz. From top to bottom:
LSM, OSM, and B-IS indicators. The number of measurements and views was M = 18.
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No significant reconstructions were obtained by means of the three methods for M = 18 and
a working frequency belonging to 12-16 GHz. In case of M = 36, the reconstructions are shown in
Figure 7. As it can be seen, B-IS correctly retrieved the support of the target, apart from some spurious
pixels, while the LSM did not provide reliable results due to the relevant presence of non-radiating
currents and a high degree of non-linearity. Finally, the OSM indicator provided a rough support
estimation only at 12 GHz.
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Figure 7. The U-TM-shaped target. From top to bottom: 12 GHz and 16 GHz. From left to right: LSM,
OSM, and B-IS indicators. The number of measurements and views was 36.

3.4. Multiple Dielectric Tnrgets

The results pertaining to the two identical cylinders are shown in Figure 8 for a number of
experiments and measurements corresponding to M = 18. At 1 GHz, the methods could only detect
the presence of an obstacle, but they could not identify the presence of two disjoint objects. On the
contrary, at 2GHz, it was possible to distinguish two different targets; in particular, from the OSM map,
one could also understand their shape. Note that the distance between the targets was 60 mm, which
corresponded to 0.21; at 1 GHz and 0.4, at 2 GHz. When the frequency increased, both LSM and
OSM worked fine. However, when the frequency was 6 GHz, some undesired artifacts occurred.

On the contrary, the B-IS method is able to provide quite accurate reconstructions of the support
also in the frequency range 6-8 GHz. When the frequency and the size of the overall target’s system
were further increased, completely meaningless reconstructions were obtained by LSM and OSM, while
B-IS indicator at least localized the two targets (see Figure 9g). In order to improve the reconstruction
accuracy of the three methods, it was necessary to process a higher amount of data. This was witnessed
by the reconstructions reported in Figure 9 corresponding to M = 36 at both 8 GHz and 16 GHz.
However, at 16 GHz, the increase of the number of data was not enough for LSM and OSM to provide
indicator maps free of artifacts.
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Figure 8. The TwinDielTM target. From left to right: 1 GHz, 2 GHz, 6 GHz, and 8 GHz. From top to
bottom: LSM, OSM, and B-IS indicators. The number of measurements and views was M = 18.
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Figure 9. The TwinDielTM target. From left to right: 16 GHz (M = 18), 8 GHz (M = 36), and 16 GHz
(M = 36). From top to bottom: LSM, OSM, and boundary indicators. The number of measurements
and views was M = 18 for the first column and M = 36 for the last two columns.
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4. Conclusions

The paper contributes to understand and discuss some strong and weak points of three qualitative
methods for the inverse obstacle problem. In particular, a comparison among the popular LSM,
the OSM, and the more recent B-IS was reported by considering the processing of the 2001 Fresnel
dataset, which included both dielectric and metallic targets, as well as non-convex and multiple
targets. Different frequencies and amount of data were considered for each method. In all cases,
because of the characteristics of the Fresnel measurements setup, data were aspect-limited, i.e., not all
incidence observation angle couples were available (for instance the monostatic data was missing).
Also, scattered field data turned out to be undersampled at the higher frequencies with respect to the
criteria (depending on the dimension of the investigation domain) discussed in Reference [26].

Results suggested that at lower frequencies, reliable reconstructions were guaranteed if the size of
the target was higher than 0.24;. Indeed, for lower dimensions, the three methods could only localize
the target, while its size was overestimated. Such a result was fully consistent with expected limitations
on resolution implied by the diffraction theorem [29] and the results in Reference [26]. When the
frequency was much larger, LSM and OSM began to exhibit some artifacts and, if the amount of data
was not sufficient or due to the presence of non-negligible non-radiating sources, they could provide
unreliable reconstructions. Notably, the B-IS seemed to be more robust with respect to LSM and OSM
when undersampling data and/or increasing the frequency. In fact, it could still provide accurate
indicator maps in a number of cases where LSM and OSM failed.

The examples have also proved that both OSM and LSM were sensitive to the choice of the
binarization technique to discriminate between points inside and outside the scatterer. On the other
hand, both OSM and LSM had a negligible computational burden, while B-IS had to solve a CP problem
whose computational burden increased with the cells used to discretize D, as well as with M. In the
considered examples, the computational time amounted to a few seconds for OSM and LSM, and to a
few minutes for B-IS.

Future work will be devoted to extending such a performance comparison to other qualitative
methods, for instance, the modified version of LSM [30,31].

Author Contributions: The authors contribute equally.

Funding: This work was partly supported by the Italian Ministry of Education, Universities, and Research through
the Project of National Interest (PRIN) ‘Field and Temperature Shaping for MWI Hyperthermia - FAT SAMMY’
under Grant 2015KJE87K.

Acknowledgments: The authors want to acknowledge Prof. Tommaso Isernia for the fruitful discussions, which
inspired the writing of this paper.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Colton, D.; Kress, R. Inverse Acoustic and Electromagnetic Scattering Theory, 2nd ed.; Springer: Berlin, Germany,
1998; ISBN 9781461449423.

2. Pastorino, M. Microwave Imaging; John Wiley: New York, NY, USA, 2010.

3. Conceicgao, R.C.; Mohr, J.J.; O'Halloran, M. (Eds.) An Introduction to Microwave Imaging for Breast Cancer
Detection, 1st ed.; Biological and Medical Physics, Biomedical Engineering; Springer International Publishing:
Basel, Switzerland, 2016.

4. Crocco, L.; Conceicgao, R.C.; James, M.L.; Karanasiou, I. (Eds.) Emerging Electromagnetic Technologies for Brain
Diseases Diagnostics, Monitoring and Therapy; Springer: Cham, Switzerland, 2018.

5. Bevacqua, M.T.; Bellizzi, G.G.; Crocco, L.; Isernia, T. A Method for Quantitative Imaging of Electrical
Properties of Human Tissues from Only Amplitude Electromagnetic Data. Inverse Probl. 2019, 35, 025006.
[CrossRef]

6. Turk, A.S.;; Hocaoglu, A K,; Vertiy, A.A. (Eds.) Subsurface Sensing; Wiley: Hoboken, NJ, USA, 2011.

7. Persico, R. Introduction to Ground Penetrating Radar: Inverse Scattering and Data Processing; Wiley: Hoboken,
NJ, USA, 2014.


http://dx.doi.org/10.1088/1361-6420/aaf5b8

J. Imaging 2019, 5, 47 14 of 14

10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

Bertero, M.; Boccacci, P. Introduction to Inverse Problems in Imaging; Institute of Physics: Bristol, UK, 1998.
Cakoni, F.; Colton, D. Qualitative Methods in Inverse Scattering Theory; Springer: Berlin, Germany, 2006.
Ammari, H.; Iakovleva, E.; Lesselier, D.; Perrusson, G. MUSIC-type electromagnetic imaging of a collection
of small three-dimensional inclusions. Siam |. Sci. Comput. 2007, 29, 674-709. [CrossRef]

Tortel, H.; Micolau, G.; Saillard, M. Decomposition of the time reversal operator for electromagnetic scattering.
J. Electromagn. Waves Appl. 1999, 13, 687-719. [CrossRef]

Colton, D.; Haddar, H.; Piana, M. The linear sampling method in inverse electromagnetic scattering theory.
Inverse Probl. 2003, 19, 105-137. [CrossRef]

Kirsch, A.; Grinberg, N.I. The Factorization Method for Inverse Problems; Oxford University Press: Oxford, UK, 2008.
Potthast, R. A study on orthogonality sampling. Inverse Probl. 2010, 26, 074015. [CrossRef]

Bevacqua, M.; Isernia, T. Shape reconstruction via equivalence principles, constrained inverse source
problems and sparsity promotion. Prog. Electromagn. Res. 2017, 158, 37-48. [CrossRef]

Bevacqua, M.T,; Isernia, T. Boundary Indicator for Aspect Limited Sensing of Hidden Dielectric Objects.
IEEE Geosci. Remote Sens. Lett. 2018, 15, 838-842. [CrossRef]

Donoho, D. Compressed sensing. IEEE Trans. Inf. Theory 2006, 52, 1289-1306. [CrossRef]

Franceschetti, G. Electromagnetics: Theory, Techniques, and Engineering Paradigms; Springer Science & Business
Media: Berlin, Germany, 2013.

Belkebir, K.; Saillard, M. Special section: Testing inversion algorithms against experimental data. Inverse Probl.
2001, 17, 1565-2028. [CrossRef]

Catapano, I.; Crocco, L.; Isernia, T. On simple methods for shape reconstruction of unknown scatterers.
IEEE Trans. Antennas Propag. 2007, 55, 1431-1436. [CrossRef]

Kowalski, M. Sparse regression using mixed norms. Appl. Comput. Harmon. Anal. 2009, 27, 303-324.
[CrossRef]

Fornasier, M.; Rauhut, H. Recovery algorithms for vector-valued data with joint sparsity constraints. SIAM .
Numer. Anal. 2008, 46, 577-613. [CrossRef]

Di Donato, L.; Bevacqua, M.; Isernia, T.; Catapano, I.; Crocco, L. Improved quantitative microwave
tomography by exploiting the physical meaning of the Linear Sampling Method. In Proceedings of the 5th
European Conference on Antennas and Propagation, Rome, Italy, 11-15 April 2011; pp. 3828-3831.
Bevacqua, M.T.; Palmeri, R.; Isernia, T.; Crocco, L. Physical Interpretation of the Orthogonality Sampling
Method. In Proceedings of the 2nd URSI Atlantic Radio Science Meeting (AT-RASC), Gran Canaria, Spain,
28 May-1 June 2018.

Di Donato, L.; Bevacqua, M.T.; Crocco, L.; Isernia, T. Inverse Scattering Via Virtual Experiments and Contrast
Source Regularization. IEEE Trans. Antennas Propag. 2015, 63, 1669-1677. [CrossRef]

Bucci, O.M.; Isernia, T. Electromagnetic inverse scattering: Retrievable information and measurement
strategies. Radio Sci. 1997, 32, 2123-2138. [CrossRef]

Canny, J. A computational approach to edge detection. IEEE Trans Pattern Anal. Mach. Intell. 1986, 8, 679-698.
[CrossRef] [PubMed]

Catapano, I.; Crocco, L.; D'Urso, M.; Isernia, T. On the Effect of Support Estimation and of a New Model in
2-D Inverse Scattering Problems. IEEE Trans. Antennas Propag. 2007, 55, 1895-1899. [CrossRef]

Devaney, A.J. Mathematical Foundations of Imaging, Tomography and Wavefield Inversion; Cambridge University
Press: Cambridge, UK, 2012.

Crocco, L.; Di Donato, L.; Catapano, I.; Isernia, T. An Improved Simple Method for Imaging the Shape of
Complex Targets. IEEE Trans. Antennas Propag. 2013, 61, 843-851. [CrossRef]

Agarwal, K.; Chen, X.; Zhong, Y. A multipole-expansion based linear sampling method for solving inverse
scattering problems. Opt. Express 2010, 18, 6366—6381. [CrossRef] [PubMed]

® © 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http://creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1137/050640655
http://dx.doi.org/10.1163/156939399X01113
http://dx.doi.org/10.1088/0266-5611/19/6/057
http://dx.doi.org/10.1088/0266-5611/26/7/074015
http://dx.doi.org/10.2528/PIER16111404
http://dx.doi.org/10.1109/LGRS.2018.2813087
http://dx.doi.org/10.1109/TIT.2006.871582
http://dx.doi.org/10.1088/0266-5611/17/6/301
http://dx.doi.org/10.1109/TAP.2007.895563
http://dx.doi.org/10.1016/j.acha.2009.05.006
http://dx.doi.org/10.1137/0606668909
http://dx.doi.org/10.1109/TAP.2015.2392124
http://dx.doi.org/10.1029/97RS01826
http://dx.doi.org/10.1109/TPAMI.1986.4767851
http://www.ncbi.nlm.nih.gov/pubmed/21869365
http://dx.doi.org/10.1109/TAP.2007.898647
http://dx.doi.org/10.1109/TAP.2012.2220329
http://dx.doi.org/10.1364/OE.18.006366
http://www.ncbi.nlm.nih.gov/pubmed/20389660
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction 
	Materials and Methods 
	Mathematical Formulation of the Problem 
	Linear Sampling Method 
	Orthogonality Sampling Method 
	Shape Reconstruction Via Joint Sparsity Based Inverse Source and Equivalence Principles 
	Applicability and Limititations of the Three Methods 

	Results 
	Convex Dielectric Target 
	Convex Metallic Target 
	Non-Convex Metallic Target 
	Multiple Dielectric Targets 

	Conclusions 
	References

