
Citation: Arul, R.; Karthikeyan, P.;

Karthikeyan, K.; Geetha, P.;

Alruwaily, Y.; Almaghamsi, L.;

El-hady, E.-s. On Ψ-Hilfer Fractional

Integro-Differential Equations with

Non-Instantaneous Impulsive

Conditions. Fractal Fract. 2022, 6, 732.

https://doi.org/10.3390/

fractalfract6120732

Academic Editors: John R. Graef,

Alina Alb Lupas and Adriana Catas

Received: 15 November 2022

Accepted: 7 December 2022

Published: 10 December 2022

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

fractal and fractional

Article

On Ψ-Hilfer Fractional Integro-Differential Equations with
Non-Instantaneous Impulsive Conditions
Ramasamy Arul 1, Panjayan Karthikeyan 2, Kulandhaivel Karthikeyan 3 , Palanisamy Geetha 3,
Ymnah Alruwaily 4, Lamya Almaghamsi 5 and El-sayed El-hady 4,6,*

1 Department of Mathematics, Gnanamani College of Technology, Namakkal 637018, Tamilnadu, India
2 Department of Mathematics, Sri Vasavi College, Erode 638 316, Tamil Nadu, India
3 Department of Mathematics, KPR Institute of Engineering and Technology,

Coimbatore 641407, Tamil Nadu, India
4 Mathematics Department, College of Science, Jouf University, P.O. Box 2014, Sakaka 72388, Saudi Arabia
5 Department of Mathematics, College of Science, University of Jeddah, P.O. Box 80327,

Jeddah 21589, Saudi Arabia
6 Basic Science Department, Faculty of Computers and Informatics, Suez Canal University,

Ismailia 41522, Egypt
* Correspondence: eaelhady@ju.edu.sa

Abstract: We establish sufficient conditions for the existence of solutions of an integral boundary value
problem for a Ψ-Hilfer fractional integro-differential equations with non-instantaneous impulsive
conditions. The main results are proved with a suitable fixed point theorem. An example is given to
interpret the theoretical results. In this way, we generalize recent interesting results.

Keywords: fractional differential equations; Hilfer fractional integro-differential equations; fractional
boundary conditions; existence and uniqueness

1. Introduction

There has been a lot of research completed so far on fractional differential equations
(FDEs) with initial and boundary conditions (BCs). The reason for this is FDEs accurately
describe many real-world phenomena such as biology, physics, chemistry, signal processing,
and many more (see, e.g., [1–13]). Furthermore, it should be remarked that FDEs have
interesting applications in solving inverse problems, and in the modeling of heat flow in
porous material (see, e.g., [14–25]).

Impulsive equations arise in fields such as engineering, biology, physics, and medicine,
where objects change their state rapidly at certain points. Instantaneous impulses (InI)
are known as the ones with relatively short duration of changes. On the other hand, non-
instantaneous impulses (N-InI) are those in which an impulsive activity begins suddenly at
some places and remains active for a set amount of time. For more details of such processes
in interesting applications such as ecology and pharmacokinetics and more see, e.g., [26–30].
Hernandez and O’Regan in [31] pioneered N-InI differential equation. They reported that
the InI cannot describe certain processes, such as the evolution of pharmacology. For some
problems involving N-InI in psychology see [32]. For some recent works, on N-InI FDEs,
see, e.g., [33–37] and references therein.

In [1], S. Asawasamrit et al. studied the Ψ-Caputo fractional derivative (FD) and
N-InI BVPs. In [28], V. Gupta et al. established the FDEs with N-InI. Ψ-Hilfer FDEs with
impulsive conditions was studied in [38]. In [2], M. S. Abdo et al. discussed the Ψ-Hilfer
FD involving BCs. Ψ-Hilfer FD and inclusions with N-InI was established in [29].
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In [26], M. I. Abbas, studied the proportional FD with respect to another function of
the form

aDp,q,g℘(u) = F (u,℘(u), aI r,q,g℘(u)), u ∈ (si, ui+1],

℘(u) = Ψk(u,℘(u+k )), u ∈ (ui, si], i = 1, . . . ,m,

I 1−p,q,g℘(a) = ℘0 ∈ R.

where aDp,q,g, aI r,q,g is the proportional FD and fractional integral with respect to another
function and F is continuous.

In [11], C. Nuchpong et al. discussed the Hilfer FD with non-local BCs of the form

HDp,q℘(u) = F (u,℘(u), I δ℘(u)), u ∈ [a, b]

℘(a) = 0,
∫ b

a
℘(s)ds+ ` =

m−2

∑
i=1

ςi℘(ϑi).

where HDp,q- Hilfer FD and I δ- Riemann–Liouville fractional integral and the function F
is continuous.

In [33], A. Salim et al. established the BVP for implicit fractional order generalized
Hilfer-type FD with N-InI of the form(

αDp,q
τ+

℘
)
(u) = F (u,℘(u), (αDp,q℘)(u)), t ∈Ji,

℘(u) = Hi(u,℘(u)), u ∈ (ui, si], i = 1, . . . ,m,

ϕ1

(
αI 1−ε

a+

)
(a) + ϕ2

(
αI 1−ε

τ+

)
(b) = ϕ3,

where αDp,q
τ+

,α I 1−ε
a+ are the generalized Hilfer-type FD and fractional integral and the

function F is continuous.
Inspired by the aforementioned works, we studied the Ψ-Hilfer fractional integro-

differential equations (Ψ-HFI-DEs) with N-InI multi-point BCs of the form (with HDp,q;Ψ is
the Ψ- Hilfer FDs of order p, 1 < p < 2)

HDp,q;Ψ℘(t) = F (t,℘(t), Ψ℘(t)), t ∈ (si, ti+1], (1)

℘(t) = Hi(t,℘(t)), t ∈ (ti, si], i = 1, . . . ,m, (2)

℘(0) = 0, ℘(T ) =
m

∑
i=1

νiI
ςi℘(υi), νi ∈ R, υi ∈ [0, T ], (3)

where 0 ≤ q ≤ 1, νi ∈ R, υi ∈ [0, T ], I ςi -is Ψ-Riemann–Liouville fractional integral
of order ςi > 0 and 0 = s0 < t1 ≤ t2 < ... < tm ≤ sm ≤ sm+1 = T ,- pre-fixed,
F : [0, T ]×R×R −→ R and Hi : [ti, si]×R −→ R is continuous. In addition, Ψ℘(t) =∫ t

0 k(t, s)℘(s)ds and k ∈ C (D,R+) with domain D = {(t, s) ∈ R2 : 0 ≤ s ≤ t ≤ T }.
Motivations:

1. The principal motivation for this article is to introduce a new class of N-InI Ψ-HFI-DEs
with multipoint BCs by using the Ψ-Hilfer FD.

2. Krasnoselkii’s and Banach’s fixed point theorem (FPT) are used to investigate the
existence and uniqueness of solutions of (1)–(3).

3. We extend the results in [39] by including Ψ-Hilfer FD, nonlinear integral terms, and
N-InI conditions.

The organization of the article is as follows: In Section 2, some essential notations,
definitions, and some useful lemmas are provided. In Section 3, we used the suitable
conditions for the existence and uniqueness of the solution of (1)–(3). Section 4 focuses on
an application to illustrate the results.
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2. Supporting Notes

Let PC ([0, T ],R) = {℘ : [0, T ]→ R : ℘ ∈ C (tk, tk+1],R} be the space of continuous
functions and there exists ℘(t−k ) and ℘(t+k ) with ℘(t−k ) = ℘(t+k ) the norm ‖℘‖PC =
sup{|℘(t)| : 0 ≤ t ≤ T }. Clearly, PC ([0, T ],R) endued with norm ‖.‖PC . See [40] for
the notion of the Riemann–Liouville fractional integral and derivative of order p > 0.

Definition 1 ([41]). The fractional integrals and FDs for a function F ’s with regard to Ψ are
defined as:

Ip;ΨF (u) =
1

Γ(p)

∫ u

0
Ψ′(s)(Ψ(u)−Ψ(s))p−1F (s)ds,

and

Dp;ΨF (u) =
1

Γ(n− p)
(

1
Ψ′(u)

d

du
)n
∫ u

0
Ψ′(s)(Ψ(u)−Ψ(s))n−p−1F (s)ds,

respectively.

Definition 2 ([2]). For n ∈ N, let n− 1 < p < n and F ∈PC ([a, b],R). The Ψ-Hilfer FD of
order p and type 0 ≤ q ≤ 1 for a function F HDp,q;Ψ(.) is defined as

HDp,q;ΨF (t) = I q(n−p;Ψ
(

1
Ψ′(t)

d

dt

)n

I (1−q)(n−p;ΨF (t).

Lemma 1 ([2]). Assume p, ι, δ > 0. Then,

(i)I p;ΨI ι;Ψh(t) = I p+ι;Ψh(t),

(ii)I p;Ψ(Ψ(t)−Ψ(0))δ−1 =
Γ(δ)

Γ(p+ δ)
(Ψ(t)−Ψ(0))p+δ−1.

Note: HDp,q;Ψ(Ψ(t)−Ψ(0))γ−1 = 0.

Lemma 2 ([2]). Suppose n ∈ N, let F ∈ L (a, b), n− 1 < p ≤ n, 0 ≤ q ≤ 1, γ = p+ nq−
pq, I (n−p)(1−q)F ∈ A C k[a, b]. Then

(I p;Ψ; ΨHDp,q;ΨF )(t) = F (t)−
n

∑
k=1
− (Ψ(t)−Ψ(0)

Γ(γ− k+ 1)
F

[n−k]
Ψ limt−→a+(I

(n−p)(1−q);ΨF )(t),

where F
[n−k]
Ψ =

(
1

Ψ′(t)
d
dt

)n−k
F (t).

Lemma 3. A function PC ([0, T ],R) given by,
℘(t) =

Hi(sm) +
1

Γ(p)

∫ t
a Ψ′(s)(Ψ(t)−Ψ(s))p−1ω(s)ds

+ (Ψ(t)−Ψ(0))γ−1

∆Γ(p)

[
∑m

i=1 νi
∫ υi

0 Ψ′(t)(Ψ(υi)−Ψ(s))p−1ω(s)ds
]
, t ∈ [0, t1],

Hi(t), t ∈ (ti, si], i = 1, 2, . . . ,m,
Hi(si) +

1
Γ(p)

∫ t
0 Ψ′(s)(Ψ(t)−Ψ(s))p−1ω(s)ds

− 1
Γ(p)

∫ si
0 Ψ′(s)(Ψsi −Ψs)p−1ω(s)ds, t ∈ (si, ti+1], i = 1, 2, . . . ,m.

(4)
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is a solution of the system

HDp,q;Ψ℘(t) = ω(t) t ∈ (si, ti+1] ⊂ [0, T ], 0 < p < 1,

℘(t) = Hi(t), t ∈ (ti, si], i = 1, . . . ,m, (5)

℘(0) = 0, ℘(T ) =
m

∑
i=1

νiI
ςi℘(υi).

Proof. Assume that ℘(t) is satisfies for Equation (4). Integrating the first equation of (4)
for t ∈ [0, t1], to obtain

℘(t) = ℘(T ) +
1

Γ(p)

∫ t

0
Ψ′(s)(Ψ(t)−Ψ(s))p−1ω(s)ds. (6)

Now, if t ∈ (si, ti+1], i = 1, 2, . . . ,m and again integrating the first equation of (4),
we have

℘(t) = ℘(si) +
1

Γ(p)

∫ t

si
Ψ′(s)(Ψ(t)−Ψ(s))p−1ω(s)ds. (7)

Now, we apply impulsive condition, ℘(t) = Hi(t), t ∈ (ti, si], we obtain

℘(si) = Hi(si). (8)

Consequently, from (7) and (8), we obtain

℘(t) = Hi(si) +
1

Γ(p)

∫ t

0
Ψ′(s)(Ψ(t)−Ψ(s))p−1ω(s)ds. (9)

and

℘(t) = Hi(si) +
1

Γ(p)

∫ t

0
Ψ′(s)(Ψ(t)−Ψ(s))p−1ω(s)ds

− 1
Γ(p)

∫ si

0
(Ψ′(s)Ψsi −Ψs)p−1ω(s)ds. (10)

Now, we prove that ℘ satisfies the BCs (4). Obviously ℘(0) = 0.

m

∑
i=1

νiI
ϕi℘(υi) (11)

=
m

∑
i=1

νiI
α+ϕi ω(υi) +

m

∑
i=1

νi
(Ψ(t)−Ψ(0))p−1

∆Γ(γ)

[ m

∑
i=1

νiI
p+ϕi ;Ψω(υi)− Iα;Ψω(b)

]
=Ip;Ψω(T ) +

(Ψ(t)−Ψ(0))γ−1

∆

[ m

∑
i=1

νiI
p+ϕi ;Ψω(υi)

]
(12)

=℘(T )

Hence, by using the FDs, integral definitions, and Lemmas. Now it’s clear that (6),(10),
and (11)⇒ (4).
where

∆ = (Ψ(t)−Ψ(0))γ−1
m

∑
i=1

νi(Ψ(υi)−Ψ(0))γ−1 6= 0.

FPT plays a crucial role in many interesting results see, e.g., [12,13,42].
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Theorem 4 ([43]). (Banach FPT)
If C is a closed nonempty subset of a Banach space (BSp.) B. Let N : C → C , be a contraction
mapping, then N has a unique FP.

Theorem 5 ([44]). (Krasnoselkii’s FPT)
Let K be a closed, convex, and nonempty subset of a BSp. X. Suppose Q, R are two operators
satisfying:
(i) Qx+Ry ∈ K for any x,y ∈ K.
(ii)Q is completely continuous and contraction operator.
(iii) R is a contraction mapping. Then ∃ at least one FP z1 ∈ K: z1 = Qz1 +Rz1.

3. Main Results

We use this section to present our results. We employ two known FPT to investigate
the existence and uniqueness of solutions of (1)–(3).

Theorem 6. Assume the following assumption holds.
(Al1): ∃ positive constants L , G , M , Lhi

:

|F (t,℘1, ω1)−F (t,℘2, ω2)| ≤ L |℘1 − ℘2|+ G |ω1 −ω2|, for t ∈ [0, T ],

℘1,℘2, ω1, ω2 ∈ R.

|k(t, s, ϑ)− k(t, s, ν)| ≤M |ϑ− ν|, f or t ∈ [ti, si] ϑ, ν ∈ R.

|Hi(t, v1)−Hi(t, v2)| ≤ Lhi
|v1 − v2|, f or v1, v2 ∈ R.

If

Z : max
{

max
i=1,2,...,m

Lhi
+

(L + G M )

Γ(p+ 1)
(tpi+1 + spi ),

Lhi
+ (L + G M )

{ (Ψ(t)−Ψ(0))p

Γ(p+ 1)
+

(Ψ(t)−Ψ(0))γ−1

|∆|Γ(γ) (13)[ m

∑
i=1
|νi|

(Ψ(υi)−Ψ(0))p+ϕi ;Ψ

Γ(p+ ϕi + 1)

]}}
< 1,

then the problem (1)–(3) has a unique solution on [0, T ].

Proof. Expound the operator N : PC ([0, T ],R) −→PC ([0, T ],R) by

(N ℘)(t) =



Hm(sm,℘(sm)) + 1
Γ(p)

∫ t
0 Ψ′(s)(Ψ(t)−Ψ(s))p−1F (s,℘(s), B℘(s))ds

+ (Ψ(t)−Ψ(0))γ−1

∆

[
∑m

i=1 νi
∫ υi

0 Ψ′(t)(Ψ(υi)−Ψ(s))p−1F (υi,℘(υi), B℘(υi)
]
, t ∈ [0, t1],

Hi(t), t ∈ (ti, si], i = 1, 2, . . . ,m,

Hi(si) +
1

Γ(p)

∫ t
0 Ψ′(s)(Ψ(t)−Ψ(s))p−1F (s,℘(s), B℘(s))ds

− 1
Γ(p)

∫ si
0 Ψ′(s)(Ψsi −Ψs)p−1F (s,℘(s), B℘(s))ds, t ∈ (si, ti+1], i = 1, 2, . . . ,m.

Clearly N is well defined and N ℘ ∈PC ([0, T ],R). We now prove that N is a contrac-
tion.
Case:1. When ℘,℘ ∈PC ([0, T ],R) and t ∈ [0, t1], we obtain

|(N ℘)(t)− (N ℘)(t)|

≤ Lhi
+ (L + G M )

{ (Ψ(t)−Ψ(0))p

Γ(p+ 1)
+

(Ψ(t)−Ψ(0))γ−1

|∆|Γ(γ)[ m

∑
i=1
|νi|

(Ψ(υi)−Ψ(0))p+ϕi ;Ψ

Γ(p+ ϕi + 1)

]}
‖℘− ℘‖PC .
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Case:2. When t ∈ (ti, si], we obtain

|(N ℘)(t)− (N ℘)(t)| ≤ |Hi(t,℘(t))−Hi(t,℘(t))|
≤ Lhi

‖℘− ℘‖PC .

Case:3. When t ∈ (si, ti+1], we obtain

|(N ℘)(t)− (N ℘)(t)|

≤ |Hi(si,℘(si)−Hi(si,℘(si)|+
1

Γ(p)

∫ t

0
(t− s)p−1|F (s,℘(s), B℘(s))−F (s,℘(s), B℘(s))|ds

+
1

Γ(p)

∫ si

0
(si − s)p−1|F (s,℘(s), B℘(s))−F (s,℘(s), B℘(s))|ds,

≤
[
Lhi

+
(L + G M )

Γ(p+ 1)
(tpi+1 + spi )

]
‖℘− ℘‖PC .

Therefore N is a contraction as in the above inequality

Z =

[
Lhi

+
(L + G M )

Γ(p+ 1)
(tpi+1 + spi )

]
< 1.

Thus, the (1)–(3) problem has a unique solution ∀ ℘ ∈PC ([0, T ],R).

Theorem 7. Let condition (Al1) be satisfied and the following assumption holds:
(Al2): ∃ a constant Lgi > 0:

|F(t,W1, ω1)| ≤ Lgi(1 + |W1|+ |ω1|), t ∈ [si, ti+1], ∀ W1, ω1 ∈ R.

(Al3): ∃ a function κi(t), i = 1, 2, . . . , m:

|Hi(t,W1, ω1)| ≤ κi(t), t ∈ [ti, si], ∀ W1, ω1 ∈ R.

Assume that Mi : supt∈[ti,si ]
κi(t) < ∞, and K := max Lhi < 1, for all i = 1, 2, .., m. Then

the (1)–(3) problem has at least one solution on [0, T ].

Proof. Suppose that Bp,r = {℘ ∈ PC ([0, T ],R) : ‖℘‖PC ≤ r}. Let Q and R be two
operators on Bp,r defined as follows:

Q℘(t) =


Hm(sm,℘(sm)), t ∈ [0, t1],
Hi(t,℘(t)), t ∈ (ti, si], i = 1, 2, . . . ,m,
Hi(si,℘(si)), t ∈ (si, ti+1], i = 1, 2, . . . ,m.

and

R℘(t) =



1
Γ(p)

∫ t
a Ψ′(s)(Ψ(t)−Ψ(s))p−1F (s,℘(s), B℘(s))ds

+ (Ψ(t)−Ψ(0))γ−1

∆

[
∑m

i=1 νi
∫ υi

0 Ψ′(t)(Ψ(υi)−Ψ(s))p−1F (υi,℘(υi), B℘(υi)
]
, t ∈ [0, t1],

0, t ∈ (ti, si], i = 1, 2, . . . ,m,
1

Γ(p)

∫ t
0 Ψ′(s)(Ψ(t)−Ψ(s))p−1F (s,℘(s), B℘(s))ds

− 1
Γ(p)

∫ si
0 Ψ′(s)(Ψs(i) −Ψ(s))p−1F (s,℘(s), B℘(s))ds, t ∈ (si, ti+1], i = 1, 2, . . . ,m.

step.1 For ℘ ∈ Bp,r then Q℘+R℘ ∈ Bp,r.
case.1 For t ∈ [0, t1],
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|Q℘+R℘| ≤ |Hm(sm,℘(sm))|+ 1
Γ(p)

∫ t

0
(t− s)p−1|F (s,℘(s), B℘(s))|ds

+
(Ψ(t)−Ψ(0))γ−1

∆

[ m

∑
i=1

νi

∫ υi

0
Ψ′(t)(Ψ(υi)−Ψ(s))p−1F (υi,℘(υi), B℘(υi)dυi

]
,

≤
[
Lhi

+ (L + G M )
{ (Ψ(t)−Ψ(0))p

Γ(p+ 1)
+

(Ψ(t)−Ψ(0))γ−1

|∆|Γ(γ)[ m

∑
i=1
|νi|

(Ψ(υi)−Ψ(0))p+ϕi ;Ψ

Γ(p+ ϕi + 1)

]}]
(1 + r) ≤ r.

case:2 ∀ t ∈ (ti, si],

|Q℘+R℘| ≤ |Hi(t, W1(t))| ≤Mi.

case:3. ∀ t ∈ (si, ti+1],

|Q℘+R℘(t)| ≤ |Hi(si,℘(si))|+
1

Γ(p)

∫ t

0
(t− s)p−1|F (s,℘(s), B℘(s))|ds

+
1

Γ(p)

∫ si

0
(si − s)p−1|F (s,℘(s), B℘(s))|ds,

≤Mi +

[
Lgi(s

p
i + tpi+1)

Γ(p+ 1)

]
(1 + r) ≤ r.

Thus,
Q℘+R℘ ∈ Bp,r.

step:2 Q is contraction on Bp,r.
case:1.℘1,℘2 ∈ Bp,r then t ∈ [0, t1],

|Q℘1(t)−Q℘2(t)| ≤ Lgm |℘1(sm)− ℘2(sm)| ≤ Lgm‖℘1 − ℘2‖PC .

case:2. ∀ t ∈ (ti, si], i = 1, 2, . . . ,m,

|Q℘1(t)−Q℘2(t)| ≤ Lgi‖℘1 − ℘2‖PC .

case:3. For t ∈ (si, ti+1],

|Q℘1(t)−Q℘2(t)| ≤ Lgi‖℘1 − ℘2‖PC .

We can deduce the following from the above inequalities:

|Q℘1(t)−Q℘2(t)| ≤ K ‖℘1 − ℘2‖PC .

Hence, Q is a contraction.
step:3. We prove that R is continuous.
Assume ℘n be a 3 ℘n → ℘ sequence in PC ([0, T ],R).
case:1. ∀ t ∈ [0, t1],

|Q℘n(t)−Q℘(t)| ≤
[
(Ψ(t)−Ψ(0))p

Γ(p+ 1)
+

(Ψ(t)−Ψ(0))γ−1

|∆|Γ(γ)

[ m

∑
i=1
|νi |

(Ψ(υi)−Ψ(0))p+ϕi ;Ψ

Γ(p+ ϕi + 1)

]]
‖F (.,℘n(.), ., )−F (.,℘(.), ., )‖PC .
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case:2. ∀ t ∈ (ti, si], we obtain

|Q℘n(t)−Q℘(t)| = 0.

case:3. ∀ t ∈ (si, ti+1], i = 1, 2, . . . ,m,

|Q℘n(t)−Q℘(t)| ≤ (ti+1 − si)

Γ(p+ 1)
‖F (.,℘n(.), ., )−F (.,℘(.), ., )‖PC .

Thus, we conclude from the above cases that ‖Q℘n(t)−Q℘(t)‖PC −→ 0 as n→ ∞.
step:4. We prove that Q is compact.

First Q is uniformly bounded on Bp,r.

Since ‖Q℘‖ ≤ Lgi
(T )

Γ(1+p)
< r,

First Q is uniformly bounded on Bp,r. We prove that Q maps a bounded set to a Bp,r
equicontinuous set.
case:1. For interval t ∈ [0, t1], 0 ≤ E1 ≤ E2 ≤ t1,℘ ∈ Br, we obtain

|QE2 −QE1| ≤
Lgi(1 + r)

Γ(p+ 1)
(E2 − E1).

case:2. ∀ t ∈ (ti, si], ti < E1 < E2 ≤ si,℘ ∈ Bp,r, we obtain

|QE2 −QE1| = 0.

case:3. ∀ t ∈ (si, ti+1], si < E1 < E2 ≤ ti+1,℘ ∈ Bp,r, we establish

|QE2 −QE1| ≤
Lgi(1 + r)

Γ(p+ 1)
(E2 − E1).

From the above cases, we obtain |QE2 −QE1| −→ 0 as E2 −→ E1 and Q is equicontin-
uous. As a result, Q(Bp,r) is relatively compact, and Q is compact using the Ascoli–Arzela
theorem (see, e.g., [45]). Hence the (1)–(3) problems have at least one fixed point on
[0, T ].

4. Example

Consider the Ψ-Hlifer fractional BVP,

Dp,q;Ψ℘(u) =
e−u|w|

9 + eu(1 + |℘|) +
1
3

∫ u

0
e−(s−u)℘(s)ds, u ∈ (0, 1], (14)

℘(u) =
|℘(u)|

2(1 + |℘(u)|) , u ∈ (
1
2

, 1], (15)

℘(0) = 0, ℘(1) =
1
2
I

2
3 ℘

(
2
7

)
+

2
3
I

4
5 ℘

(
5
9

)
+

2
5
I

3
4 ℘

(
1
7

)
, (16)
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and L = G = 1
10 , M = 1

3 , p = 5
7 γ = 2

5 , Lh1 = 1
3 , ν1 = 1

2 , ν2 = 2
3 , ν3 = 2

5 , υ1 =
2
7 , υ2 = 5

9 , υ3 = 1
7 , ϕ1 = 2

3 , ϕ2 = 4
5 , ϕ3 = 3

4 . We shall check that condition (12) of
Theorem 6 for p ∈ (1, 2). By using theorem 6, we determine that (with m = 3)

Lhi
+

(L + G M )

Γ(p+ 1)
(upi+1 + spi ) ≈ 0.41 < 1.

and

Lhi
+ (L + G M )

{ (Ψ(u)−Ψ(0))p

Γ(p+ 1)
+

(Ψ(u)−Ψ(0))γ−1

|∆|Γ(γ)[ m

∑
i=1
|νi|

(Ψ(υi)−Ψ(0))p+ϕi ;Ψ

Γ(p+ ϕi + 1)

]}
≈ 0.485 < 1.

Hence, in view of Theorem 6 the problem (13)–(15) has a unique solution [0, T ]. This
example illustrates the obtained results.

5. Conclusions

In this paper, we discussed a new class of nonlinear Ψ−HFI-DE with NInI Conditions.
Existence and uniqueness results are established. Banach’s FPT is employed to show the
uniqueness results, while Krasnoselskii’s FPT is used to analyze the existence results. At
the end, an example is presented to demonstrate the consistency of the findings. Potential
future work could be to develop a numerical algorithm for the R-L IBVPs with different
types of FDs. Moreover, we plan to investigate our results based on other FDs such as, e.g.,
Katugampola derivative, Abu-Shady–Kaabar FD, and conformable derivative.
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