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Abstract: We define a new class of exponential starlike functions constructed by a linear operator
involving normalized form of the generalized Struve function. Making use of a technique of differen-
tial subordination introduced by Miller and Mocanu, we investigate several new results related to the
Briot-Bouquet differential subordinations for the linear operator involving the normalized form of
the generalized Struve function. We also obtain univalent solutions to the Briot-Bouquet differential
equations and observe that these solutions are the best dominant of the Briot-Bouquet differential
subordinations for the exponential starlike function class. Moreover, we give an application of
fractional integral operator for a complex-valued function associated with the generalized Struve
function. The significance of this paper is due to the technique employed in proving the results and
novelty of these results for the Struve functions. The approach used in this paper can lead to several
new problems in geometric function theory associated with special functions.

Keywords: analytic function; Briot-Bouquet differential subordination; Struve function

1. Introduction

Special functions occur in the solution to various problems of applied mathemat-
ics, physics, and engineering sciences. The theory of special functions has gained the
attention of many researchers during the last two centuries due to its usefulness in the
mathematical sciences. Among the special functions, the Struve function is a convenient
function that provides solutions to various problems such as water-wave problems [1], un-
steady aerodynamics [2], particle quantum dynamical studies of spin decoherence [3], and
fractional-order differential equation or fractional-order integral equations [4,5]. The Struve
function and its generalizations were studied in many respects. For instance, in [6], the au-
thors studied k-fractional operators by using a k-Struve function. For more details on
special functions and Struve functions, we refer to [7-11] and references therein.

The first impact of special functions in geometric function theory was by Brown [12],
who studied the univalence of Bessel functions in 1960; in the same year, Kreyszig and
Todd [13] determined the radius of univalence of Bessel functions. After Louis de Branges
proved the Bieberbach Conjecture by using the generalized hypergeometric function in
1984, special functions became popular in studies of geometric function theory. Recently,
there has been great interest dealing with various geometric properties of special functions
such as the Mittag—Leffler function and Bessel, Struve, and Lommel functions of the first
kind [14-16].

We denote by A the class of holomorphic (or analytic) functions in the open unit disk
D := {z € C: |z| < 1} having the form

flz)=z+ i agzé, (z e D). 1)
(=2
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The subclass S of the class A contains all the univalent functions. We denote by
Q) the class of Schwarz functions w, which are holomorphic in D fulfilling w(0) = 0 and
|w(z)| < 1forallz € D. For analytic functions f; and f, in D, we state that f; is subordinate
to f2, denoted by f1 < f, if there exists a function w such that f; = f, o w (see [17]).

In [18], Ma and Minda considered the class of analytic functions ¢ with a positive
real part in I, which maps the disk D onto regions symmetric with respect to the real axis,
starlike with respect to ¢(0) = 1 such that ¢/(0) > 0, and introduced

) — . 2f'(2) }
S*(¢) {fEA. ) < ¢(z) ¢
When ¢(z) = (1+Pz)/(1+Rz), (=1 < R < P < 1) is set, the class S*(¢) gives
the class of Janowski starlike functions denoted by S*[P, R] (see [19]). The special case
P=1-2Band R = —1with0 < B < 1 gives the class S*(B) of starlike functions of order .
Recently, various authors have introduced and studied several Ma—Minda-type classes
of starlike functions [20-22]. Mendiretta et al. [23] considered the class S := S(é*) of
exponential starlike functions, which involve the function ¢(z) = e*. This function has a
positive real part in D and is starlike with respect to 1 and ¢’(0) > 0, and ¢(D) = {w €
C : |logw| < 1} is symmetric with respect to the real axis. We denote by P, the class of
holomorphic functions p in D with (0) = 1 and f(z) < e for every z € D. A function
f € Ais said to be exponential starlike if zf'(z) / f (z) belongs to P,.
Consider the second-order inhomogeneous Bessel differential equation (see [24]);

290 42 2) + (Fp0e) = A e @

where I'(.) is the gamma function. The particular solution to Equation (2), which is referred
to as the Struve function of the first kind of order v, has the form

Hy(z) =

hgk

S T(0+3/2)T(v+{+3/2) <2) '
The differential equation

B 4( z /2) v+1
- V/Alt(v+1/2)
differs from Equation (2) in the coefficients of ¢. The particular solution to Equation (3),

which is referred to as the modified Struve function of the first kind of order v, has the
representation (see [24]);

29" (z) + 29/ (z) — (2 +v*)yP(z) (z,v €C) 3)

o | o , 20+v+1
Ly(z) = —ie™™"""H, (iz) = E)F(HS/Z)F(HEH/Z) (2> |

Consider the generalized second-order inhomogeneous differential equation (see [25]);

4(Z/2)V+1

229" (2) +dzg' (z) + (2 — v+ (1= d)v)p(z) = Vrl(v+d/2)

(c,d,z,veC). (4)

The case d = 1 and ¢ = 1 in Equation (4) gives the Equation (2), while the case d = 1
and ¢ = —1 in Equation (4) leads to the Equation (3). The particular solution to Equation (4)
has the form

Mygalz) = 3 T
ved 2= LT+ 3/2)T(v+ £+ (d+2)/2)

. 20+v+1
(2) , (¢,d,z,veC) (5)
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and is called as the generalized Struve function of the first kind of order v. This series is
convergent in the whole complex plane, but is not univalent in ID. We take the transformation

Uyed(z) = 2/ Al (v + (d +2)/2)z VD2 M, Z , (6

wherex = v+ (d+2)/2 #0,—1,-2,... and, where

I'(a+1)

(a)gzwzzx(wrl)...(uﬂré—l), (x)g=1

is the Pochhammer symbol. The entire function v, . 4 given by Equation (6) has the repre-
sentation given by

4z%v ed(z) +2(2v+d+3)zv) 4(2) + (cz42v +d)vy 0 4(2) = 2v +d.

Starlikeness, convexity, univalency, and close-to-convexity of the function v, . ; were
studied by Orhan and Yagmur [25], Yagmur and Orhan [26]. Noreen et al. [27] explored a
relationship between the function v, . s and the Janowski class. Recently, Naz et al. [28]
introduced that the Struve function v, . 4 belongs to the class P..

Using the convolution of the functions f given by Equation (1) and g, .4 = z0, ¢ 4,
Raza and Yagmur [29] introduced the linear operator Sy : A — A given by

c _ . > (—C/4)£
Sef(z) = §uea(z) x f(z) =z + Z:Z% mﬂulzeH/ (7)

wherec,d,v e Candx = v+ (d+2)/2 ¢ Z . From this operator, the following can be
obtained:

2(81f(2)) = k85 (2) — (k= 1) 85,41 f(2). ®)

Two special cases of the operator S; were presented by Raza and Yagmur [29] as
follows:
(i) Choosing d = 1, ¢ = 1 in Equation (7), we obtain the operator S, : A — A given by

S6) =guan S =2+ 3 gzt

This operator satisfies the recurrence formula
2(8y11f(2)) = (v +3/2)8uf(2) = (v +1/2)8, 11 (2)- ©)
(ii) Choosing d = 1, ¢ = —1 in Equation (7), we obtain the operator H, : A — A given by

14
Hof(2) = g+ [0 =24 1 gt

This operator satisfies the recurrence formula

2(Hya1f(2)) = (v+3/2)H, f(z) = (v+1/2)Hysa f(2)- (10)

By using the operator S¢ and the concept of subordination, we define the new class of
exponential starlike functions given below.

Definition 1. Let f € A. A function f is a member of the class Si , if it satisfies the condition

z(Sef(2) -
Sef(z) < e, (11)
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where Si f(z) is given by Equation (7) forc,d,v € C,x = v+ (d+2)/2 & Zy and z € D.

This paper deals with novel applications of Briot-Bouquet differential subordination

given by
2¢'(2)

P+ o S PE (reCy£0) (12)
with ¢(0) = ¢(0) = 1. If the univalent function g(z) = 1 + g1z + 22> + . .. has the feature
¢ < g for all analytic functions ¢, then it is called a dominant of (12). If § < g for all
dominants g, then a dominant § is said to be the best dominant (see [30,31]).

Recently, several researchers have studied some strong differential subordination,
superordination, and sandwich-type results for analytic functions associated with the
normalized form of the generalized Struve function (see [32]). In this paper, we employ
a different method based upon the Briot-Bouquet differential subordination, which was
investigated by Miller and Mocanu [31], and establish several new Briot-Bouquet differen-
tial subordination results for the linear operator Sg, which involves normalized form of
the generalized Struve function. We also obtain univalent solutions to the Briot-Bouquet
differential equations and observe that these solutions are the best dominant of the Briot—
Bougquet differential subordinations for function class Sy ,. To prove our main results, we
need to give the following lemmas.

Lemma 1 ([33]). Let ¢ (¢(0) = 1) be convex univalent in D, and let ¢ of the form ¢(z) =
1+ b1z +byz2 +... (¢(0) = 1) be analytic in D. If

9(z) + ;zq)%z) 2 9(z), (1 #0, R >0)

then .
0(z) < ¢(z) = & [0 7g(at < 9(), (13)
and ¢ is the best dominant of (13).

Lemma 2 ([31]). Let 57 (7 # 0) and y be complex constants, and let ¢ (¢(0) = 1) be a convex
univalent function in D with R(n¢(z) + u) > 0. Let ¢ be analytic in D and satisfy Equation (12).
If the Briot—Bouquet differential equation

7(2) + W(")(jy — 9(2), (4(0) =1) (19)

has a univalent solution q, then

¢(z) < q(z) < P(2),

and q is the best dominant of (12). The solution to Equation (14) is

. -1
0(z) = HED (o IO ), as)

where

H(z) = zexp /OZ (P(t)t_ 1dt.

2. Subordination Properties for the Operator S¢
In this section, we first obtain Briot-Bouquet differential subordination for the operator Sy.
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Theorem 1. Let A > 0and { > 1. If the function f € A satisfies the subordination condition

(1-A7) S’gﬂzf ) + AS’@; 2) < €, (16)

. 1/¢ 1/¢
(L) (o)

The result is sharp.

then

Proof. Consider the analytic function

o(z) = 5D o e

with ¢(0) = 1in D. Now, differentiating the above equality and using Equation (8), we
obtain

Scf(2)

z

1
= ¢(2) + 22¢'(2),
and by applying the subordination condition (16), we arrive at

S5f() |, Sif)

(1-A7) = ¢(z) + %zgo’(z) <e

By using Lemma 1 on the right-hand side of above equation, we obtain

z K
p(z) < %z_"/)‘/o tx—leldt,

or

K+1f /\ / 7—1 uu} Z)du, (18)

z
where w is a Schwarz function. Using the result given by Mendiratti et al. [23] as
Re"w@) > e p e (0,1)

and letting r — 17 in Equation (18), we arrive at

(lef ) A/ ukleMdy >0, (z € D) (19)

where A > 0. Since R(w!/¢) > R(w)'/? for R(w) > 0and ¢ > 1, from inequality (19), we
prove the inequality (17). To prove sharpness, we take f € A defined by

K+1f /\ / 1euzdw

z

For this function, we find that

nSf@) 8@

and

M - E/l Mgileiudu
z A Jo
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as z — 1. Thus, the proof is completed. [

Next corollaries are generated from the operators S, and H,, respectively. These
results are special cases of Theorem 1.

Corollary 1. Let A > 0and { > 1. If the function f € A satisfies the subordination condition

(1-A) 8v+1zf(z) +ASV];-(Z) <€, (20)
then 1 1/
1 1%
§R{ <SV+1f(Z)) } > <2U+3 uzzxsle”du) . (21)
z 20 Jo
The result is sharp.
Proof. Suppose that
pa) = 2/B - (; cp)

with ¢(0) = 1in D. Differentiating the above equality, using Equation (9) and (20), applying
Lemma 1, we obtain the inequality (21). O

Corollary 2. Let A > 0and { > 1. If the function f € A satisfies the subordination condition

(1-2) H”;f(z) +AWZ((Z) <, 22)
then 1/¢ /¢
1 2v+3
3%{ (W) } > <2V213 o _16_”du> : (23)

The result is sharp.

Proof. Considering the analytic function

p(z) = 77{”;]’(2)/ (zeD)
with ¢(0) = 1 in D, using Equations (10) and (22), applying Lemma 1, we obtain the
inequality (23). O

For a function f € A, we consider the Bernardi-Libera-Livingston integral operator
Ly : A— Adefined by

Lof(z) =T /OZ D, (0> 1), (24)

vid

From this operator, the following recurrence formula can easily be obtained:
2(8xLof(2)) = (0 +1)8cf(2) — 0SiLo f(2). (25)

Next, we obtain the Briot-Bouquet differential subordination for the operator Sy
associated with the Bernardi-Libera-Livingston integral operator L, f (z).

Theorem 2. Let { > 1and 0 < A < 1. If the function f € A satisfies the subordination condition

(1-2) S’gf; ® . A‘SEﬁ;f ® e, (26)
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then

SLy /e 1 /e
%{(’fzf(z)) }> (tlfj)l\/o ulfle‘“du) : (27)

The result is sharp.

Proof. Suppose that

plz) = FESE) (e p)

with ¢(0) = 1 in D. Differentiating on both sides of the above equality, using Equation (25)
and the subordination condition (26), we obtain

- S  \SLSE_ i 12

z¢'(z) < &

Applying Lemma 1 and the same method as given in Theorem 1, we obtain the proof.

For sharpness, let
SLof(z)  o+1 1
z T 1-AJo

For this function, we find that

o+l
utx ez gy,

+A

(1__A)5%£(Z) Sﬁﬁzf(Z)

:eZ,

and

Sgﬁof(z) N T+i 1u%—1e—udu
z - 0

as z — 17. Thus, the proof of the inequality (27) is completed. [J

The following corollaries are generated from the operators S, and H,, respectively,
and special cases of Theorem 2.

Corollary 3. Let { > 1and 0 < A < 1. If the function f € A satisfies the subordination condition

(1- A)SV];(Z) + AS”EZf(Z) <&,

Sycgf(z) l/Z 0__|_1 1 Uf*l_l —u 1/€
%{(Z >m/0u1)\edu .

The result is sharp.

then

Corollary 4. Let { > 1and 0 < A < 1. If the function f € A satisfies the subordination condition

ol HLefD)

then

1/¢ 1/¢
§R{ <3L[1/'C(Tf(z)> } > <U+1 1um_leudu) .

z 1-AJo
The result is sharp.
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3. Subordination Properties for the Class S,

In the first theorem of this section, we find a univalent solution to the Briot-Bouquet
differential equation, and we observe that this solution is the best possible solution to the
Briot-Bouquet differential subordination for the class Sy ,.

Theorem 3. If the function f belongs to the class S, such that Sg,f(z) # 0 forall z € D,
R(x) > 1, and

R +x—1) >0, (zeD)

then )
2(Sgaf(2))
< q(z) < €%, 28
55, ) q(z) (28)
where .
q(z) = leeChi(z)+Shi(z)'y(/z tKZeChi(t)JrShi(t)'ydt) k1, (29)
0

and q is the best dominant of (28).

Proof. Consider the analytic function

_ S f(@)

z2) = —gc—F7—, (z€D
1= P
with ¢(0) = 1. By using Equation (8), we attain
Sf(2)
K————+—=0(z)+x—1,
St 7

and logarithmic differentiation with respect to z and routine calculations give

2(8cf(2) _ 2¢'(2) _ 2
Sﬁf(Z) - (P(Z) + q)(z) +x—1 = ¢(Z) =e. (30)
Now, let us consider the Briot-Bouquet differential equation
zq'(z
q(z) + q(z)q+(1c)1 =¢(z) = ¢, (31)

where g ((0) = 1) is analytic and ¢(z) = €* is convex univalent with ¢(0) = 1in D, and let
P(z) = n¢(z) + p. In view of Equation (31), we observe thaty =1, y = ¥ — 1 and

P(z) =" +x —1.

For proving ®(P(z)) > 0, it is enough to set z = ¢, t € [0, 7] under the condition
R(x) > 1. Furthermore, P(z) and 1/P(z) are convex. Hence, there is a univalent solu-
tion to Equation (31), and we obtain this solution by using the steps given in Lemma 2.
Since ¢(z) = €7, in view of Lemma 2, we find

el—1 dt =: ¢Chi(z)+8hi(z)—y

where Chi(z) is the cosh integral, Shi(z) is the sinh integral, and v is the Euler’s constant.
Setting this result together with # = 1 and ¢ = x — 1 into the formula (15), we obtain
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Equation (29) which is the univalent solution to Equation (31). Since ¢ is analytic and
satisfies (30), we then derive

¢(z) <4(z) < ¢(z) = ¢
and g is the best dominant of (28). O

In the same manner, we find the following result for the class S , associated with the
the Bernardi-Libera-Livingston integral operator L, f(z).

Theorem 4. If the function f belongs to the class Sy , such that S¢Lyf(z) # 0 forall z € D,
R(c) > 0and

R(e*+0) >0, (zeD)

then Lo f € S, where the operator L is given by (24). Moreover, if f € Sg , then

2(SELof(2) .
TS Lof(z) < q1(z) = ¢, (32)
where .
g1(z) = 27Nz +5hiz) =y ( /‘Z t‘f—leChi(tHShi(f)—th) -0, (33)
Jo

and q1 is the best dominant of (32).

Proof. Consider the analytic function

2(S¢Lof(2))

= —g D
o) = Ter e (ED)
with ¢(0) = 1. Using Equation (25), we obtain
Sif(2)
1)t~ =
(0 + )Sﬁﬁaf(z) ¢(z) +o,
and applying logarithmic differentiation with respect to z, we arrive at
(/) 29/(2)
—ar— = 9(2) + ———— <" (34)
i@ e e

Further, let us consider the Briot-Bouquet differential equation

R (C)

q1(z) e = (P(Z) = ¢, (35)

where ¢; is analytic with ¢1(0) = 1 and ¢(z) = €* is convex univalent with ¢(0) = 1
in D. From the similar technique applied in Theorem 3 and Lemma 2, the differential
equation given by (35) has a univalent solution defined by Equation (33). Since ¢ satisfies
the subordination in (34), we then find that

9(2) <qi(2) < 9(2) == ¢,

and g is the best dominant of (32). O
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4. An Application of Fractional Calculus

The fractional calculus operators have been extensively used in solving various prob-
lems in applied sciences and also in geometric function theory. Specially, Srivastava
et al. [34] defined the fractional integral operator for a complex-valued function as below.

Definition 2 ([34]). For real numbers a, B,y with a > 0, the fractional integral operator Igf s
defined by

”‘ﬁ”f( ) = (Z)ﬁ /O (z—t)" 1R (a+ﬁ,n;zx;1 - ;)f(t)dt, (36)

where o F) is the Gauss hypergeometric function, and where f is an analytic function in a simply
connected region of the z-plane containing the origin with the order

f(z) =0O(]z["), z =0

where e > max{0, B — 7} — 1 and the multiplicity of (z — t)*~1 is removed by requiring In(z — t)
to be real when (z —t) > 0.

We now give an example satisfying a link between the fractional integral operator
Iy B "f(z) and the generalized Struve function M, . 4(z) given by Equation (5).

Example 1. Let o, B,1,k,v,d,c € Cwith R(a) >0, R(v+k+1) >0andv+ (d+2)/2 #
0,—1,—-2,.... Then

(zaf'” tk-lMV,c,da)) (2)

LVFk—p

= Wﬂf(%ﬁ-k—i—l)r(v—&-k—ﬁ—l—?]—&-])

‘o, Liw+k+1),iw+k+2),  v+k—-g+n+1), v+k—B+y+2)
S+ 2 Lwak—B+1), v+k—B+2), iwrktaty+1),iwrktaty+2)

e
)
Proof. Using Equations (5) and (36) together, we observe that

Lot ,
(Ig,f"?tklMV,c,d(t)>( ) = ( JB gt Z ST ((Vi)€+ CEIYes (é>zz+ +1)(Z),

and, on interchanging the integration and summation, we obtain

txﬁ e B 00 (_1)4 627(2€+V+1) B 204tk
< T My calt )>(Z)_gzor(£+3/2) T(v+ 0+ (d+2)/2) <I e >(Z)' (37)

Furthermore, Srivastava et al. [34] proved that

bk TkADIk—p+n+1) g
0z Fk—B+1)I(k+a+y+1)"

(38)

where & > 0 and k > B — # — 1. If we use Equation (38) in the Equation (37) for all ¢ > 0
and R2(+v+k+1) > R(v+k+1) > max{0,  — 1}, we obtain

B LV +k—p

<Ig,'zﬁﬂ7tk 1Mv,c,d(t)) (2) = e

8 Z T2 +v+k+DTQR0+v+k—B+y+1) (_ﬁ)é
T(l+3/2)Tv+L+(d+2)/2)T(20+v+k—B+ 1T (20 +v+k+a+y+1)" 47

The last expression gives us the desired proof. O
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5. Concluding Remarks

The Struve function has been successfully applied in many areas of science and
engineering. Although there are many papers on applications of the Struve function in
several areas, the impact of this function in geometric function theory is extremely new
and there are very few data. Recently, several researchers have established some geometric
properties of the Struve function, such as starlikeness, convexity, and univalency criteria.
Motivated by recent applications of the Struve function, and applying a paper by Miller and
Mocanu, we established novel results by using the technique of Briot-Bouquet differential
subordination. We defined the exponential starlike function class constructed by the linear
operator involving the normalized form of the generalized Struve function. In Section 2,
we established the Briot-Bouquet differential subordination results for the operator S,
and presented special cases of these results. In Section 3, we determined univalent solutions
of Briot-Bouquet differential equations and concluded that these solutions are the best
dominant of the Briot-Bouquet differential subordinations for the class S ,. We further
presented an example that gives a link between the fractional integral operator for a
complex-valued function and the generalized Struve function. The current work contains
significant results because the idea of this paper can inspire several new problems in
geometric function theory associated with special functions.
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