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Abstract: In this work, we consider linear and nonlinear fractional stochastic delay systems driven
by the Rosenblatt process. With the aid of the delayed Mittag-Leffler matrix functions and the
representation of solutions of these systems, we derive the controllability results as an application. By
introducing a fractional delayed Gramian matrix, we provide sufficient and necessary criteria for the
controllability of linear fractional stochastic delay systems. Furthermore, by employing Krasnoselskii’s
fixed point theorem, we establish sufficient conditions for the controllability of nonlinear fractional
stochastic delay systems. Finally, an example is given to illustrate the main results.

Keywords: controllability; fractional stochastic delay system; Rosenblatt process; delayed Mittag-
Leffler matrix function; fractional delayed Gramian matrix; Krasnoselskii’s fixed point theorem

1. Introduction

Due to its effective modeling in numerous fields of science and engineering, includ-
ing economics, diffusion processes, control theory, viscoelastic systems, biology, physics,
medicine, finance, fluid dynamics, and others, fractional functional differential equations
and their applications have received a great deal of attention (see, for instance, [1-11]). In
particular, the fractional derivative of an order « with 1 < a < 2 appears in several diffu-
sion problems used in physical and engineering applications, such as in the mechanism
of superdiffusion [12]. The typical variation in deterministic systems with environmental
noise is considered to be random in nature. Stochastic differential equations can be used
to simulate noise in financial mathematics, medicine, telecommunication networks, and
other fields.

The concept of controllability of systems is one of the most fundamental and important
concepts in contemporary control theory, which involves figuring out the control parame-
ters that direct a control system’s solutions from its initial state to its final state using the
set of permissible controls, where the initial and final states may vary across the entire
space. The representation of time delay system solutions has received recent attention. The
seminal studies [13,14] in particular yielded several novel results in the representation of
solutions, stability, and controllability of time delay systems (see, for instance, [15-23] and
the references therein).

The Hermite process of an order of one is known as fractional Brownian motion, while
the Hermite process of an order of two is known as the Rosenblatt process. Rosenblatt first
proposed the following distribution for x > 0

2ue) = D) [ ([ 0= )220 - )T a0 )arr)a ),
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where U € (0, %) , D(U) is a positive normalization constant depending only on U, and

{J(t), t € U} is a standard Brownian motion. The process of Z;;(1) is known as the ‘1
non-Gaussian limiting distribution” (Rosenblatt distribution) (for more details, see [24]).
The Rosenblatt process is a non-Gaussian process with many interesting properties, such
as the stationary nature of the increments, long-range dependence, and self-similarity.
Therefore, it seems interesting to study a new class of fractional stochastic differential
equations driven by the Rosenblatt process. Shen and Ren [25] investigated the existence
and uniqueness of the mild solution for neutral stochastic partial differential equations with
finite delay driven by the Rosenblatt process in a real, separable Hilbert space. Maejima
and Tudor [26] presented a technique for constructing self-similar processes in the second
Wiener chaos using limit theorems. Shen et al. [27] used fixed point theory to examine
controllability and stability analysis for functional nonlinear neutral fractional stochastic
systems with delay driven by the Rosenblatt process (we refer the reader to [18,28-30] for
further details on the Rosenblatt process).

Elshenhab and Wang [15] established a novel formula to solve the linear delay differ-
ential systems

X
)/ _W<x§0/ (1)

of the form

B [° Swa(E(x —2w — 8)")T1(8)dd @)

where H o (Ex®), Mo (ExY), and Sy« (Ex*) are the delayed Mittag-Leffler type matrix
functions defined by

f, —o<x < —w,
I, —w<x<0,
H—Eir(fﬂ), 0<x<w,
Heou(Bx") == ®)
]I = x* =2 (xiw)ZIX
ST+a) T(1+2a)
¢ (= (g=1)w)*
+...+(_1)gdg%, (c—Nw < x < cw,
j{, —o<x < —w,
I(x+ w), —w<x<0,
I(x + w) Erz‘;ﬁx), 0<x<w,
Mg (BXY) := : : 4)
m_xttl =2 (xfw)z'xﬂ
I(x + w) = gy + 8 T(2+20)
(A o+
oo (F1)eEs IO (- 1w < x < g,
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and
ﬁl —oo<x < —w,
H(x+r?2;1l' —w<x<0,
S (Ex®) = 11<x+rc<‘23>' - Ef&;, 0< x <w, o
el _spt Lol
+~--+(f1)g5g%’ (¢— 1w < x<gw,

respectively, where the notations % and I are the n x n null and identity matrix, respectively,
I' is a gamma function,and ¢ =0, 1,2, ....

Motivated by the aforementioned works, and based on [15], as an application, we
investigate the controllability of fractional stochastic linear delay systems driven by the
Rosenblatt process

(°Dg, z) (x) + Bz(x — w) = Bu(x) + A(x)dZy(x), x € F:=[0,x1], ©)
z(x) =T(x), 2/(x) =1T'(x), —w<x<0,

as well as the controllability of the corresponding fractional stochastic nonlinear delay
systems driven by the Rosenblatt process

(CD3+Z) (x) + Ez(x —w) = Bu(x) + A(x,z(x))dZy(x), x € F, @
z(x) =T(x), Z/(x) =11 (x), —w<x<0,

where CDS‘+ is called the Caputo fractional derivative of the order « € (1,2] with a lower
index of zero, w > 0 is a delay, x; > (n — 1)w, state vector z(x) € R",IT € C([—w,0],R"),
E € R"™" and B € R are any matrices, u(x) € R" shows the control vector, and
A € C(F, T (R")), where the Thorin class, symbolized by 7 (R"), is the smallest distribu-
tion class on R” that comprises all Gamma distributions and is closed under convolution
and weak convergence. Let z(-) take a value in the separable Hilbert space R” with
an inner product (-, -) and norm ||-||. Zg(x) is a Rosenblatt process with the parameter

He (%, 1) on an another real separable Hilbert space (K, ||-||g, (-, ) ). Moreover, assume

A € C(F x R",19), where L3 = L, (QEK, R").

The following is how the rest of this paper is structured. In Section 2, we provide some
introductions, fundamental notation and definitions, as well as some relevant lemmas. In
Section 3, using a fractional delayed Gramian matrix, we give sufficient and necessary
conditions for the controllability of Equation (6). In Section 4, by applying Krasnoselskii’s
fixed point theorem, we estabilish sufficient conditions for the controllability of Equation (7).
Finally, to illustrate the theoretical findings, we provide numerical examples.

2. Preliminaries

Throughout the paper, let (Q), §, IP) be the complete probability space with probability
measure P on Q) with a filtration {§y| x € F} generated by {Zy(s)|s € [0,x]}. Let D, C
be two Banach spaces and L, (D, C) be the space of the bounded linear operators from D
to C, while Q € L,(D, D) represents a nonnegative self-adjoint trace class operator on D.
Let Lg =1 (Q%D, C) be the space of all Q Hilbert-Schmidt operators from Q%D into C,

equipped with the norm

= Tr(9Qp").

ol = o2
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Now, for some 1 < e < oo, let L°(€, §x,, R") be the Hilbert space of all §,,-measurable,
eth-integrable variables with values in R” with the norm ||z||{. = E||z(x)|‘, where the
expectation E is defined by Ez = [, zdP. Let L% (F,R") be the Banach space of all functions
g+ F — R” that are Bochner integrable, normed by || g||L% (+,rn), and §y,-measurable

processes with values in R". Let F := C([—w, 0], L°(Q), §x,, P, R")) be the Banach space of
all eth-integrable and 3y -adapted processes ¢ endowed with the norm

1/
lollc = (supxe[—w,o] E|\4>(x)||e) ‘ Additionally, we denote C(F, L°(Q), §x,,P,R")) as
the Banach space of continuous function from F+ — L°((Q, §y,,P,R") endowed with

the norm [z (4 = (supxejF E|z(x) ||e)1/e for anorm ||| on R" and let the matrix norm
(column sum)

n n n
I1E] = max{2|ai1|, Y lail,.-., Z|a,~n|},
i=1 i=1 i=1
where & : R” — R". We define a space
Cl(q:/ Le(Q/‘lel]P)/Rn))
={z € C(F L°(Q, 3+, P,R")) : 2’ € C(F,L(Q, §x,, P,R™)) }.
Furthermore, we let
1/e 1/e
e~ s ) ana ]~  wp ElO)
s€[—w,0] s€[—w,0
The Wiener—Ito multiple integral of an order k with respect to the standard Wiener process

(G(p)) per is given by

zﬁaw<—caikp@k<4xrlo9 o), (%ﬁ”dﬂ>dgun> 49, ®)

j=1
2
where c(H, k) is a normalizing constant such that E (Z’I‘{(l)) = land p;+ = max(p,0). The

process (Z’f{(x)) . is called the Hermite process. If k = 1, then the Hermite process given
x>

by Equation (8) is the fBm with a Hurst parameter H € (%, 1) . Furthermore, the process is

not Gaussian for k = 2. Moreover, for k = 2, the Hermite process given by Equation (8) is
called the Rosenblatt process.
We provide some fundamental concepts and lemmas used in this work:

Lemma 1 ([31]). Ifo: F —>L8 satisfies

.
| le@)lgde < o,

then, for a, b € F with b > a, we have

H/ 9)dZp (9

Definition 1 ([32]). If there exists a control function u € L2(Q,R™) such that Equation (6) or (7)
has a solution z : [—w, x1] — R" with z(0) = zo, then 2’ (0) = z{ satisfies z(x1) = z1 for all zy,
z4, 21 € R", then the systems in Equation (6) or (7) are controllable on Q) = [0, x1].

X
* < oppH /0 (8) 24i6.
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Definition 2 ([5]). The two-parameter Mittag-Leffler function is provided by

a, vy >0, xeC.
QZ%) T(ag+7y) T
In the case of v = 1, then
Ea,l( ) E(X Z T—'—l) a > 0.

Definition 3 ([5]). The Caputo fractional derivative of the order « € (1,2] with a lower index 0 of
a function z : [—w, o) — R" is given by

(CDSﬁz) (x) = F(Zl—zx) /Ox (xz—”(l;i’)"l dd, x>0.

Lemma 2 ([23]). Forany x € [(¢ — 1)w, cw], ¢ = 1,2, ..., we have

[Hewu(Bx) [ < Ea(Z]]x%),

[Maa(Ex) < (x + @)Bap (€]l (x + w)®),

and
[Swa(Bx*)|| < (x+ @) "Eaa (||E] (x + w)").

Lemma 3 (Krasnoselskii’s fixed point theorem [33]). Let M be a closed, bounded, and convex sub-
set of a real Banach space K, and let [ and [, be operators on M satisfying the following conditions:

(1) J1ix+hzeMforx,ze M;
(2) ] is compact and continuous;
(3) ] is a contraction mapping.

Then, there exists m € M such that m = Jym + Jym.
We define the operator Qy, € Ly, (L%($,Rm), L(Q, le,R”)) as
Qv _/ Swa(B(x1 — w — 9)%) Bu(9)d9,
In addition, its adjoint operator Q; €Ly (LE(Q, Ty, RY), L%( T, R’")) is defined as
Qlu= BTSw,X( (x1 — w — x)“)E{u|gx}.
Consider the linear controllability operator

T {} =005 {}
—/ Sua(E(x1 =@ — 8)*)BBT S (BT (11 — @ — 8)* ) E{[3o}d9,

as well as the fractional delayed Gramian matrix W, 4 [0, x1] € L,(R",R") defined by

We,a[0, x1] :/0 Sua(E(11 —w = 8))BE Sua (211 —w —8)")dd.  (9)

Here, T denotes the transpose.
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3. Controllability of Linear Fractional Stochastic Delay Systems

In this section, we derive the controllability results for Equation (6) using the fractional

delayed Gramian matrix W, «[0, x1] defined by Equation (9):

Theorem 1. The stochastic system in Equation (6) is controllable if and only if W, 4 [0, x1] is

positive definite.

Proof. Sufficiency. Assuming that W, [0, x1] is positive definite, then it is invertible.
Consequently, for any finite terminal conditions z1, z; € R", we can derive the associated

control input u(x) as

u(x) = B"Sua (87 (11 — w — )" ) WA [0, 1],

where

B =21~ Hua(E(x —@))II(0) ~ Moa (E(x — w)*)IT(0)
FE [0 S (E(x — 2w — 9)%)T1(8)dd
= Jo" Swa(B(x =@ —8)")A(0)dZu(8).
By applying Equation (2), the solution to Equation (6) can be expressed as

2(x) = Hea (E(x — 0))TL(0) + Mo (E(x — w)*)TT(0)
-5 f_w Swu(B(x — 2w — 8)")I1(8)dd
+ Jo Swa(E(x —w — 8)")Bu(8)dd
+ Jo Swa(B(x —w — 8)*)A(8)dZy(8).

From Equation (12), the solution z(x1) to Equation (6) can be given by

2(x1) = Haa(E(x1 = @)")T(0) + M (E(x1 — w))IT(0)
-8 f_w Swa(E(x) — 2w — 8)")I1(9)dd
+ Jo" Swa(E(x1 — w —8)")Bu(8)dd
+ ot S (BE(x1 —w — 8)*)A(8)dZy (9).
By substituting Equation (10) into Equation (13), we obtain
2(x1) = Hoa(E(x1 = @)")TI(0) + Mo (E(x1 — w)*)TT'(0)
—:f Swu(E(x1 — 2w — 8)")T1(8)dd
+f Swu(B(x1 —w —8)")BBTS, 4 (BT (x) — w — 9)")d8
wa,lx [0/ xl]lB
+ 1o Swal(B(x1 —w = 0)")A($)dZu ().
From Equations (9), (11), and (14), we obtain
2(x1) = Haa (E(x1 = @)")T(0) + Maa (E(x1 — w))IT(0)
0

—E ) Sua(B(x1 —2w—8)")II(9)dd +

+ [, SwalE0n =@ = 0)")A@®)dZu(6).

(10)

(11)

(12)

(13)

(14)



Fractal Fract. 2022, 6, 664

7 of 18

We can see from Equations (3), (4), and (12) that the boundary conditions z(x) = II(x),
Z/(x) =1T'(x), and —w < x < 0 hold. Thus, Equation (6) is controllable.

Necessity. Let Equation (6) be controllable. Assume for the sake of a contradiction
that W, «[0, x1] is not positive definite and there exists at least a nonzero vector p € R”
such that p” W, [0, x1]o = 0, which implies that

0= PTWwa[O x1]po
—/ 0TS (E(x; —w — )" )BBTS(M( T(xy — ﬁ)“)pdﬁ
:/Ox1 Y Sw,vc(E(xlfw*ﬁ)a)B} {P Swac(E( w*ﬁ)a)B} le9

IS
0

Hence, we have

(B —w— 19)“)BHd19.

pTSwa(E(x; —w —8)")B=(0,...,0):= 07, foralld € F, (15)

where 0 denotes the n dimensional zero vector. Since Equation (6) is controllable, from
Definition 1, there exists a control function u1(x) that steers the initial state to z; = 0 at
x = x1. Then, we have

2(x1) = Hoa(E(x1 = @)")(0) + Mo (E(x1 — @)")IT'(0)
-8 f_w Swa(E(x) — 2w — 8)")I1(9)dd

+ Jo " Swa(E(x1 — w —8)")Buy (8)dd (16)
+ fgl Sw,a (E(xl — W — 19)06)K(19)dZH(19)
=0.

Similarly, there is a control function u,(x) that steers the initial state to z; = p at x = x.
Then, we have

z(x1) = Hou(E(x1 — @)*)TI(0) + My,a (E(x1 — w)*)IT(0)
2 [0 Swa(E(x) — 2w — 8)")TI(8)dd

+ o Swa(E(x1 — w — 8)") Buy (8)do (17)
+ o Swa(E(x1 —w — 8)")A(8)dZ (8).

By combining Equation (16) with Equation (17), we have

o= /O Sen(E(x1 — w — 0)%) Blun(8) — uy (8)]d0 (18)

By multiplying Equation (18) by pT and using Equation (15), we obtain p”p = 0. This is a
contradiction to p # 0. Thus, W, [0, x1] is positive definite. This completes the proof. [J
4. Controllability of Nonlinear Fractional Stochastic Delay Systems

In this section, we present sufficient conditions for the controllability of Equation (7).
The following hypotheses are made:

(J1) ThefunctionA : + x R" —» Lg is continuous, and there exists a constant Ly € L1(F,R™)
where g > 1 such that



Fractal Fract. 2022, 6, 664

8 of 18

E||A(x,z1) — A(x,zz)Hig < La(x)||z1 — 22|, forallx € F, 21,20 € R".
Lete € [2,00) and sup, EHA(x,O)HeLg = Nj < co.
(J2) The linear stochastic delay system in Equation (6) is controllable on .
Under the assumption of (J2), for some 1 > 0, we have E<Fxlz z) > yE||z||° for all
z € L°(Q), Fyx,, R") (see [34], Lemma 2). Furthermore, || (T} ) H < 1/5 := N (see [35]),
and we set N := max{HWu/,V‘ [0,x1]]|: 0 € :F}:

Theorem 2. Let (1) and (J2) be satisfied. Then, the nonlinear stochastic system in Equation (7) is
controllable on T if there exists a constant T, > 0 such that

No[14+57INN | <1, (19)
where 1
(H+a—1)—2
517, (2H)/2x, 7 -
Ny = 1 (Etx,a(HaHx%))eHLAHL”(:F,Rﬂ’

141
andp—I—q =1pqg>1
Proof. Before beginning to prove this theorem, we consider the set
m={z€fﬂM&= sup deFSA}
XE[—w,xq]

for each postive number A. Let x € [0, x1]. With the aid of Equation (2), the solution to
Equation (7) can be expressed as

z(x) = Hoa (E(x — w))I(0) + Mo (E(x — w)*)IT(0)
_= /f Seon(B(x — 2w — 8)")I1(8)dd
+ /Ox Swa(E(x — w — )%) Bu(8)d?
+ /O Swa(E(x — w — 8)*)A(8,2(8))dZy(9),
In addition, its control function 1, is defined as
uz(x) = BIS,u(ET (x1 —w —x)")
<E{ (1) ' [z wa 1= @)")TI(0) = M (E(x1 — @))IT(0)
+uf Swa(B(x1 — 20 — 8)")I1(8)dd
- 0 Sw,tx (E(xl —w— 19) ) (ﬂrz(ﬁ))dzH(ﬂ)} |Sx}

for x € F. Additionally, we define the following operators £1, £, on B, of the form

(20)
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(L12)(x) = Haou(E(x — w)*)II(0) + Mo (E(x — w)*)IT'(0)
—E [% Suwu(E(x — 2w — 9)*)T1(9)d9 (1)
+ [y Swa(B(x —w — 8)%) Buz(8)dd,
(L22)( / Seon(B(x — w — 0)*) A9, 2(9))dZp (8). 22)

Now, we see that 3, is a closed, bounded, and convex set of F. Therefore, there are three
essential steps to our proof:

Step 1. We prove that there exists a A>0 such that £1z + Lyp € B, forall z, p € B,.
Using Equations (21) and (22), we obtain

| L1z 4 La2p||F
= SUP,c[_ ) Ell(£12 + L2p) (x) ]|

< 5 [ Haoa (B = @)") [ EITIO) | + || Mo (E(x — @)*) [ EJTT (0)

o (B(x — 2w — 19)"‘)H(19)d19HE (23)
+E| f5 Swa(E(x —w — 8)")Buz(8)d8||*
| fi Swa(Elx — w — 8)") A8, p(8))dZi(9) ]
=Yool

foreach x € F and z, p € B,. From Lemma 2, we have

I =57 | Hew (B(x — w)®) || E|TI(0) ||©
<5 EL (2] (x — w)®)) E||TT||¢,

L =51 [Maa (E(x - w)") BT (0
< 57 (B 2 ([ 2]|x")) BT ¢

0 e
I = 52| °E / Swa(E(x — 2w — 8)")I1(8)dD
—w

< 5 et B [ | Sua (B - 20 - 8)7) a8

< 572w (B E]2%)) EITIE,

e

I, =5 'E

) Sl =@ = 0))a(6,p(9)dZu()

2}6/2

= 5¢- 1E{H/ Sen(E(x — w — 0)%) A9, p(8))dZp (9)
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By employing Lemma 1, the Kahane-khintchine inequality, and Holder’s inequality, there
exists a constant 7, such that
2 } 8/2

e/2
< 50 173{2Hx2H 1 EHSW(E(x—w 8)")A( ,P(ﬂ))Higdﬂ}

<51y { H/ S (E(x — w0 — 8))A(8, p(8))dZs1 (8)

Tg 2Hx*H

(21211)"
<5 1Te( ) /
s NFEY

{(/ (Bl (26— o~ 1) 2@ 00 ) a0 ([a0) }

< 5¢- g, (2H) /2 ¢ /0 E|[Sua (E(x — w — 8)*) A9, p(9

) e/2
{/0 E||Swq(B(x —w — ﬁ)a)A(ﬂrP(ﬁ))HLgdﬁ}

2Hx?H

||L0d19

By employing Lemma 2 and (J1), we obtain
L <5 TR H) 2 (- ) B (2] - 8)%)) ElIA(8, 0(8)) 5o
< 5e— 1 (ZH)e/Z eH—1
e—1 a—1 =) ay\® e
%20 [¥((x = )" " Ewa (2] (x = 9)*) ) A, p(8)) — A(9,0)][55d0

+ J3 (= ) M Eun(12]1(x - 9)%) ) EIA(8,0) g6}

a— - ay )¢ e 24
< 5121, (H) 2 3 (5= 9 B (20— %)) La®llp(®) 70 >V
TN fi (= 0 B (2] (x — 8)%)) do )
< 5121, )26 o5 o (v = 0)* B (121 (x — 9)%) ) La(8)d0
xe(a—1)+1 A _ e
i (B 121))°
Moreover, from (J1) and the Holder inequality, we have
e
Sy (=0 1Eaa(||s\|<x—ﬂ>“>) La(9)d®
1 1
IX — a \ P 7 H
< (fo (=0 " Eaa (2l (x—0)")) " d8) " (fi LA(8)d0)’
1 1 (25)
< (Baa(I12]55))° (Jo (x = )@ 7a)” ( f L4 (8)do) "
xi,xfl)w%

< ———(E =lx )L _
- ((D(—l)ep—&-l)%( ”""‘(H ” l)) H A”Lq(:F,Rﬂ
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By substituting Equation (25) into Equation (24), we find

14 S 56712671Te(2H)C/2x(iH71

x(rxfl)eJr%
X ; T (Eaa (120121))° I Lall a5 )
((a—V)ep+ 1)1
e(a—1)+1
u =1 %))e
oo 1 CealllEl3D) }

(10)5_1Te(2H)e/2xi(H+“_l)NA
e(a—1)+1

— 2671N2/\_|_ (]EIX,DC(”E‘”'X%))E

Furthermore, using Equaiton (20), we obtain

e

Is =5 'E

[ Suntete - om0

<51

WA,

<[ @) 7|5 Bz + [How @0 — @) I EITO)F
H M (B = @) [°E[|TT(0)[

e

+IE[°E

‘/Ow S (E(x1 — 2w — 8)*)T1(9)d0

+15H/0X1 Swa(B(x1 — w — 0)*)A(8,2(8))dZp (0)

I}

2\
< 52NN, lE||21||e +00) + (5> NZ/\],

where

6(x) := (Ea (| El|(x — )")) EILE + (xEaa(12]x")°E[[ 1V
e
+ 12wt (" Exa(E]1x) ) EITT|E

ZeflTe(ZH)e/er(HJrlel)NA
e(a —1)+1

(Ena([12]]2%)) .
From I; to Is, Equation (23) becomes
L1z + Lapll
< 5 (Ex (20 (x - ") BT
+ (B2 (| 2]x) B[ 11|
e
IR W (3 B (E]x)) BT

e—1 -1 e/2 e(H+a—1)
2°¢ 2H N,
+(2 NpA + (2H)77x, a
e(a —1)+1

(Baa([12]x1))°
2 e—1
+5871NN1 |}5||z”|3 +0(x1) + <5> Nz)\] }

< 56*1{9(x1) (1 + 56*1NN1)

2 e—1
5NN E|[z1 || + (5) /\Nz(l +5€*1NN1) }
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Thus, for some sufficiently large A, and from Equation (19), we have L1z + L;p € B,.
Step 2. We prove L; : By — F is a contraction. Using Equation (20), we obtain

E[[(£12)(x) = (L1p) ()
/Ox Sn (E(x — w — 9)") B[uz(9) — u,(9)]dd

e

=E

e

<

wito, x| )™

e

8 E‘ /;1 Swa(E(x —w —8)")[A(9,p(8)) — A(8,2(0))]dZn (¥)
< T, NN (2H)*/2xH1

X /Ox E[|Swa(E(x —w —8)")[A(8,0(8)) — A(8,2(9))] ||eLgdl9

< TeNNl(ZH)e/zxﬁH_lEHz—p||;/O ((x—ﬁ)“*lEa,a(HaH(x—19)“)) La(9)d¢
e(H+a—1)-1
T.(2H)% 2x i _
< NN;— ! 7 (Eau (1E]12) N Lall o r+ Ellz — ol 7
(e —L)ep+ 1)
NN N,

< o1 Ellz—pllF
< uE|z —p||%,

foreach x € Fand z,p € By, where u := NN;N,/5°"1. We may deduce from Equation (19)
and, noting u < 1, that £; is a contraction mapping.

Step 3. We prove £, : B, — F is a continuous compact operator.

First, we show that £; is continuous. Let {z,} be a sequence such that z, — z as
n — oo in B). Thus, for each x € F, using Equation (22) and Lebesgue’s dominated
convergence theorem, we obtain

E||(Lazn)(x) — (L22)(x) ]|
< 1 (2H)*/ 251 /0 | Swa (B(x —w — 8)%) || “E[|A(8, 24 (8)) — A(8,z(8))|75d?
< w@H 2 [M(( - 0 T Eaa (181 - 0)") ) Ta(®)

El|z,(8) — z(8)[°d® — 0, asn — co.

Hence, £, : B, — F is continuous.
After that, we prove that £, is uniformly bounded on B,. For each x € T,z € B,,
we obtain
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[ L2z = sup E||(L2z) (x) ||
XEF

X e
< sup{E’ / Swn(B(x — w — 6)")A(9,2(8))dZp(9) }
XEeF 0
2\ 2017, (2H)e/ 2 TN,
< — E AN
< (5> NoA + el@—1)+1 (Baa(1E]x1))%,

which leads to £, being uniformly bounded on B,.
It remains to be proven that £; is equicontinuous. For xp, x3 € F,0 < xp < x3 < x1,
and z € B,, using Equation (22), we obtain

(L£22)(x3) — (L22)(x2)
_ /Oxs S (E(x3 — w — 8)*)A(8, 2(9))dZp (8)

~ /(;xz S (B(x2 — w — 8)*)A(8, 2(8))dZx (9)
=Y + %>,

where .
¥, = /X Sun(B(xs — w — 0)") A8, 2(8))dZy (9),

2

and
¥, = /Ox2 (S (B(x3 — @ — 0)%) — Swa (B(x2 — w — 8)*)] A(8, 2(8))dZs (9).

Thus, we have

E||(L22)(x3) — (£L22)(x2)[|° = E[¥1+ ¥2

(26)
< 27HE|[¥1 | + E|[¥2|}

Now, we can check ||'¥;|| — 0 as x, — x3,i = 1, 2. For ¥1, we obtain

e

B | —E\

[ Sun(Elrs = w — 0))A(6,2(9))dZn(9)

2

< 1,(2H)"? (x5 — xp)°H ! /:3 E[|Swa (E(x3 — w — 8)*) A(8,2(9)) | 19d?

2
< zeflTe(ZH)e/Z(xg _ xz)erl

el [ (6= 0 Baa (121G - 0)%) La(0)a0

(.X3 _ xz)e(lel)+lNA

* e(a—1)+1

(EM(HEng))e} — 0, as xp — x3.
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For ¥,, we find

E[[¥>
=E ‘/Oxz [Swa(B(xs —w = 8)") = Swa(E(x2 — w — 9)*)]A(Y,2(8))dZp (9)
< 1 (2H)/ 251
X /Oxz B[S (E(xs — = 8)") = Swa(B(xs — w = 8)")]A(8,2(8))[ 1y
< 20717, (2H) /g

x{ / [Swa (B(xs — @ — 8)") — Sua (E(x2 — w — 8)%) L (8)dB

e

+NA/ |Swa(B(xz —w —8)") = Swa(B(xa —w —8)")|| dﬁ}
Sze 1Te(2H) /ZxSH 1

x {/\||LAHL@(¢,R+)
x »

X (/O 2<||Sw,a(5(x3—w—l9)“) —Sw,a(a(xz_w_ﬂ)a)ne)P) 4o
X2 X

+NA/0 |80 (B(xs = @ = 8)%) = Swa(EBlxz —w = 8)7) | dﬂ}

From Equation (4), we know that S, (2(x)") is uniformly continuous for x € F. Hence,
we have

[Sua (B(xs — w — 8)%) = Swa(E(x2 — @ — 9)*)|| — 0, as x — x3.
Therefore, we have ||¥;|| — 0as x; — x3,i = 1, 2, which implies, using Equation (26), that
E||(£22)(X3) — (EzZ)(Xz)He — 0, asxp, — x3,

forall z € B,. As aresult, £; is compact on B, by applying the Arzela—Ascoli theorem.
Thus, £1 + £; has a fixed point z on 13, using Krasnoselskii’s fixed point theorem (Lemma 3).
Moreover, z is also a solution to Equation (7), and (£1z + £3z)(x1) = z1. This indicates
that u, steers the system in Equation (7) from zj to z; in a finite time x;, , implying that
Equation (7) is controllable on F. This completes the proof. [

5. An Example

Consider the following linear delay fractional stochastic controlled system:

(CDéfZ)( )+ Ez(x — 0.5) = Bu(x) + A(x)dZy(x), forx € Q:=10,1], -
z(x) =I(x), Z/(x) =IT'(x) for —0.5 < x <0, (27)
where e
1 2 1 _ xe
E: 'B: ’Ax = 4—9{ 7
(0 1) (2> () <\/§4€>
and
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By constructing the corresponding fractional delayed Gramian matrix of Equation (27) via
Equation (9), we obtain

1
Wos,1500,1] = /0 So515 (3(0.5 - 19)1-5) BBTSy515 (ET(O.S - 19)1-5)(119
=: 01+ 0o,

where 05
0 = /0 So515 (5(0.5 . 19)1-5) BBTSy515 (ET(O.S . 19)1-5) ds,

for (0.5 —9) € (0,0.5),
1
o = _ 1.5 T =T _ 1.5
0, = /O L S0s15 (_(0.5 9) )BB Sos.15 (u (05— 9) )dﬂ,

for (0.5 —8) € (—0.5,0), and

£, —o00 < x < —0.5,
. I, —05<x<0,
215 L - L5
Hos,15 (Hx ) : I— ':'I")(CZ.S) 3 0<x<0.5,
= x5 =2 (x—0.5)
I-E5 +825pY, 05<x<,
£, —o0 < x < —05,
. I(x+0.5), —05<x<0,
m15) o 425
Mosas (ux ) = I(x+0.5) — a%, 0<x<05
= x25 =2 (x—0.5)*
I(x+05) - B + B2 52k, 05<x<1,
in addition to
%, —o0 < x < —0.5,
0.5
(209) e, ~05<x<0,
80515 Ex ) = (x4+050° 2
1) — 25,  0=x<05
(x+0.5)™ -~ x2 =2 (x—0.5)

Next, we can calculate that

O, — 0.1274  0.5036 0, — 0.15915 0.3183
17105036 —0.11406 ) 27\ 03183 0.6366 )

Then, we obtain

0.28655 0.8219
Wos515(0,1] = 01 + 02 = ( 0.8219  0.52254 )

and
—0.99382  1.5632 )

-1 _
Wos,15(0.1] —( 15632 —0.54500

Therefore, we see that W 5150, 1] is positive definite. Hence, the system in Equation (27)
is controllable on [0, 1] by Theorem 1, which implies that the assumption (J2) is satisfied.
Furthermore, consider the corresponding nonlinear fractional stochastic delay system of
Equation (27) as follows:

(°D§?z) (x) 4+ Bz(x — 0.5) = Bu(x) + A(x,z(x))dZy(x), forx e F:=[0,1],

z(x) =II(x), 2/(x) =IT'(x) for —05<x <0, (28)
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where

xe”‘z x
A 2(x)) = ( WS )
Next, by selecting e = p = g = 2, we find

N
B1A(x,2) — A0 o)y = (25— ) (2100 = 1307 + () — 23]

—2x
xe 2

for all x € F, and z(x), p(x) € R% We set Ly(x) = xexp(—2x)/16 such that
L € L2(F,R*) in (J1), and we have

1
1 9exp(—208)1> 2
ILall2 (5 m) = (/0 {191(6)} d19> = 0.00964.

Then, by choosing « = 1.5, 7. = 0.018, and H = 0.75, we obtain

(H+a—1)—1

5017, (2H)*/ 2x, / _

Np := ;( D ! Y. (Eoa ([1E121))° | Lall o m ) = 0.01.
a—1)ep+1)7

Furthermore, we have

0.28655z2  0.8219z2 ”
B(Wos1510,112.2) = ] 5 ) = el
0.8219z2  0.52254z2

where 0 < 77 < 0.28655, and thus N; = 3.4898 and N = 1.8075. Finally, we calculate that
Ny [1 +5e’1NN1} — 032539 < 1,

which implies that all the conditions of Theorem 2 are met. Therefore, the system in
Equation (28) is controllable.

6. Conclusions

In this paper, using a fractional delayed Gramian matrix and the exact solutions of
linear fractional stochastic delay systems, we derived the controllability results. Further-
more, by applying Krasnoselskii’s fixed point theorem and the exact solutions of nonlinear
fractional stochastic delay systems, we established the controllability results.

The results of this paper will be supplemented in the future to derive the Hyers-Ulam
stability of fractional stochastic delay systems of the order a € (1,2].
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