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Abstract: The low-frequency vibro-acoustic characteristics of a mechanical equipment—floating raft—
cylindrical shell—underwater acoustic field coupled system with nonlinear supports are studied in
this paper. Firstly, the state space equations were established by a modal superposition theory for
the coupled system, and a modal parameter identification method was deduced and verified for the
cylindrical shell—underwater acoustic field coupled subsystem. On this basis, the formulas were
derived for transmitted power flow in the coupled system, and the nonlinear stiffness constitutive
relation of the vibration isolation supports was expressed by softening and hardening characteristics.
Finally, dynamic simulations were carried out by the Runge—Kutta method to analyze the effect
of nonlinear stiffness characteristic parameters on the low-frequency vibration modes and vibro-
acoustic transfer characteristics in the coupled system. The research shows that a superharmonic
phenomenon is common in the steady vibration mode of the coupled system with a nonlinear
softening (or hardening) stiffness characteristic under harmonic excitation. The stronger the softening
(or hardening) stiffness characteristic is, the more complex the vibration form is, and the smaller (or
larger) the low-frequency vibro-acoustic transfer level in resonance regions is.

Keywords: support stiffness nonlinearity; cylindrical shell; modal parameter identification; low-
frequency vibration; transmitted power flow; vibro-acoustic transfer characteristics

1. Introduction

Nonlinear vibration mode is an important factor to be considered in the study of low-
frequency vibration isolation for underwater cylindrical shell systems. Due to relatively
high vibration energy at low frequencies, the elastic support, which presents linear stiffness
in an original micro-amplitude vibration mode, will show nonlinear characteristics. Strictly
speaking, stiffness characteristics of various elastic vibration isolation elements are nonlin-
ear. In a micro-amplitude vibration mode, a vibration isolator has a certain linear stiffness
working interval. Stiffness characteristics are nonlinear if amplitude is sufficiently large.

In recent years, many scholars have studied the vibration characteristics of nonlinear
vibration isolation systems. Smirnov et al. [1] studied and compared the efficiency of linear
and nonlinear vibration isolation systems. Santhosh [2] studied the dynamic performance of
an asymmetric nonlinear vibration isolation mechanism under harmonic excitation. Dutta
et al. [3] analyzed a nonlinear vibration isolator with magnetorheological fluid dampers
and cubic nonlinear springs to determine the effectiveness of isolation during force or
displacement excitation. Suman et al. [4] proposed a nonlinear vibration control device
based on a negative stiffness mechanism, which can improve the isolation ability of the
vibration suspension system in the low-frequency range. Araki et al. [5] proposed a vertical
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quasi-zero stiffness (QZS) vibration isolator with adjustable restoring force. Zhao et al. [6,7]
successively designed QZS vibration isolators with two and three pairs of inclined springs.
Ye et al. [8] proposed a QZS system based on a cam—roller mechanism. Chang et al. [9]
proposed a QZS dynamic shock absorber. Bouna et al. [10] studied the vibration control
of multi-span girder bridges under the excitation of pier foundation vibration by using
nonlinear QZS isolators. Drezet et al. [11] proposed a nonlinear vibration energy harvester
based on the concept of high static and low dynamic stiffness (HSLDS). Lu et al. [12–14]
studied an orthogonal six-degree-of-freedom vibration isolation system with HSLDS and an
electromagnetic Stewart platform to suppress the low-frequency vibration of high-precision
instruments, provided modal coefficients by improved Fourier series and the Rayleigh—
Ritz method, and studied the nonlinear energy transfer of flexible plates with arbitrary
boundaries coupled to HSLDS isolators. Sun et al. [15] proposed a method for designing
HSLDS mounts based on target force curves, which are obtained by placing negative
stiffness structures in parallel with positive stiffness linear springs. Yao et al. [16] proposed
an HSLDS isolator with a cam—roller—spring mechanism, in which the cam profile can be
specially designed to suit different operating requirements. Chong et al. [17] designed a
nonlinear X-combined structure with HSLDS in a large displacement range, which avoided
negative stiffness and instability factors and improved its vibration isolation characteristics.

Chaos is a unique dynamical behavior of nonlinear systems. Leutcho et al. [18] sys-
tematically studied a new type of chaotic system with single parametric nonlinearity.
Yan et al. [19] proposed a novel bi-state nonlinear vibration isolator, whose motion can
be either periodic or chaotic. Rahman et al. [20] proposed a new fractional-order chaotic
system containing multiple nonlinear terms, which can excite hidden chaotic attractors or
self-excited chaotic attractors depending on the chosen system parameters or the value of its
fractional-order derivative. Li et al. [21] proposed an SRN feature extraction method com-
bining maximum relevance minimum redundancy, which can effectively classify different
chaotic signals. Karimov et al. [22] proposed a novel implementation of the chaotic Duffing
oscillator as a simple mechanical system with a translational movement. Dreau et al. [23]
introduced a stochastic modeling method for nonlinear systems with response surface
discontinuity, which improved the efficiency of multi-variate polynomial chaos expansion.

The power flow characteristic is an important index to study nonlinear vibration
isolation. Cassidy et al. [24] proposed a general nonlinear control synthesis method for
power flow constrained energy harvesters, which is analytically guaranteed to be superior
to the optimal static admittance in the steady state random response. Silva et al. [25]
proposed a technique for evaluating and optimizing vibrational power flow involving
beam-and-plate coupling. Varghese et al. [26] applied the combined transient power flow
balancing and acceleration matching techniques to detect and quantify the crack dam-
age of beam structures at different positions. Yang et al. [27,28] successively studied the
power flow and force transmissibility characteristics of a two-degree-of-freedom nonlinear
vibration isolation system and a coupled nonlinear oscillator. Ren et al. [29] compared
the power transmission between rigid, single-stage isolation and double-stage isolation
gearbox installation configurations with the vibration power flow of the system as the eval-
uation index. Zhang et al. [30] proposed a power flow analysis method for quantitatively
evaluating the dynamic performance of a nonlinear energy sink in the frequency domain.
Xu et al. [31] analyzed the bending vibration and power flow of axially loaded beams with
arbitrary boundaries and nonuniform elastic foundations via energy principle in conjunc-
tion with the Rayleigh—Ritz procedure. Mahapatra et al. [32] studied the influence of
general coupling conditions on the vibration and power flow characteristics of a two-plate
composite plate structure.

There has been a lot of literature on the dynamics of nonlinear vibration isolation
systems at home and abroad and, especially, the application of quasi-zero stiffness or high
static and low dynamic stiffness nonlinear vibration isolators for low-frequency vibration
control has become a research hotspot in the last decade. However, compared with the
wide application of nonlinear vibration isolators, the mechanism of vibro-acoustic transfer
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in nonlinear vibration isolation systems, especially the influence of nonlinear factors in
low-frequency vibration modes, has not been fully studied. In this paper, the low-frequency
vibro-acoustic characteristics of a mechanical equipment—floating raft—underwater cylin-
drical shell coupled system with nonlinear stiffness supports are studied. It can not only
provide theoretical guidance for low-frequency vibration analysis, diagnosis, and design
of dynamics of underwater nonlinear coupled systems but also provide reference for the
design of nonlinear vibration isolators.

The rest of this paper is organized as follows. In Section 2, based on the parametric
modeling of an admittance method of a mechanical equipment—floating raft—cylindrical
shell—underwater acoustic field coupled system, the state space equations of the sub-
systems are established by using modal identification and modal superposition theories;
and then the nonlinear stiffness constitutive relation of the vibration isolation supports is
expressed by softening and hardening characteristics, and the calculation method of trans-
mitted power flow is derived. In Section 3, the influence of nonlinear stiffness characteristic
parameters on the vibro-acoustic characteristics of the coupled system is studied by using
MATLAB numerical simulation. Finally, some conclusions are presented in Section 4.

2. Materials and Methods
2.1. Model of a Mechanical Equipment—Floating Raft—Cylindrical Shell—Underwater Acoustic
Field Coupled System

Figure 1 describes the model of a mechanical equipment—floating raft—cylindrical
shell—underwater acoustic field coupled system.
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Figure 1. The model of a mechanical equipment—floating raft—cylindrical shell—underwater
acoustic field coupled system: (a) −x direction; (b) z direction; (c) complex coupled system with
nonlinear connecting elements.

As shown in Figure 1a,b, vibration source mechanical equipment A1 and A2 (simu-
lating multiple units) are installed on a floating raft R. Each unit is connected to the raft
frame through four elastic supports, and the raft frame is connected to a cylindrical shell
through four elastic supports. A rectangular coordinate system Oxyz is established, where
the Oz axis is the center line of the cylinder and Oy is the vertical direction. To simplify
analysis, only the vertical translational vibration and the rotational vibration around the
Oz and Ox axes of the system are considered. Therefore, vertical excitation forces F1, F2
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and excitation torques T1, T2 around the Oz axis are applied at the center of mass of each
unit. The units A1, A2 and the floating raft R are all rigid bodies symmetrical about the
yOz plane. In Figure 1a,b, b1, b2, h1z, h2z, h1x, h2x, Hz, Hx, and LR are the installation size
parameters of the system, and σ1, σ2, σ3, and σ4 are the connection points of the lower
vibration isolation supports with the cylindrical shell.

Figure 1c abstracts the complex coupled system with nonlinear connecting elements.
A (the vibration source subsystem) is subjected to l excitations Fen (n = 1, 2, . . ., l) and
has displacement responses wen at the excitations. A is connected to R (the raft frame)
by q elastic connecting elements. At the connection points of the elastic elements with
A and R, there are excitation forces FAi and Fti (i = 1, 2, . . ., q), as well as displacement
responses wAi and wti. The elastic elements have constitutive relation fi(δi,

.
δi), where

δi = wAi − wti. Similarly, R is connected to Y (the cylindrical shell–underwater acoustic
field coupled subsystem) by r elastic connecting elements. At the connection points of
the elastic elements with R and Y, there are excitation forces Fbj and Fyj (j = 1, 2, . . ., r),
as well as displacement responses wbj and wyj. The elastic elements have constitutive
relation gj(κj,

.
κ j), where κj = wbj − wyj. For specific practical problems, the number of

elastic coupled elements in series in Figure 1c can be increased or decreased according to
different modeling needs.

2.2. State Space Model of the Coupled System

For the unit A1 in Figure 1, its vertical vibration displacement is represented
by y1; its angular displacement around the Ox axis is represented by θ1x; and its an-
gular displacement around the Oy axis is represented by θ1y. Define a state variable

uA1 = [u1, u2, u3, u4, u5, u6]T = [y1, θ1x, θ1z,
.
y1,

.
θ1x,

.
θ1z]T, then the state space of the unit A1

equation is

.
uA1 =



.
u1.
u2.
u3.
u4.
u5.
u6

 =



0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0





u1
u2
u3
u4
u5
u6

+



0
0
0

−I1×4·F1/m1
Z1·F1/J1x
−X1·F1/J1z

+



0
0
0

F1/m1
0

T1/J1z

 = Λ0·uA1 + fA1(F1) + fin1(t) (1)

where F1 = [FA1, FA2, FA3, FA4]T is an excitation force column vector of the unit A1 to
its four supports; m1, J1x, and J1z are the mass of the unit A1 and the moment of in-
ertia that bypasses its centroid and is parallel to the axis of Ox and Oz, respectively;
X1 = [0.5h1x, 0.5h1x, −0.5h1x, −0.5h1x]; Z1 = [−0.5h1z, 0.5h1z, −0.5h1z, 0.5h1z]; I1×4 denotes
a 4-dimensional row vector with all elements 1; f A1(F1) denotes a vector function with
respect to F1; f in1 is a known external input vector function; Λ0 is a constant matrix.

Similarly, for the unit A2, its vertical vibration displacement is represented by y2; its
angular displacement around the Ox axis is represented by θ2x; and its angular displacement
around the Oy axis is represented by θ2y. Define a state variable uA2 = [u7, u8, u9, u10, u11, u12]T

= [y2, θ2x, θ2z,
.
y2,

.
θ2x,

.
θ2z]T, then the state space equation of the unit A2 is

.
uA2 = Λ0·uA2 + fA2(F2) + fin2(t) (2)

where F2 = [FA5, FA6, FA7, FA8]T is an excitation force column vector of the unit A2 to
its four supports; f A2(F2) = [0, 0, 0, −I1×4·F2/m2, Z2·F2/J2x, −X2·F2/J2z]T denotes a vec-
tor function with respect to F2; f in2 = [0, 0, 0, F2/m2, 0, T2/J2z]T is a known external
input vector function; m2, J2x, and J2z are the mass of the unit A2 and the moment of
inertia that bypasses its centroid and is parallel to the axis of Ox and Oz, respectively;
X2 = [0.5h2x, 0.5h2x, −0.5h2x, −0.5h2x]; Z2 = [−0.5h2z, 0.5h2z, −0.5h2z, 0.5h2z].

Combining the units A1 and A2 into the vibration source equipment subsystem,
Equations (1) and (2) are merged into the following state space equation:
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.
uA =

[ .
uA1.
uA2

]
=

[
Λ0 O6×6

O6×6 Λ0

][
uA1
uA2

]
+

[
fA1(F1)
fA2(F2)

]
+

[
fin1(t)
fin2(t)

]
= Λ·uA + fA(F1, F2) + fin(t) (3)

For the raft frame R, its vertical vibration displacement is represented by yR; its angular
displacement around the Ox axis is represented by θRx; and its angular displacement around
the Oy axis is represented by θRy. Define a state variable uR = [uR1, uR2, uR3, uR4, uR5, uR6]T

= [yR, θRx, θRz,
.
yR,

.
θRx,

.
θRz]T, then the state space equation of the raft frame R is

.
uR =



.
uR1.
uR2.
uR3.
uR4.
uR5.
uR6

 =



0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0





uR1
uR2
uR3
uR4
uR5
uR6

+



0
0
0

I1×8·(Ft − Fb)/mR
(ZR2·Fb − ZR1·Ft)/JRx
(XR1·Ft −XR2·Fb)/JRz

 = Λ0·uR + fR(Ft, Fb) (4)

where Ft = [Ft1, Ft2, Ft3, Ft4, Ft5, Ft6, Ft7, Ft8]T and Fb = [Fb1, Fb2, Fb3, Fb4]T are excitation
force column vectors of the upper supports to the raft frame and the raft frame to the lower
supports, respectively; mR, JRx, and JRz are the mass of the raft frame and the moment
of inertia that bypasses its centroid and is parallel to the axis of Ox and Oz, respectively;
XR1 = [0.5h1x, 0.5h1x, −0.5h1x, −0.5h1x, 0.5h2x, 0.5h2x, −0.5h2x, −0.5h2x]; XR2 = [0.5Hx, 0.5Hx,
−0.5Hx, −0.5Hx]; ZR1 = [−b1 − 0.5h1z, −b1 + 0.5h1z, −b1 − 0.5h1z, −b1 + 0.5h1z, b2 − 0.5h2z,
b2 + 0.5h2z, b2 − 0.5h2z, b2 + 0.5h2z]; ZR2 = [−0.5Hz, 0.5Hz, −0.5Hz, 0.5Hz]; f R(Ft, Fb) denotes
a vector function about Ft, Fb.

For the connection supports between the vibration source equipment and the raft
frame, ignoring the effect of their mass, the power/response transfer relation is

Fti = FAi = fi(δi,
.
δi), (i = 1, 2, . . . , 8) (5)

where δi = wAi − wti, and there are linear relationships between wAi, wti and the state
variables uA and uR:

wA1 = u1I4×1 − u2ZT
1 + u3XT

1 ,
.

wA1 = u4I4×1 − u5ZT
1 + u6XT

1
wA2 = u7I4×1 − u8ZT

2 + u9XT
2 ,

.
wA2 = u10I4×1 − u11ZT

2 + u12XT
2

wt = uR1I8×1 − uR2ZT
R1 + uR3XT

R1,
.

wt = uR4I8×1 − uR5ZT
R1 + uR6XT

R1

(6)

where wA1 = [wA1, wA2, wA3, wA4]T; wA2 = [wA5, wA6, wA7, wA8]T; wt = [wt1, wt2, wt3, wt4,
wt5, wt6, wt7, wt8]T.

Let wA = [wA1
T, wA2

T]T, then Equation (5) is expressed as:

FA =

[
F1
F2

]
= Ft = f

(
wA(uA)−wt(uR),

.
wA(uA)−

.
wt(uR)

)
=
−
f (uA, uR) (7)

Similarly, for the connection supports between the raft frame and the cylindrical shell,
ignoring the effect of their mass, the power/response transfer relation is

Fbj = Fyj = gj(κj,
.
κ j), (j = 1, 2, 3, 4) (8)

where κj = wbj − wyj and there is a linear relationship between wbj and the state variable uR:

wb = uR1I4×1 − uR2ZT
R2 + uR3XT

R2,
.

wb = uR4I4×1 − uR5ZT
R2 + uR6XT

R2 (9)

where wb = [wb1, wb2, wb3, wb4]T.
The cylindrical shell is a continuum, and its modal parameters of all orders can be

solved analytically. Further, a state space equation is established by using the modal param-
eters. The above is a common method for dealing with continuum problems. However, the
cylindrical shell coupled with the external underwater acoustic field becomes a dissipative
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system, so it is difficult to obtain an analytical expression of the modal parameters through
theoretical deduction. In view of the above problem, a discrete numerical solution of
displacement admittance functions is first calculated for the cylindrical shell—underwater
acoustic field coupled subsystem by referring to Equations (11)–(18) in the literature [33].
Then, analytical expressions are fitted according to the admittance functions data, and
then system modal parameters are identified from the expressions. Finally, a state space
equation is established by using these modal parameters.

For the modal parameter identification method and modeling process mentioned
above, please refer to Appendix A. Here, the state space equation after modeling is directly
given for the cylindrical shell—underwater acoustic field coupled subsystem:

.
uC = SCuC + ΦCFy (10)

where uC = [uC1, uC2, uC3, . . ., uCf ]T is a state variable (f is first f -order modes intercepted for
the low-frequency vibration problem); Fy = [Fy1, Fy2, Fy3, Fy4]T is an excitation force column
vector of the connection supports to the cylindrical shell; SC = diag[sC1, sC2, sC3,. . ., sCf ] is
a diagonal matrix composed of poles sCi obtained by modal parameter identification (sCi
sorted by |sC1| < |sC2| < |sC3| < . . . < |sCf |); ΦC is a matrix composed of identified
modal parameter φij (i = 1, 2, . . ., f is modal order; j = 1, 2, 3, 4 is the position of the
connection point between the lower support and the cylindrical shell), and

ΦC =


φ11 φ12 φ13 φ14
φ21 φ22 φ23 φ24
φ31 φ32 φ33 φ34

...
...

...
...

φ f 1 φ f 2 φ f 3 φ f 4

 (11)

The functional relation between wyj and the state space variable uC is

wy = 2Re
{

Φ
T
CuC

}
= 2

(
Re
{

Φ
T
C

}
·Re{uC} − Im

{
Φ

T
C

}
·Im{uC}

)
(12)

where wy = [wy1, wy2, wy3, wy4]T.
By combining the state space equations (Equations (3), (4), and (10)) of the vibration

source equipment, raft frame, and cylindrical shell into one, the total state space equation
of the system is formed. Then, through the constitutive equation of the elastic elements
(Equations (5) and (8)), the subsystems can be connected into a whole.

2.3. Expression of Nonlinear Stiffness for Vibration Isolation Supports

In Equations (5) and (8), the constitutive relation of the elastic supports is only ex-
pressed in general terms, which can be a linear or nonlinear function. For the nonlinear
stiffness characteristics of vibration isolation supports, they are generally classified qualita-
tively into two categories: softening and hardening characteristics, as shown in Figure 2a,b.
The blue curve in Figure 2 indicates the nonlinear stiffness characteristics expressed by
a piecewise linear method, where δ0 is an approximate linear stiffness working interval
control parameter, and K1 and K2 are approximate stiffness control parameters inside and
outside the linear working interval, respectively. In practical problems, the transition from
linear to nonlinear generally has a gradual process, rather than a sudden change, and the
piecewise curve is not easy to deal with in numerical calculation because of its unsmooth-
ness. So, the piecewise turning function is modified to a smooth transition function, as
shown by the red curve in Figure 2.
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The softening and hardening characteristics are expressed in this paper as
Equations (13) and (14), respectively:
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where sgn(τ) is the sign function; c1 and c2 are shape control parameters determined
by K1, K2, and δ0; τ is a parameter variable related to the positive real root |τ| of the
polynomial equation.
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It is assumed that the three groups of vibration isolation supports have the same
constitutive relation under the unit A1, the unit A2, and the floating raft R. The K1 of
the three groups of vibration isolators are denoted as KA11 = Re{k1}, KA21 = Re{k2}, and
KR1 = Re{kR}, respectively, where k1, k2, and kR are the linear complex stiffness. The K2 of the
three groups of isolators (denoted as KA12, KA22, and KR2, respectively) is set as α (stiffness
ratio) times K1, that is, KA12 = αKA11, KA22 = αKA21, and KR2 = αKR1, where α ∈ [0.1, 3.0]
(softening characteristic when α < 1.0 and hardening characteristic when α > 1.0). The
δ0 (denoted as δ10, δ20, and δR0, respectively) of the three groups of isolators is esti-
mated to be β times their respective static settlement after installation of the units, that
is, δ10 = βm1g/Re{4k1}, δ20 = βm2g/Re{4k2}, and δR0 = β(m1 + m2 + mR)g/Re{4kR}, where
β ∈ [0.2, 5.0]. In addition, the structural damping coefficients of the vibration isolators are
approximately converted to the equivalent viscous damping coefficients by c1 = Im{k1}/ω1,
c2 = Im{k2}/ω1, and cR = Im{kR}/ω1 (where ω1 is the fundamental frequency of the system).

2.4. Evaluation Index of Vibro-Acoustic Transfer Characteristics for the Nonlinear Coupled System

The transmitted power flow (which refers to the vibrational power flow transferred to
the cylindrical shell through the supports under the floating raft in this paper) can reflect
the process of vibration energy transfer and conversion into underwater acoustic radiation
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of the coupled system [34], which can be regarded as a comprehensive reflection of the
vibro-acoustic transfer characteristics.

For the coupled system shown in Figure 1, the instantaneous power of the excitation
Fy acting on the cylindrical shell by the vibration isolation support is

I(t) = FT
y ·

.
wy (15)

The vibrational power flow is the average power of the excitation over a period
T = 2π/ω:

PT =
1
T

∫ T

0
I(t)dt (16)

Similar to this, the time average power is introduced:

I(t) =
1
t

∫ t

0
I(τ)dτ (17)

The initial value I(t) can be obtained by the above equation.

I(0) = lim
t→0

1
t

∫ t

0
I(τ)dτ = lim

t→0
I(t) = I(0) = 0 (18)

The derivative of time t on both sides of Equation (17) is calculated:

.
I(t) = − 1

t2

∫ t

0
I(τ)dτ +

I(t)
t

=
−I(t) + I(t)

t
(19)

From the above equation, combined with Equations (3), (4), (10), and (15), the initial

value
.
I(t) can be obtained:

.
I(0) =

1
2

lim
t→0

(
.
F

T
y ·

.
wy + FT

y ·
..
wy

)
=

1
2

lim
t→0

(
.
F

T
y ·2Re

{
¯
Φ

T

CSCuC

}
+ gT(wy −wb,

.
wy −

.
wb
)
· ..
wy

)
= 0 (20)

where the initial values of the system state variables uA, uR, and uC have been set to be 0
(the system is in a static state).

On the other hand, assuming that the vibration enters the steady state after a certain
time t0 and has a period T, it can be seen from Equation (17) that for any natural number N,
the following equation holds:

(t0 + NT)I(t0 + NT)− t0 I(t0) =
∫ t0+NT

t0

I(τ)dτ =
∫ NT

0
I(τ)dτ = NTPT (21)

Therefore, the vibration power flow can be calculated by the time average power:

PT = I(t0 + T) +
t0

T
[
I(t0 + T)− I(t0)

]
(22)

If t0 is large enough, the system still does not exhibit perfect periodic oscillation. But as
long as there is a mathematical expectation in Equation (16), then Equation (22) still holds.
At this time, T can be understood as some kind of virtual value related to the excitation
period, and PT still represents the average power level of the excitation. Then, Equation (22)
is rewritten as:

PT =
[
(T + t0)I(t0 + T)− t0 I(t0)

]
/T (23)

3. Results and Discussion

Based on the theories in Section 2, the effect of the nonlinear stiffness control pa-
rameters of the vibration isolation supports on the low-frequency vibration modes and
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vibro-acoustic transfer characteristics of the coupled system are analyzed by numerical
simulation methods in the following.

To obtain sufficient amplitude for the system to fully demonstrate its nonlinear vibra-
tion characteristics, the amplitude of the excitation force applied to the units A1 and A2 is
set to 500 N. The values of the variable stiffness isolators and system structural parameters
involved in the numerical simulations are set as shown in Tables 1 and 2, and other control
parameters are shown in Appendix B.

Table 1. Control parameter settings of variable stiffness vibration isolator.

Control Parameters Symbols Units Values Remarks

Stiffness control parameters in the
approximate linear working interval

KA11 N/m 2.0 × 105

KA21 N/m 2.7 × 105

KR1 N/m 8.6 × 105

Stiffness control parameters outside
the linear working interval

KA12 N/m α·2.0 × 105 α ∈ [0.1, 3.0]
α < 1, softening characteristic
α > 1, hardening characteristic

KA22 N/m α·2.7 × 105

KR2 N/m α·8.6 × 105

Linear working interval length
control parameters

δ10 m β·6.125 × 10−4

β ∈ [0.2, 5.0]δ20 m β·6.352 × 10−4

δR0 m β·6.267 × 10−4

Damping coefficients
c1 kg/s 159.155
c2 kg/s 214.859
cR kg/s 684.366

Table 2. System structure parameter settings.

System Structure Parameters Symbols Units Values

Characteristic parameters
of the cylindrical shell

Elastic modulus E N/m2 2.1 × 1011

Density ρ kg/m3 7.8 × 103

Poisson’s ratio µ 0.28
Dissipation factor ξ 0.01

Length, radius, thickness L, a, d m 2, 0.4, 0.02

Structure parameters of
the units and the

raft frame

Mass of the unit A1 m1 kg 50
Mass of the unit A2 m2 kg 70

Mass of the raft frame R mR kg 100
Moment of inertia of the unit A1 J1x, J1z Kg·m2 1, 0.5
Moment of inertia of the unit A2 J2x, J2z Kg·m2 1.5, 1

Moment of inertia of the raft frame R JRx, JRz Kg·m2 8.5, 2.5

Linear complex stiffness
of the vibration

isolation supports

Support stiffness of the unit A1 k1 N/m 2.0 × 105 × (1 + 0.1 j)
Support stiffness of the unit A2 k2 N/m 2.7 × 105 × (1 + 0.1 j)

Support stiffness of the raft frame R kR N/m 8.6 × 105 × (1 + 0.1 j)

Installation position
parameters

Centroid positioning of the unit A1 b1 m 0.25
Centroid positioning of the unit A2 b2 m 0.25

Centroid positioning of the raft
frame R LR m 0.8

Support spacing of the unit A1 h1x, h1z m 0.2, 0.3
Support spacing of the unit A2 h2x, h2z m 0.2, 0.3

Support spacing of the raft frame R Hx, Hz m 0.35, 0.7

3.1. Modal Parameter Identification for the Cylindrical Shell—Underwater Acoustic Field
Coupled Subsystem

Taking the displacement derivative functions H11, H12, and H14 as examples, their
fitting spectra obtained from the modal parameter identification method are compared
with the numerical spectra obtained by the calculation method in the literature [33], as
shown in Figure 3. It can be seen that the fitting results can match well with the original
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data, and the difference between the two is mainly related to the modal truncation (residual
admittance) and the computational error of the original data.
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The first 10 orders of poles identified for the cylindrical shell—underwater acoustic
field coupled subsystem and their corresponding modal frequencies are listed in Table 3.
The values of the modal parameters φij at the support connection points are listed in Table 4.

Table 3. The first 10 orders of poles and modal frequencies of the cylindrical shell—underwater
acoustic field coupled subsystem.

Orders i Poles sCi, sCi
* * Modal Frequencies f Ci (Hz)

1 −0.366 ± 8.277 × 102 j 131.73
2 −0.574 ± 1.219 × 103 j 194.95
3 −0.660 ± 1.672 × 103 j 266.24
4 −0.924 ± 1.906 × 103 j 303.33
5 −1.246 ± 2.302 × 103 j 366.30
6 −1.753 ± 2.364 × 103 j 376.21
7 −1.307 ± 2.621 × 103 j 417.11
8 −1.586 ± 3.065 × 103 j 487.86
9 −3.624 ± 3.304 × 103 j 525.88
10 −2.863 × 103 ± 1.973 × 103 j 553.34

* The poles sCi and sCi
* are a pair of conjugate complex numbers.

Table 4. The values of the modal parameters φij at the support connection points.

Orders i j = 1 j = 2 j = 3 j = 4

i = 1 0.475 − 4.630 j 0.686 − 0.703 j 0.104 − 0.117 j 0.163 − 0.172 j
i = 2 0.462 − 0.429 j 0.601 − 0.647 j −0.317 + 0.312 j −0.448 + 0.469 j
i = 3 0.436 − 0.208 j 0.271 − 0.328 j 0.068 − 0.226 j 0.214 − 0.335 j
i = 4 0.510 − 0.529 j −0.274 + 0.240 j −0.398 + 0.384 j 0.170 − 0.169 j
i = 5 0.367 − 0.352 j 0.402 − 0.441 j −0.347 + 0.339 j −0.453 + 0.479 j
i = 6 0.159 − 0.407 j −0.342 + 0.117 j 0.412 − 0.031 j 0.006 + 0.032 j
i = 7 0.473 − 0.475 j −0.218 + 0.218 j −0.464 + 0.464 j 0.215 − 0.215 j
i = 8 0.357 − 0.356 j −0.317 + 0.318 j −0.261 + 0.261 j 0.233 − 0.234 j
i = 9 0.470 − 0.434 j −0.254 + 0.271 j −0.361 + 0.357 j 0.248 − 0.270 j

i = 10 0.716 − 0.762 j 0.082 − 0.105 j −0.244 + 0.233 j −0.053 + 0.012 j

3.2. Effect of Nonlinear Stiffness with Softening Characteristic on the Low-Frequency
Vibro-Acoustic Characteristics for the Coupled System
3.2.1. Effect of Stiffness Ratio α

Figure 4 shows the bifurcation diagrams of the average vibration displacement and
velocity for the coupled system when β is 1.0 and α is 1.0, 0.9, 0.7, 0.5, 0.3, and 0.1, respec-
tively. Taking α = 0.1 as an example, the discontinuity points near 6.75 Hz in the figure are
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caused by the system resonating at the natural frequency, while the other discontinuity
points are caused by the simulation program setting different steps in different frequency
bands to improve the calculation efficiency. The discontinuity points in Figure 4 and in the
bifurcation diagram below are the same and will not be explained one by one. It can be
seen from Figure 4 that the steady vibration of the coupled system with nonlinear softening
stiffness supports is single-periodic motion.
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Figure 5 shows the motion phase diagrams of the coupled system corresponding
to the resonance frequencies of Figure 4. According to Figure 5a–d, when the softening
characteristic is weak (α = 0.9), the units A1, A2 and the raft frame all are presented as
approximate harmonic vibration modes. As the stiffness ratio decreases, the motion phase
diagrams gradually show irregular closed graphics, indicating that the motions of the units
A1, A2 and the raft frame are still single-periodic, but there are superharmonic components.
According to Figure 5e, the vibration form at the connection points of the lower vibration
isolators with the cylindrical shell is much more complex than that of the units A1, A2
and the raft frame, and the smaller the α, the more complex the vibration form. When α is
equal to 0.1, the motion phase diagrams have become disordered or even chaotic. It can
also be seen from Figure 5 that in a certain range of stiffness ratio α < 1.0, the resonance
displacement amplitudes of the units A1, A2 and the raft frame are larger than those of
α = 1.0 (linear stiffness), and the smaller the α, the larger the amplitudes. The resonance
velocity amplitudes show the opposite trend. In contrast, at the connection points of the
lower vibration isolators with the cylindrical shell, the amplitudes of both the resonance
displacement and resonance velocity decrease with the decrease in α. But the above law no
longer holds when α decreases to a certain extent, as shown in Figure 5e, which is broken
when α is equal to 0.1.

In addition, it can be found from Figure 5 that, when the vibration isolation supports
have softening stiffness characteristics, the motion laws at the connection points of the
upper vibration isolators with units A1 and A2 are basically the same, and the motion laws
at the connection points of the upper and lower vibration isolators with the raft frame are
also basically similar. In fact, through the simulation analysis, it can be seen that the above
laws are also established when the vibration isolation supports have hardening stiffness
characteristics. Therefore, in the following, only the motion phase diagrams are shown
and analyzed at the connection points of the upper vibration isolators with the unit A1,
the lower vibration isolators with the raft frame, and the lower vibration isolators with the
cylindrical shell.
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Figure 5. Effect of the strength variation of the nonlinear softening stiffness characteristic on the
low-frequency vibration modes for the coupled system (β = 1.0): (a) motion phase diagram at the
connection points of the upper vibration isolators with the unit A1; (b) motion phase diagram at the
connection points of the upper vibration isolators with the unit A2; (c) motion phase diagram at the
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Figure 6 shows the transmitted power flow spectrum through the lower vibration
isolators input to the cylindrical shell in the coupled system when β is 1.0 and α is 1.0, 0.9,
0.7, 0.5, 0.3, and 0.1, respectively. As can be seen from Figure 6, compared to the linear
stiffness, the softening nonlinear characteristic of the support stiffness makes the resonance
region of the system shift to lower frequencies, and the resonance peak and the second
peak decrease. The smaller α is, the more significant the above effect is.
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3.2.2. Effect of Approximate Linear Working Interval Length Control Parameter β

Figure 7 shows the bifurcation diagrams of the average vibration displacement and
velocity for the coupled system when α is 0.5 and β is 5.0, 3.0, 2.0, 1.0, and 0.2, respectively.
Comparing Figure 7 with Figure 4, it can be seen that the two are quite similar, and the
steady state vibration of the coupled system is still single-periodic motion.
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Figure 8 shows the motion phase diagrams of the coupled system corresponding to
the resonance frequencies of Figure 7. Since the stiffness ratio α = 0.5 here has determined
that the vibration isolation supports have softening stiffness characteristics, reducing
the approximate linear working interval will further strengthen their nonlinear stiffness
characteristics. The results are that the amplitudes of the resonance displacement and
resonance velocity of the unit, the raft frame, and the connection points of the lower
vibration isolators with the cylindrical shell generally tend to increase with the decrease
in β. From the perspective of motion form, the motion phase diagram of the unit is
approximately a closed ellipse, that is, it is approximately a harmonic vibration. The
motion phase diagram of the raft frame is irregular and closed, indicating that it contains
strong superharmonic components. The motion phase diagram at the connection points of
the lower vibration isolators with the cylindrical shell is relatively complex, indicating that
the superharmonic components are complex and strong, and the phase diagram trajectory
tends to be messy or even chaotic due to the enhancement of the nonlinear softening
characteristic.
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Figure 9 shows the transmitted power flow spectrum in the coupled system when α
is 0.5 and β is 5.0, 3.0, 2.0, 1.0, and 0.2, respectively. Comparing Figure 9 with Figure 6,
it can be seen that the effect of reducing β is similar to that of reducing α. Both of them
enhance the nonlinear softening stiffness effect and make the resonance region move to the
lower frequency for the coupled system. Reducing α has a more obvious effect on reducing
the fundamental frequency of the system and also weakens the resonance sharpness. But
reducing β is more effective for reducing the transmitted power flow at higher frequencies
after the fundamental frequency. For example, when α is equal to 0.5 and β is equal to 0.2 in
Figure 9, the transmitted power flow level is significantly reduced on the band after the
fundamental frequency and, especially, the second peak tends to disappear.

Inventions 2023, 8, x FOR PEER REVIEW  14  of  25 
 

     
(a)  (b)  (c) 

Figure 8. Effect of the length variation of the approximate linear working interval on the low‐fre‐

quency vibration modes for the coupled system (α = 0.5): (a) motion phase diagram at the connec‐

tion points of the upper vibration isolators with the unit A1; (b) motion phase diagram at the con‐

nection points of the lower vibration isolators with the raft frame; (c) motion phase diagram at the 

connection points of the lower vibration isolators with the cylindrical shell. 

Figure 9 shows the transmitted power flow spectrum in the coupled system when α 

is 0.5 and β is 5.0, 3.0, 2.0, 1.0, and 0.2, respectively. Comparing Figure 9 with Figure 6, it 

can be seen  that  the effect of reducing β  is similar  to  that of reducing α. Both of  them 

enhance the nonlinear softening stiffness effect and make the resonance region move to 

the  lower  frequency  for  the coupled system. Reducing α has a more obvious effect on 

reducing the fundamental frequency of the system and also weakens the resonance sharp‐

ness. But reducing β is more effective for reducing the transmitted power flow at higher 

frequencies after the fundamental frequency. For example, when α is equal to 0.5 and β is 

equal to 0.2 in Figure 9, the transmitted power flow level is significantly reduced on the 

band after the fundamental frequency and, especially, the second peak tends to disappear. 

 

Figure 9. Effect of  the  length variation of  the approximate  linear working  interval on  the vibro‐

acoustic transfer characteristics for the coupled system (α = 0.5). 

3.3. Effect of Nonlinear Stiffness with Hardening Characteristic on the Low‐Frequency Vibro‐

Acoustic Characteristics for the Coupled System 

3.3.1. Effect of Stiffness Ratio α 

Figure 10 shows the bifurcation diagrams of the average vibration displacement and 

velocity for the coupled system when β is 1 and α is 1.0, 1.2, 1.5, 2.0, 2.5, and 3.0, respec‐

tively. It can be seen that the steady vibration of the coupled system with nonlinear hard‐

ening stiffness supports is dominated by single‐periodic motion, but when the nonlinear 

hardening characteristic is enhanced (α = 2.0, 2.5, 3.0), aperiodic motion (quasi‐periodic or 

chaotic) appears in a frequency band after the fundamental frequency resonance region. 

Figure 9. Effect of the length variation of the approximate linear working interval on the vibro-
acoustic transfer characteristics for the coupled system (α = 0.5).

3.3. Effect of Nonlinear Stiffness with Hardening Characteristic on the Low-Frequency
Vibro-Acoustic Characteristics for the Coupled System
3.3.1. Effect of Stiffness Ratio α

Figure 10 shows the bifurcation diagrams of the average vibration displacement and
velocity for the coupled system when β is 1 and α is 1.0, 1.2, 1.5, 2.0, 2.5, and 3.0, respectively.
It can be seen that the steady vibration of the coupled system with nonlinear hardening
stiffness supports is dominated by single-periodic motion, but when the nonlinear harden-
ing characteristic is enhanced (α = 2.0, 2.5, 3.0), aperiodic motion (quasi-periodic or chaotic)
appears in a frequency band after the fundamental frequency resonance region.
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Figure 11 shows the motion phase diagrams of the coupled system corresponding
to the resonance frequencies of Figure 10. According to Figure 11a, when the hardening
characteristic is weak (α = 1.2, 1.5, 2.0), the unit is presented as an approximate harmonic
vibration mode. But as the stiffness ratio further increases (α = 2.5, 3.0), the motion phase
diagrams gradually become nonelliptical closed graphics, indicating that the motion of
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the unit is still single-periodic, but there are superharmonic components. According to
Figure 5b,c, the motion phase diagrams of the raft and the connection points of the lower
vibration isolators with the cylindrical shell are all irregular closed graphics, indicating that
their vibration modes are all single-period motion with superharmonics, and the vibration
form at the connection points of the lower vibration isolators with the cylindrical shell is
particularly complex. Through the calculation and analysis at different frequencies, it can
be found that the above vibration modes and laws are universal in the coupled system
with hardening characteristic stiffness supports. It can also be seen from Figure 11 that,
when stiffness ratio α > 1.0, the resonance displacement amplitudes of the unit and the raft
frame are smaller than those of α = 1.0 (linear stiffness), and the larger the α, the smaller
the amplitudes. The resonance velocity amplitudes have no consistent change rule. In
contrast, at the connection points of the lower vibration isolators with the cylindrical shell,
the amplitudes of both the resonance displacement and resonance velocity increase with
the increase in α. But they do not conform when α is equal to 3.0, indicating that the above
law only holds in a certain range of α > 1.0.
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Figure 12 shows the transmitted power flow spectrum in the coupled system when β
is 1.0 and α is 1.0, 1.2, 1.5, 2.0, 2.5, and 3.0, respectively. Comparing Figure 12 with Figure 6,
it can be seen that the hardening and softening characteristics of the support stiffness have
a significantly opposite effect on the transmitted power flow of the coupled system. The
hardening nonlinear characteristic of the support stiffness makes the resonance region of
the system shift to higher frequencies, and the resonance peak and the second peak increase
slightly. The larger α is, the more significant the above effect is.
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3.3.2. Effect of Approximate Linear Working Interval Length Control Parameter β

Figure 13 shows the bifurcation diagrams of the average vibration displacement and
velocity for the coupled system when α is 1.5 and β is 5.0, 3.0, 2.0, 1.0, and 0.2, respectively.
Comparing Figure 13 with Figure 10, it can be seen that the two are quite similar, and the
steady state vibration of the coupled system is always single-periodic motion when α is
equal to 1.5.
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Figure 13. Effect of the length variation of the approximate linear working interval on the periodic
bifurcation properties for the coupled system (α = 1.5): (a) bifurcation diagram of the average vibration
displacement; (b) bifurcation diagram of the average vibration velocity.

Figure 14 shows the motion phase diagrams of the coupled system corresponding
to the resonance frequencies of Figure 13. In the case of a given α, the amplitudes of the
resonance displacement and resonance velocity of the unit and the raft frame generally
tend to decrease with the decrease in β. From the perspective of motion form, the motion
phase diagram of the unit is approximately a closed ellipse, that is, it is approximately a
harmonic vibration. The motion phase diagram of the raft frame has obvious irregularity,
indicating that it contains strong superharmonic components. The motion phase diagram
at the connection points of the lower vibration isolators with the cylindrical shell is the most
complex, and with the decrease in β, the stability of the phase diagram orbits deteriorates
and tends to be messy or even chaotic.
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Figure 14. Effect of the length variation of the approximate linear working interval on the low-
frequency vibration modes for the coupled system (α = 1.5): (a) motion phase diagram at the
connection points of the upper vibration isolators with the unit A1; (b) motion phase diagram at the
connection points of the lower vibration isolators with the raft frame; (c) motion phase diagram at
the connection points of the lower vibration isolators with the cylindrical shell.

Figure 15 shows the transmitted power flow spectrum in the coupled system when α is
1.5 and β is 5.0, 3.0, 2.0, 1.0, and 0.2, respectively. Comparing Figure 15 with Figure 12, it can
be seen that the effect of reducing β is similar to that of increasing α. Both of them enhance
the nonlinear hardening stiffness effect and make the resonance region move to the higher
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frequency for the coupled system. Increasing α leads to a larger range of fundamental
frequency variation of the system. But decreasing β extends the effect of nonlinear stiffness
characteristics to higher frequencies. For example, when α is equal to 1.5 and β is equal
to 0.2 in Figure 15, the effect of the nonlinear hardening characteristics of the vibration
isolators extends significantly to higher frequency bands, increasing the transmitted power
flow level on the band after the fundamental frequency for the coupled system.
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4. Conclusions

The present study was designed to study the effect of support stiffness nonlinearity on
the low-frequency vibro-acoustic characteristics for the mechanical equipment—floating
raft–cylindrical shell—underwater acoustic field coupled system. Firstly, the state space
equations were established for the coupled system containing the vibration isolation sup-
ports with nonlinear stiffness characteristics, and in this process, the modal parameter
identification method was deduced theoretically and verified by numerical simulation for
the cylindrical shell—underwater acoustic field coupled subsystem. Then, the nonlinear
stiffness constitutive relation was expressed in general by the softening and hardening
characteristics for the vibration isolation supports, and the calculation formulas of the
transmitted power flow in the nonlinear vibration isolation system were deduced. Finally,
applying the Runge—Kutta method for the dynamics simulation, the effect of the variation
of the nonlinear stiffness characteristics parameters on the low-frequency vibration modes
and vibro-acoustic transfer characteristics was analyzed and discussed for the coupled
system. The main findings are as follows:

1. For the coupled system with a nonlinear softening stiffness characteristic of the vibra-
tion isolation supports, the steady state vibration mode under harmonic excitation
is single-periodic motion, but the superharmonic phenomenon is common. And
the smaller the stiffness ratio is, the more superharmonic components are and the
more complex the vibration form is. Compared with the linear stiffness case, the
softening nonlinear stiffness can reduce the fundamental frequency and decrease the
low-frequency vibro-acoustic transmission level within and after the resonance region
for the vibration isolation system. And the stronger the softening characteristic is, the
more significant the above effect is;

2. For the coupled system with a nonlinear hardening stiffness characteristic of the
vibration isolation supports, the vibration mode under harmonic excitation is single-
periodic motion at most frequencies, and the existence of superharmonics is its main
vibration feature. And the larger the stiffness ratio is, the more superharmonic com-
ponents are and the more complex the vibration form is. In a frequency band slightly
higher than the fundamental frequency, it may show a nonperiodic motion mode
(quasi-periodic or chaotic). Compared with the linear stiffness case, the hardening
nonlinear stiffness can increase the fundamental frequency, broaden the resonance
band and slightly raise the low-frequency vibro-acoustic transmission level within
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and after the resonance region for the vibration isolation system. And the stronger
the hardening characteristic is, the more significant the above effect is;

3. For the determined nonlinear stiffness ratio, the variation of the length of the approxi-
mate linear working interval has no effect on the periodicity of the vibration of the
coupled system. For the coupled system with a nonlinear softening stiffness charac-
teristic of the vibration isolation supports, the smaller the length of the approximately
linear working interval is, the lower the low-frequency vibro-acoustic transfer level
after the fundamental frequency resonance region is; while for the coupled system
with a nonlinear hardening stiffness characteristic of the vibration isolation supports,
the smaller the length of the approximately linear working interval is, the higher the
low-frequency vibro-acoustic transfer level after the fundamental frequency resonance
region is.
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Appendix A. State Space Model of the Cylindrical Shell—Underwater Acoustic Field
Coupled Subsystem

Appendix A.1. Solutions of the Admittance Functions for the Coupled Subsystem

A cylindrical coordinate system Orφz is established on the middle surface of the
cylindrical shell. Let the coordinate origin be located at the center of the left end face
of the cylindrical shell, r and z be the distance from the spatial point σ(r, φ, z) to the
central axis of the cylindrical shell and the left end face, respectively, and φ be the angle of
σ(r, φ, z) deviating from the vertical direction. The transformation relationship between the
cylindrical coordinates and the rectangular coordinates: x = rcosφ, y = rsinφ, z = z.

Let the length, thickness, and central radius of the cylindrical shell be L, d, and a,
respectively, and the density, elastic modulus, and Poisson’s ratio of the material of the
cylindrical shell be ρ, E, and µ, respectively. A harmonic excitation force Fz·ejωtalong
the Oz axis direction is applied to the inside of the cylindrical shell at σe(ϕe, ze). Let
u(z, φ, t) = U(z, φ)·ejωt, v(z, φ, t) = V(z, φ)·ejωt, and w(z, φ, t) = W(z, φ)·ejωt denote the
vibration displacement of the point σ(φ, z) on the cylindrical shell in z, φ, and r coordinate
directions, respectively. Then, u, v, and w satisfy the following differential equations
of motion: 

S1(u, v, w) + ρd·∂2u/∂t2 = Fz·δ(ϕ− ϕe)·δ(z− ze)·ejωt

S2(u, v, w) + ρd·∂2v/∂t2 = 0
S3(u, v, w) + ρd·∂2w/∂t2 = − p(r, ϕ, z)|r=a

(A1)

where p is the radiated underwater acoustic pressure generated outside the cylindrical shell
due to its vibration; S1, S2, and S3 are differential operators, and
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The pressure p = P(r, φ, z)·ejωt of the underwater acoustic field outside the cylindrical
shell satisfies the Helmholtz equation:

∇2P + k2P = 0 (A3)

There are boundary conditions on the interface between the cylindrical shell and the
external underwater acoustic field:

∂P
∂r

∣∣∣∣
r=a

=

ρ0ω2
∞
∑

j=0,k=1

3
∑

l=1
qjki H

w
jkl cos[j(ϕ− ϕe)] sin

(
kπz

L

)
(0 ≤ z ≤ L)

0 (z < 0 or z > L)
(A4)

where ρ0 is the density of the acoustic field medium; Hjk (j, k = 1, 2, 3, 4) denotes a
displacement admittance function, which means that when a unit excitation is applied
along the direction of the support force at the connection point σk of the support and the
cylindrical shell, the displacement response is generated at the connection point σj.

The displacement admittance matrix of the cylindrical shell—underwater acoustic
field coupled subsystem is denoted by:

H(jω) =
[

Hjk

]
4×4

(A5)

For the calculation of the admittance functions of the cylindrical shell—underwater
acoustic field coupled subsystem, see also Equations (11)–(18) in [33]. It can be seen from
these equations that, due to the complexity of the calculation formulas, only discrete
numerical solutions of the admittance functions can be given. Figure A1 shows examples
of calculated results for the admittance functions of the cylindrical shell along the support
direction (taking H11, H12, and H14 as examples).
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Appendix A.2. Modal Parameter Identification of the Coupled Subsystem

Since the main focus is on low-frequency vibration problems in this paper, only the
first f -order modes are intercepted. Also, the admittance function is expressed as a ratio of
two polynomial functions:

Hjk(jω) ≈ am(jω)m−1 + am−1(jω)m−2 + · · ·+ a2(jω) + a1

(jω)n−1 + bn−1(jω)n−2 + · · ·+ b2(jω) + b1
(A6)

where j, k = 1, 2, 3, 4; n = 2f + 1, m = 2f − 1.
Let Ĥjk(jω) be the discrete numerical spectrum of Hjk(jω) obtained by theoretical

calculation, and for a number of frequencies ω1, ω2,ω3, . . ., ωN, there are Ĥjk,i = Ĥjk(jωi),

(i = 1, 2, . . ., N). Noting that a = [a1, a2, . . ., am]T, b = [b1, b2, . . .,bn−1]T, pi = [1, jωi, . . .,
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(jωi)m−1], qi= Ĥjk,i [1, jωi, . . ., (jωi)n−2], hi = (jωi)n−1 Ĥjk,i, ei = pia −qib− hi, P = [p1, p2, . . .,

ps]T, Q = [q1, q2, . . ., qs]T, and h = [h1, h2, . . ., hs]T, the matrix expression and the total mean
squared error can be obtained:

e = Pa−Qb− h (A7)

J = eTe∗ = xTARx− 2Bx + |h|2 (A8)

where the superscript ‘*’ represents conjugation relation; x =

[
a
b

]
, A =

[
PTP∗ −PTQ∗

−QTP∗ QTQ∗

]
,

B =
[
hT

RPR + hT
I PI −

(
hT

RQR + hT
I QI

)]
, PR and PI are the real and imaginary parts of P,

respectively; QR and QI are the real and imaginary parts of Q, respectively; hR and hI are
the real and imaginary parts of h, respectively; AR is the real part of A.

Consider the total mean squared error J as a function of x. To obtain a minimum of J,
let the gradient of Equation (A8) to x be 0:

∇J = ARx− BT = 0⇒ x = A−1
R BT (A9)

The polynomial coefficients of the admittance function numerator and denominator
can be fitted using the above equation.

Appendix A.3. Establishment of State Space Equation for the Coupled Subsystem

For a continuous structure, its vibration displacement response w(σ, t) can be expressed
in the form of vibration model superposition:

w(σ, t) =
∞

∑
i=1

ψi(σ)qi(t) (A10)

where ψi(σ) is the ith-order vibration mode function and qi(t) is the ith-order modal coordinate.
A modal damping ratio ξi is introduced, and the modal coordinate equation is obtained

by using the orthogonality of the vibration mode function:

..
qi + 2ξiωi

.
qi + ω2

i qi =
4

∑
j=1

Fj(t)ψi
(
σj
)
, (i = 1, 2, . . .) (A11)

where ωi is the i-th order modal frequency; Fj(t) is the concentrated excitation force of the
cylindrical shell subjected to the support at point σj (j = 1, 2, 3, 4); ψi = ψi/

√
M i is the

regular vibration mode function; Mi =
∫

Σ mΣψ2
i (σ)dσ is the i-th order modal mass, mΣ is

the areal density.
According to Equations (A10) and (A11), the admittance function can be expressed as:

Hjk(jω) ≈
f

∑
i=1

ψi
(
σj
)
ψi(σk)

j2
√

1− ξ2
i ωi

 1

jω + ξiωi − j
√

1− ξ2
i ωi

− 1

jω + ξiωi + j
√

1− ξ2
i ωi

 (A12)

According to the above relation, if H(jω) is known, each Hjk(jω) has the same poles

si = −ξiωi + j
√

1− ξ2
i ωi, (i = 1, 2, . . ., f ). Since |si| = ωi, the poles are sorted by|s1| <

|s2| < |s3| <. . ., and the modal parameters are determined as follows:

ωi = |si|, ξi = −Re{si}/|si| (A13)

ψi(σ1) =
√

j2Im{si}·[H11·(jω− si)]jω=si
(A14)
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ψi
(
σj
)
=

j2Im{si}·
[
Hj1·(jω− si)

]
jω=si

ψi(σ1)
=

√
j2Im{si}

[H11·(jω− si)]jω=si

[
Hj1·(jω− si)

]
jω=si

(A15)

Substituting the above relations into Equations (A11) and (A10), the modal coordinate
equation and the modal superposition formula of vibration displacement expressed in
terms of the admittance functions are obtained:

..
qi − 2Re{si}

.
qi + |si|2qi =

√
j2Im{si}

4

∑
j=1

Fj(t)

[
Hj1·(jω− si)

]
jω=si√

[H11·(jω− si)]jω=si

, (i = 1, 2, . . . , f ) (A16)

w
(
σj, t

)
=

f

∑
i=1

qi(t)

√
j2Im{si}

[H11·(jω− si)]jω=si

[
Hj1·(jω− si)

]
jω=si

, (j = 1, 2, 3, 4) (A17)

The above theories are based on proportional damping assumption, and the vibration
mode function is a real function by default. But applying Equation (A14) in practical
analysis mostly yields complex numbers, that is, complex modes appear. If the complex
modes are substituted into Equations (A11) or (A16), the modal coordinate equation will
be made to have complex terms, and ultimately the displacement response obtained
from Equation (A17) will also become a complex number, which is inconsistent with its
physical meaning. Considering the universality of complex modes in this kind of problem,
Equations (A11), (A12), and (A17) are modified as:

Hjk(jω) ≈
f

∑
i=1

φijφik

jω− si
+

f

∑
i=1

φ
∗
ijφ
∗
ik

jω− s∗i
(A18)



.
υ1
...

.
υ f
.
υ
∗
1
...

.
υ
∗
f


−



s1
. . .

s f
s∗1

. . .
s∗f





υ1
...

υ f
υ∗1
...

υ∗f


=



4
∑

j=1
φ1jFj(t)

...
4
∑

j=1
φ f jFj(t)

4
∑

j=1
φ
∗
1jFj(t)

...
4
∑

j=1
φ
∗
f jFj(t)



(A19)

w
(
σj, t

)
=

f

∑
i=1

2
[
Re{υi(t)}·Re

{
φij

}
− Im{υi(t)}·Im

{
φij

}]
, (j = 1, 2, 3, 4) (A20)

where the poles si and si
* (i = 1, 2, . . ., f ) are the f pairs of conjugate latent roots obtained

in solving the eigenvalue problem for the state space equation; υi is obtained by variable
substitution q = Φυ;Φ is a complex modal matrix consisting of Φi and Φi

*; Φi and Φi
*

are complex eigenvectors corresponding to si and si
*; φij is obtained by using the residue

method, φij =
Hj1·(jω−si)|jω=si√
H11·(jω−si)|jω=si

and φ
∗
ij =

Hj1·(jω−s∗i )|jω=s∗i√
H11·(jω−s∗i )|jω=s∗i

.

The upper part and the lower part of Equation (A19) are repeated (conjugate relation),
so only the upper part is abbreviated to a state space equation:

.
uC = SCuC + ΦCFy (A21)
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where uC = [uC1, uC2, uC3, . . ., uCf ]T is a state variable; Fy = [Fy1, Fy2, Fy3, Fy4]T is an
excitation force column vector of the connection supports to the cylindrical shell; SC =
diag[sC1, sC2, sC3,. . ., sCf ] is a diagonal matrix composed of poles (sorted by |sC1| < |sC2|
< |sC3| < . . . < |sCf |); ΦC is a matrix consisting of the modal parameter φij, and

ΦC =


φ11 φ12 φ13 φ14
φ21 φ22 φ23 φ24
φ31 φ32 φ33 φ34

...
...

...
...

φ f 1 φ f 2 φ f 3 φ f 4

 (A22)

The functional relation between wyj and the state space variable uC is

wy = 2Re
{

Φ
T
CuC

}
= 2

(
Re
{

Φ
T
C

}
·Re{uC} − Im

{
Φ

T
C

}
·Im{uC}

)
(A23)

where wy = [wy1, wy2, wy3, wy4]T.

Appendix B. Control Parameters in Simulation Calculation

MATLAB is used in the simulation calculation in this paper. The specific theory of
mathematical operations has been described in detail in Section 2 and Appendix A. Here,
some control parameters related to computational convergence are supplemented.

As mentioned above, the displacement response of the coupled system at any time
t1 is wA1 = [wA1, wA2, wA3, wA4]T, wA2 = [wA5, wA6, wA7, wA8]T, wt = [ wt1, wt2, wt3, wt4,
wt5, wt6, wt7, wt8]T, wb = [wb1, wb2, wb3, wb4]T, and wy = [wy1, wy2, wy3, wy4]T. The above
displacement responses are assembled into a total displacement vector

w =
[
wT

A1, wT
A2, wT

t , wT
b , wT

y

]T
, whose corresponding velocity vector is

.
w. Suppose

there is a time t2 = t1 + T, the displacement response is w’, and the velocity response is
.

w’. Considering w’ and
.

w’ as two points in phase space, according to Poincaré mapping
theory, if these two points can coincide, then the system has a period T. However, due to
the error caused by the precision of numerical calculation, it is difficult to strictly meet this
condition. Therefore, a tolerance criterion ε is set so that:∥∥w’ −w

∥∥
2∥∥w’

∥∥
2

< ε (A24)

If the displacement responses w and w’ satisfy the above condition, the calculation is
considered to be convergent, that is, the motion of the system is periodic (T is a period).
Otherwise, it is divergent, that is, the motion of the system is nonperiodic (quasi-periodic
or chaotic).

Similarly, the velocity responses
.

w and
.

w’ should also satisfy the condition, that is:∥∥∥∥ .
w’ − .

w
∥∥∥∥

2∥∥∥ .
w’
∥∥∥

2

< ε (A25)

The above tolerance criterion ε is set to 1.0 × 10−5 in the simulation example of
this paper.

Figure A2 shows the convergence process of simulation calculation under α = 0.5 and
β = 1.0 as an example of the connection points of the upper vibration isolators with unit A1.
It can be seen from Figure A2a,b that convergence is obtained when t = 1.7 s. Figure A2c
shows a sequence of state as it move to the attractor.
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Figure A2. The convergence process of the calculation at the connection points of the upper vibration
isolators with the unit A1 (α = 0.5, β = 1.0): (a) time that the displacement response calculation took to
obtain convergence; (b) time that the velocity response calculation took to obtain convergence; (c) the
sequence of state as it moves to the attractor.

Similarly, at the connection points of the upper vibration isolators with the unit A2,
the upper vibration isolators with the raft frame, the lower vibration isolators with the
raft frame, and the lower vibration isolators with the cylindrical shell, and under other
nonlinear stiffness conditions, simulation calculation of the periodic motion has similar
convergence properties, which will not be shown here one by one.
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