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Abstract: In this paper, the problem of the uniform stability for a class of fractional-order fuzzy
impulsive complex-valued neural networks with mixed delays in infinite dimensions is discussed
for the first time. By utilizing fixed-point theory, theory of differential inclusion and set-valued
mappings, the uniqueness of the solution of the above complex-valued neural networks is derived.
Subsequently, the criteria for uniform stability of the above complex-valued neural networks are
established. In comparison with related results, we do not need to construct a complex Lyapunov
function, reducing the computational complexity. Finally, an example is given to show the validity of
the main results.
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1. Introduction

Fractional calculus is an effective tool for dealing with arbitrary derivatives and inte-
grals. Since fractional operators are non-local, they become an excellent tool for describing
some materials and processes with memory and genetic properties. In addition, because the
fractional-order model has more degrees of freedom and unlimited memory, some scholars
introduced fractional operators into neural networks. Fractional neural networks provide a
single neuron with general computing power for signal processing, frequency-independent
phase shifting of oscillatory neuron firing, and simulation of the human brain.

Currently, neural networks are widely used for their applications in optoelectronics,
imaging, remote sensing, quantum neural devices and systems, spatiotemporal analysis
of physiological nervous systems, artificial neural information processing, and so on [1].
These applications strongly depend on the dynamic behavior of the network. Therefore,
some existing results on stability analysis of neural networks have been studied in [2,3].
In recent years, research on the dynamic performance of fractional-order neural networks
has achieved remarkable results [4,5]. For instance, Lundstrom et al. has shown that
neural network approximation at fractional scale leads to higher approximation rates [6]. It
should also be noted that fractional-order neural networks may play an important role in
parameter estimation. Therefore, it is extremely important to study the stability of fractional
neural networks.

Note that all the references mentioned above deal with real-valued systems. In recent
years, due to the successful applications of complex-valued neural networks (CVNNs) in
optoelectronics, remote sensing and artificial neural information processing, the research
on the dynamic behavior of complex-valued neural networks has attracted more and more
attention [7–10]. For some problems, complex-valued systems can better describe and
solve them, while real-valued systems cannot solve such problems. For example, the
XOR problem and the detection of a symmetry problem cannot be solved with a single
real-valued neuron, but a single complex-valued neuron with an orthogonal decision
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boundary [11]. The main difficulty faced by CVNNs is the choice of activation functions. If
the activation function in CVNNs is both bounded and analytic, according to Liouville’s
theorem [12,13], the activation function is constant. In general, CVNNs have more complex
properties than real-valued neural networks. Therefore, it is desirable to study the dynamics
of CVNNs intensively.

In many dynamical systems, processes and phenomena mutate at certain stages of
development. For instance, sudden noise can cause instantaneous disturbance to the state
in the electronic network. These sudden changes are shorter than the whole process. This
instantaneous change is called an impulsive phenomenon [14–17]. On the other hand,
fractional derivative has aroused research interest, and it has been incorporated into the
model of CVNNs by numerous academics, which stirs a surge of research interest of the
fractional-order CVNNs. Therefore, it is necessary to analyze the influence of impulsive
fractional-order complex-valued neural networks (FOCVNNs). In addition to impulses,
several other factors such as complexity, uncertainty or vagueness can be considered while
modeling the neural network problems, and this can be studied through the application
of fuzzy set theory [18]. In this context, due to the applications in image processing,
pattern recognition etc., [19], it is an endeavour to study the dynamics of impulsive fuzzy
FOCVNNs, which are challenging for the study of dynamic behavior from both theoretical
and application perspectives.

However, it is important to note that the presence of time delays, whatever the delay
in control or state deadlines, can cause the system to go from stable to unstable. There have
been many interesting results on the stability of time delays [20–25], most of which were
obtained by use of the Lyapunov method. However, the above method is only applicable
when an appropriate Lyapunov function can be constructed, otherwise the stability of
the system cannot be proved. Therefore, how to analyze the stability of impulsive fuzzy
FOCVNNs with delays without applying the Lyapunov method is quite necessary and
more interesting. For example, in [26], using the iterative method, finite-time stability of
delayed memristor-based fractional-order neural networks was discussed. In [27], using
fixed-point theory, dynamic stability of genetic regulatory networks was studied.

Previous studies show that there is very little existing work on existence and uniform
stability for fuzzy infinite-dimensional FOCVNNs with impulses and mixed delays, which
is valuable for enabling FOCVNNs for remote sensing, pattern recognition and artificial
intelligence. This constitutes the motivation for the present research. Inspired by the
aforementioned discussions, we discuss the uniform stability of a class of fuzzy fractional-
order infinite-dimensional complex-valued neural networks with mixed delays. The main
contributions of this paper lie in the following aspects:

(1) Based on fixed-point theory, theory of differential inclusion and set-valued map-
pings, several novel criteria on the existence and uniqueness for solution and uniformly
stability for the addressed infinite-dimensional FOCVNNs are derived for the first time.

(2) A numerical example is provided to demonstrate the effectiveness and feasibility
of the proposed results. Compared with [28], our model is more general.

(3) Our approach avoids constructing a Lyapunov function directly and reduces the
computational complexity.

2. Preliminaries

Notations: in this paper, R and C represent a real number set and a complex number
set, respectively. i presents the imaginary unit, i.e., i2 = −1. Let lc be the space of all
complex sequences and l1 denote the space of all absolutely summable sequences. For
z ∈ lc, |z| is the module of z, and z = (z1, z2, . . .)T ∈ lc, with zj = xj + iyj ∈ C, xj, yj ∈ R,
x = (x1, x2, . . .)T ∈ l1 and y = (y1, y2, . . .)T ∈ l1, where ’T’ represents the transpose, and
‖z‖ = ∑∞

j=1(|xj|+ |yj|). C([−τ,+∞), l1) stands for the space of all continuous functions
on [−τ,+∞).

Now we consider the space
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PC = {z(t) = x(t) + iy(t) : [−τ, +∞)→ lc, x(t), y(t) : [−τ, +∞)→ l1,
∞

∑
j=1

(|xj(s)|+ |yj(s)|) is bounded with respect to s, s ∈ [−τ, +∞), there is

0 = t0 < t1 < . . . such that zk ∈ C((tk−1, tk], lc), z(t+k ) = lim
t→tk
t>tk

(t) and z(tk) = z(t−k )

= lim
t→tk
t<tk

z(t), and z(t) = ζ(t) + iη(t), when t ≤ 0, ζ(t), η(t) ∈ C([−τ, 0], l1).}

If the space PC is endowed with the norm

‖z‖∞ = ‖z‖1 + ‖ϕ‖, z ∈ PC,

where ‖z‖1 = sups∈[0,∞)[∑
∞
j=1(|xj(s)|+ |yj(s)|)], ‖ϕ‖ = sups∈[−τ,0][∑

∞
j=1(|ζ j(s)|+ |ηj(s)|)],

then (PC, ‖ · ‖∞) is a Banach space.
We consider infinite-dimensional fractional-order impulsive fuzzy CVNNs with mixed

delays, as follows:

C
tk−1

Dλ
t zi(t) = −cizi(t) +

∞

∑
j=1

ãkj(zi(t)) f j(zj(t)) +
∞

∑
j=1

b̃ij(zk(t))hj(zj(t− τj)) +
∞∧

j=1

αkjhj(zj(t))

+
∞∨

j=1

βijhj(zj(t)) +
∞

∑
j=1

dij

∫ t

t−l(t)
hj(zj(s))ds + Ii(t), t ∈ (tk−1, tk],

∆zi(tk) = zi(t+k )− zi(t−k ) = Gik(zi(tk)), i, k ∈ J = {1, 2, . . .},

(1)

where CDλ is the Caputo’s fractional derivative with order 0 < λ < 1, zj(t) = xj(t) +
iyj(t) ∈ C and zj(t − τj) = xj(t − τj) + iyj(t − τj) ∈ C denote the state variable with
respect to the jth neuron at t and t − τj, respectively ; τj ∈ R is the time delay, τj > 0.
cj = cR

j + icI
j represents the self-feedback connection weight of jth neuron, where cR

j ,

cI
j ∈ R, ãij(zi(t)) : C→ C and b̃ij(zi(t)) : C→ C are memristor-based connective weights,∧

and
∨

denote the fuzzy AND and fuzzy OR operations, respectively; αij and βij are the
elements of fuzzy feedback MIN template and fuzzy feedback MAX template, respectively.
dij = dR

ij + idI
ij, where dR

ij , dI
ij ∈ R; l(t) ∈ R is the distributed time-delay, which satisfies

0 ≤ l(t) ≤ l; f j(zj(t)) : C → C and hj(zj(t)) : C → C are the state-activation functions;
Ik(t) = IR

k (t) + iI I
k (t) is the external input bias, where IR

k , I I
k ∈ R; Gik(zi(tk)) : C → C,

zi(t+k ) = lim t→tk
t>tk

zi(t) and zi(tk) = zi(t−k ) = lim t→tk
t<tk

zi(t); ∆zi(tk) stands for the impulsive

jump at tk.
Additionally, the state zj satisfies the initial condition as follows:

zj(t) = ϕj(t) = ζ j(t) + iηj(t), as t ∈ [−τ, 0],

where ϕj(t) ∈ C([−τ, 0],C).

Assumption 1. Let ϑ = µ + iν; the state activation functions of ith neuron can be represented
as follows:

fi(ϑ) = f R
i (µ, ν) + i f I

i (µ, ν), hi(ϑ) = hR
i (µ, ν) + ihI

i (µ, ν),



Fractal Fract. 2022, 6, 281 4 of 18

where f R
i (µ, ν), f I

i (µ, ν), gR
i (µ, ν), gI

i (µ, ν) ∈ R, and for any µ, ν, µ̃, ν̃, there are positive constants
FRR

i , FRI
i , FIR

i , FI I
i , HRR

i , HRI
i , H IR

i , H I I
i , such that

| f R
i (µ, ν)− f R

i (µ̃, ν̃)| ≤ FRR
i |µ− µ̃|+ FRI

i |ν− ν̃|,
| f I

i (µ, ν)− f I
i (µ̃, ν̃)| ≤ FIR

i |µ− µ̃|+ FI I
i |ν− ν̃|,

|hR
i (µ, ν)− hR

i (µ̃, ν̃)| ≤ HRR
i |µ− µ̃|+ HRI

i |ν− ν̃|,
|hI

i (µ, ν)− hI
i (µ̃, ν̃)| ≤ H IR

i |µ− µ̃|+ H I I
i |ν− ν̃|.

Assumption 2. Let ϑ = µ + iν, the function Gik(ϑ) = GR
ik(µ, ν) + iGI

ik(µ, ν), where GR
ik(µ, ν),

GI
ik(µ, ν) ∈ R, and for any µ, ν, µ̃, ν̃, there are positive constants GRR

ik , GRI
ik , GIR

ik , GI I
ik , such that

the following inequalities hold

|GR
ik(µ, ν)− GR

ik(µ̃, ν̃)| ≤ GRR
ik |µ− µ̃|+ GRI

ik |ν− ν̃|,
|GI

ik(µ, ν)− GI
ik(µ̃, ν̃)| ≤ GIR

ik |µ− µ̃|+ GI I
ik |ν− ν̃|.

Under Assumptions 1 and 2, system (1) can be expressed as follows:



cDλxi(t) = −cR
i xi(t) + cI

i yi(t) +
∞

∑
j=1

ãR
ij f R

j (xj(t), yj(t))−
∞

∑
j=1

ãI
ij f I

j (xj(t), yj(t)) +
∞

∑
j=1

b̃R
ij

× hR
j (xj(t− τj), yj(t− τj))−

∞

∑
j=1

b̃I
ijh

I
j (xj(t− τj), yj(t− τj)) +

∞∧
j=1

αijhR
j (xj(t),

yj(t)) +
∞∨

j=1

βijhR
j (xj(t), yj(t)) +

∞

∑
j=1

dR
ij

∫ t

t−l(t)
hR

j (xj(s), yj(s))ds

−
∞

∑
j=1

dI
ij

∫ t

t−l(t)
hI

j (xj(s), yj(s))ds + IR
i (t), t ∈ (tk−1, tk],

∆xi(tk) = xi(t+k )− xi(t−k ) = GR
ik(xi(tk)),

(2)



cDλyi(t) = −cR
i yi(t)− cI

i xi(t) +
∞

∑
j=1

ãI
ij f R

j (xj(t), yj(t)) +
∞

∑
j=1

ãR
ij f I

j (xj(t), yj(t)) +
∞

∑
j=1

b̃I
ij

× hR
j (xj(t− τj), yj(t− τj)) +

∞

∑
j=1

b̃R
ij h

I
j (xj(t− τj), yj(t− τj)) +

∞∧
j=1

αijhR
j (xj(t),

yj(t)) +
∞∨

j=1

βijhR
j (xj(t), yj(t)) +

∞

∑
j=1

dR
ij

∫ t

t−l(t)
hI

j (xj(s), yj(s))ds

+
∞

∑
j=1

dR
ij

∫ t

t−l(t)
hI

j (xj(s), yj(s))ds + Ii(t), t ∈ (tk−1, tk],

∆yi(tk) = yi(t+k )− yi(t−k ) = GI
ik(zi(tk)).

(3)

According to the memristor feature, denote

ãR
ij (xi(t)) =

{ ˆ̃aR
ij , |xi(t)| ≤ Tj

ˇ̃aR
ij , |xi(t)| > Tj

, b̃R
ij (xi(t)) =


ˆ̃bR

ij , |xi(t)| ≤ Tj

ˇ̃bR
ij , |xi(t)| > Tj

,

ãI
ij(yi(t)) =

{ ˆ̃aI
ij, |yi(t)| ≤ Tj

ˇ̃aI
ij, |yi(t)| > Tj

, b̃I
ij(zi(t)) =


ˆ̃bI

ij, |yi(t)| ≤ Tj

ˇ̃bI
ij, |yi(t)| > Tj

,
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where Tj > 0 is the switching jump, âij, ǎij, b̂ij, b̌ij âR
ij , ǎI

ij, b̂R
ij and b̌I

ij are constants related to
memristances.

Let co[m, n] represent the convex closure which is generated by m and n. Then, we
will get

co[ãR
ij (xi(t))] =


ˆ̃aR
ij , |xi(t)| < Tj

co{ ˆ̃aR
ij , ˇ̃aR

ij}, |xi(t)| = Tj

ˇ̃aR
ij , |xi(t)| > Tj

, co[b̃R
ij (xi(t))] =


ˆ̃bR

ij , |xi(t)| ≤ Tj

co{ ˆ̃bR
ij ,

ˇ̃bR
ij}, |xi(t)| = Tj

ˇ̃bR
ij , |xi(t)| > Tj

,

co[ãI
ij(yi(t))] =


ˆ̃aI
ij, |yi(t)| < Tj

co{ ˆ̃aI
ij, ˇ̃aI

ij}, |yi(t)| = Tj

ˇ̃aI
ij, |yi(t)| > Tj

, co[b̃I
ij(yi(t))] =


ˆ̃bI

ij, |yi(t)| ≤ Tj

co{ ˆ̃bI
ij,

ˇ̃bI
ij}, |yi(t)| = Tj

ˇ̃bI
ij, |yi(t)| > Tj

.

Since the right-hand sides of the systems (2) and (3) are discontinuous, its solutions cannot
be represented by traditional methods. Thus, the solution of the following system should be
considered in the sense of Filippov [29]. In the light of differential inclusion and set-valued
mappings theory, we deduce



cDλxi(t) ∈ −cR
i xi(t) + cI

i yi(t) +
∞

∑
j=1

co[ãR
ij (xi(t))] f R

j (xj(t), yj(t))−
∞

∑
j=1

co[ãI
ij(xi(t))] f I

j (xj(t),

yj(t)) +
∞

∑
j=1

co[b̃R
ij (yi(t))]hR

j (xj(t− τj), yj(t− τj))−
∞

∑
j=1

co[b̃R
ij (yi(t))]hI

j (xj(t− τj),

yj(t− τj)) +
∞∧

j=1

αijhR
j (xj(t), yj(t)) +

∞∨
j=1

βijhR
j (xj(t), yj(t)) +

∞

∑
j=1

dR
ij

∫ t

t−l(t)
hR

j (xj(s),

yj(s))ds−
∞

∑
j=1

dI
ij

∫ t

t−l(t)
hI

j (xj(s), yj(s))ds + IR
i (t), t ∈ (tk−1, tk],

∆xi(tk) = xi(t+k )− xi(t−k ) = GR
ik(xi(tk)),



cDλyi(t) ∈ −cR
i yi(t)− cI

i xi(t) +
∞

∑
j=1

co[ãI
ij(xi(t))] f R

j (xj(t), yj(t)) +
∞

∑
j=1

co[ãR
ij (xi(t))] f I

j (xj(t),

yj(t)) +
∞

∑
j=1

co[b̃I
ij(yi(t))]hR

j (xj(t− τj), yj(t− τj)) +
∞

∑
j=1

co[b̃R
ij (yi(t))]hI

j (xj(t− τj),

yj(t− τj)) +
∞∧

j=1

αijhR
j (xj(t), yj(t)) +

∞∨
j=1

βijhR
j (xj(t), yj(t)) +

∞

∑
j=1

dR
ij

∫ t

t−l(t)
hI

j (xj(s),

yj(s))ds +
∞

∑
j=1

dR
ij

∫ t

t−l(t)
hI

j (xj(s), yj(s))ds + Ii(t), t ∈ (tk−1, tk],

∆yi(tk) = yi(t+k )− yi(t−k ) = GI
ik(zi(tk)),

or aR
ij ∈ co[ãR

ij (xi(t))], aI
ij ∈ co[ãI

ij(xi(t))], bR
ij ∈ co[b̃R

ij (yi(t))], bI
ij ∈ co[b̃I

ij(yi(t))] exist, such
that
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

cDλxi(t) = −cR
i xi(t) + cI

i yi(t) +
∞

∑
j=1

aR
ij f R

j (xj(t), yj(t))−
∞

∑
j=1

aI
ij f I

j (xj(t), yj(t)) +
∞

∑
j=1

bR
ij

× hR
j (xj(t− τj), yj(t− τj))−

∞

∑
j=1

bI
ijh

I
j (xj(t− τj), yj(t− τj)) +

∞∧
j=1

αijhR
j (xj(t),

yj(t)) +
∞∨

j=1

βijhR
j (xj(t), yj(t)) +

∞

∑
j=1

dR
ij

∫ t

t−l(t)
hR

j (xj(s), yj(s))ds

−
∞

∑
j=1

dI
ij

∫ t

t−l(t)
hI

j (xj(s), yj(s))ds + IR
i (t), t ∈ (tk−1, tk],

∆xi(tk) = xi(t+k )− xi(t−k ) = GR
ik(xi(tk)),

(4)



cDλyi(t) = −cR
i yi(t)− cI

i xi(t) +
∞

∑
j=1

aI
ij f R

j (xj(t), yj(t)) +
∞

∑
j=1

aR
ij f I

j (xj(t), yj(t)) +
∞

∑
j=1

bI
ij

× hR
j (xj(t− τj), yj(t− τj)) +

∞

∑
j=1

bR
ij h

I
j (xj(t− τj), yj(t− τj)) +

∞∧
j=1

αijhR
j (xj(t),

yj(t)) +
∞∨

j=1

βijhR
j (xj(t), yj(t)) +

∞

∑
j=1

dR
ij

∫ t

t−l(t)
hI

j (xj(s), yj(s))ds

+
∞

∑
j=1

dR
ij

∫ t

t−l(t)
hI

j (xj(s), yj(s))ds + Ii(t), t ∈ (tk−1, tk],

∆yi(tk) = yi(t+k )− yi(t−k ) = GI
ik(zi(tk)),

(5)

where aij = aR
ij + iaI

ij, bij = bR
ij + ibI

ij, here aR
ij , aI

ij, bR
ij , bI

ij ∈ R.
To study the uniform stability of fractional-order fuzzy impulsive complex-valued

neural networks, critical definitions and lemmas are presented as follows.

Definition 1 ([30]). The fractional integral (Riemann–Liouville integral) Iγ
t0,t with fractional order

γ ∈ R+ of function φ(t) is defined as

Iγ
t0,tφ(t) =

1
Γ(γ)

∫ t

t0

(t− ϑ)γ−1φ(ϑ)dϑ,

where Γ(·) is the gamma function.

Definition 2 ([30]). The Caputo derivative of fractional order γ of function φ(t) is defined as

cDγ
t0,tφ(t) =

1
Γ(m− γ)

∫ t

t0

φm(ϑ)

(t− ϑ)γ−m+1 dϑ,

where m− 1 < γ < m ∈ Z+.

Definition 3. The solution of system (1) is said to be uniformly stable (δ is independent of t0) if
for any ε > 0, there exists δ = δ(t0, ε) such that t ≥ t0 ≥ 0, for any two solutions z′(t), z(t) of
system (1) with different initial conditions, it holds that ‖z′− z‖∞ ≤ ε for all t ≥ t0 ≥ 0, whenever
‖ϕ′ − ϕ‖ ≤ δ.
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Lemma 1 ([31]). Suppose that µ, ν, µ̃, ν̃ ∈ R, hj is continuous function, j = 1, 2, ... Then, one
has as ∣∣∣∣∣∣

∞∧
j=1

αijhj(µ, ν)−
∞∧

j=1

αijhj(µ̃, ν̃)

∣∣∣∣∣∣ ≤
∞

∑
j=1
|αij||hj(µ, ν)− hj(µ̃, ν̃)|,

∣∣∣∣∣∣
∞∨

j=1

βijhj(µ, ν)−
∞∨

j=1

βijhj(µ̃, ν̃)

∣∣∣∣∣∣ ≤
∞

∑
i=1
|βij||hj(µ, ν)− hj(µ̃, ν̃)|.

Lemma 2 ([32] Contraction Mapping Principle). Let Λ be a contraction operator on a complete
metric space X; then, there is a unique point χ ∈ X that satisfies Λ(χ) = χ.

Lemma 3. If xi(t) and yi(t) are the solutions of system (4) and system (5), respectively, then func-
tions xi(t), yi(t) are the solutions of the following fractional-order integral differential equations:

xi(t) =



ζi(0) +
1

Γ(λ)

∫ t

t0

(t− s)λ−1gR(s)ds, t ∈ [t0, t1],

ζi(0) +
1

Γ(λ)

∞

∑
m=1

∫ tm

tm−1

(tm − s)λ−1gR(s)ds +
1

Γ(λ)

∫ t

tk

(t− s)λ−1gR(s)ds

+
∞

∑
j=1

GR
ij (xi(tj), yi(tj)), t ∈ (tk, tk+1], k = 1, 2, . . . ,

and

yi(t) =



ηi(0) +
1

Γ(λ)

∫ t

t0

(t− s)λ−1gI(s)ds, t ∈ [t0, t1],

ηi(0) +
1

Γ(λ)

∞

∑
m=1

∫ tm

tm−1

(tm − s)λ−1gI(s)ds +
1

Γ(λ)

∫ t

tk

(t− s)λ−1gI(s)ds

+
∞

∑
j=1

GI
ij(xi(tj), yi(tj)), t ∈ (tk, tk+1], k = 1, 2, . . . ,

where

gR(s) = −cR
i xi(s) + cI

i yi(s) + ∑∞
j=1 aR

ij f R
j (xj(s), yj(s)) + ∑∞

j=1 bR
ij h

R
j (xj(s− τj), yj(s− τj))

−∑∞
j=1 aI

ij f I
j (xj(s), yj(s))−∑∞

j=1 bI
ij h̃

I
j (xj(s− τj), yj(s− τj)) +

∧∞
j=1 αijhR

j (xj(s), yj(s))

+
∨∞

j=1 βijhR
j (xj(s), yj(s)) + ∑∞

j=1 dR
ij
∫ t

s−l(s) hR
j (xj(θ), yj(θ))ds

−∑∞
j=1 dI

ij
∫ s

s−l(s) hI
j (xj(θ), yj(θ))dθ + IR

i (s),

gI(s) = −cR
i yi(s)− cI

i xi(s) + ∑∞
j=1 aR

ij f I
j (xj(s), yj(s)) + ∑∞

j=1 bR
ij h

I
j (xj(s− τj), yj(s− τj))

+∑∞
j=1 aI

ij f R
j (xj(s), yj(s)) + ∑∞

j=1 bI
ijh

R
j (xj(s− τj), yj(s− τj)) +

∧∞
j=1 αijhI

j (xj(s), yj(s))

+
∨∞

j=1 βijhI
j (xj(s), yj(s)) + ∑∞

j=1 dR
ij
∫ s

s−l(s) hI
j (xj(θ), yj(θ))dθ

+∑∞
j=1 dI

ij
∫ s

s−l(s) hR
j (xj(θ), yj(θ))dθ + I I

i (s).

Remark 1. Since the proof of Lemma 3 is similar to the proof of Lemma 2 in [28], we omit it here.
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3. Main Results

In this section, first, we introduce some notations:

ξ1i = sup
j∈J
{|aR

ij |FRR
j }, ξ2i = sup

j∈J
{|aR

ij |FRI
j }, ξ3i = sup

j∈J
{|aI

ij|FIR
j }, ξ4i = sup

j∈J
{|aI

ij|FI I
j },

γ1i = sup
j∈J
{|bR

ij |HRR
j }, γ2i = sup

j∈J
{|bR

ij |HRI
j }, γ3i = sup

j∈J
{|bI

ij|H IR
j }, γ4i = sup

j∈J
{|bI

ij|H I I
j },

ρ1i = sup
j∈J
{|αR

ij |HRR
j }, ρ2i = sup

j∈J
{|αR

ij |HRI
j }, κ1i = sup

j∈J
{|βR

ij |HRR
j }, κ2i = sup

j∈J
{|βR

ij |HRI
j },

υ1i = sup
j∈J
{|dR

ij |HRR
j }, υ2i = sup

j∈J
{|dR

ij |HRI
j }, υ3i = sup

j∈J
{|dI

ij|H IR
j }, υ4i = sup

j∈J
{|dI

ij|H I I
j },

ξ ′1i = sup
j∈J
{|aR

ij |FIR
j }, ξ ′2i = sup

j∈J
{|aR

ij |FI I
j }, ξ ′3i = sup

j∈J
{|aI

ij|FRR
j }, ξ ′4i = sup

j∈J
{|aI

ij|FRI
j },

γ′1i = sup
j∈J
{|bR

ij |H IR
j }, γ′2i = sup

j∈J
{|bR

ij |H I I
j }, γ′3i = sup

j∈J
{|bI

ij|HRR
j }, γ′4i = sup

j∈J
{|bI

ij|HRI
j },

ρ′1i = sup
j∈J
{|αij|H IR

j }, ρ′2i = sup
j∈J
{|αij|H I I

j }, κ′1i = sup
j∈J
{|βij|H IR

j }, κ′2i = sup
j∈J
{|βij|H I I

j },

υ′1i = sup
j∈J
{|dR

ij |H IR
j }, υ′2i = sup

j∈J
{|dR

ij |H I I
j }, υ′3i = sup

j∈J
{|dI

ij|HRR
j }, υ′4i = sup

j∈J
{|dI

ij|HRI
j }.

Assumption 3. For i=1,2, ..., the following conditions hold,

∞

∑
i=1

(GRI
ik + GRR

ik ) ≤ ∞,
4

∑
j=1

∞

∑
i=1

(ξ ji + γji + ρji + κji + υji) ≤ ∞,

4

∑
j=1

∞

∑
i=1

(ξ ′ji + γ′ji + ρ′ji + κ′ji + υ′ji) ≤ ∞.

3.1. Uniform Stability

Theorem 1. Under Assumptions 1–3, system (1) is uniformly stable, if q2q4 > q1q3 holds, where

µ = ∑∞
m=1

(tm−tm−1)
λ

Γ(λ+1) + (t−tk)
λ

Γ(λ+1) < ∞,

q1 =
∞

∑
i=1

GRI
ik + (−cI

i +
∞

∑
i=1

(ξ2i + ξ4i + γ2i + γ4i + ρ2i + κ2i + υ2i + υ4i))µ,

q2 = 1−
∞

∑
i=1

GRR
ik + (cR

i −
∞

∑
i=1

(ξ1i + ξ3i + γ1i + γ3i + ρ1i + κ1i + υ1i + υ3i)µ),

q3 =
∞

∑
i=1

GI I
ik + (−cI

i +
∞

∑
i=1

(ξ ′2i + ξ ′4i + γ′2i + γ′4i + ρ′2i + κ′2i + υ′2i + υ′4i))µ,

q4 = 1−
∞

∑
i=1

GIR
ik + (cR

i −
∞

∑
i=1

(ξ ′1i + ξ ′3i + γ′1i + γ′3i + ρ′1i + κ′1i + υ′1i + υ′3i))µ.

Proof. Let z(t) = x(t) + iy(t) and z′(t) = x′(t) + iy′(t), x 6= x′ and y 6= y′. Suppose
that z(t) = [z1(t), z2(t), . . .]T and z′(t) = [z′1(t), z′2(t), . . .]T are two solutions of system (1),
equipped with different initial conditions ϕ(t) = ζ(t) + iη(t) and ϕ(t)′ = ζ ′(t) + iη′(t),
where ζ(t), η(t), ζ ′(t), η′(t) ∈ C([−τ, 0], l1), z(0+) = z(0) and z′(0+) = z′(0). For
t ∈ [t0, t1], we have
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|x′i(t)− xi(t)|

≤ |ζ ′i(0)− ζi(0)|+
1

Γ(λ)

∫ t

t0

(t− s)λ−1g1(s)ds

≤ |ζ ′i(0)− ζi(0)|+
1

Γ(λ)

∫ t

t0

(t− s)λ−1g2(s)ds

≤ |ζ ′i(0)− ζi(0)|+
1

Γ(λ)

∫ t

t0

(t− s)λ−1(−cR
i |x′i(s)− xi(s)|+ cI

i |y′i(s)− yi(s)|)ds

+
ξ1i + ξ3i + ρ1i + κ1i

Γ(λ)

∫ t

t0

(t− s)λ−1
∞

∑
j=1
|x′j(s)− xj(s)|ds

+
ξ2i + ξ4i + ρ2i + κ4i

Γ(λ)

∫ t

t0

(t− s)λ−1
∞

∑
j=1
|y′j(s)− yj(s)|ds

+
γ1i + γ3i

Γ(λ)

∫ t

t0

(t− s)λ−1
∞

∑
j=1
|x′j(s− τj)− xj(s− τj)|ds

+
γ2i + γ4i

Γ(λ)

∫ t

t0

(t− s)λ−1
∞

∑
j=1
|y′j(s− τj)− yj(s− τj)|ds

+
υ1i + υ3i

Γ(λ)

∫ t

t0

(t− s)λ−1
∞

∑
j=1

∫ s

s−l(s)
|x′j(θ)− xj(θ)|dθds

+
υ2i + υ4i

Γ(λ)

∫ t

t0

(t− s)λ−1
∞

∑
j=1

∫ s

s−l(s)
|y′j(θ)− yj(θ)|dθds

≤ |ζ ′i(0)− ζi(0)|+
(t1 − t0)

λ

Γ(λ + 1)
(−cR

i |x′i(t)− xi(t)|+ cI
i |y′i(t)− yi(t)|)

+
(t1 − t0)

λ

Γ(λ + 1)
(ξ1i + ξ3i + ρ1i + κ1i)‖x′ − x‖1 +

(t1 − t0)
λ

Γ(λ + 1)
(γ1i + γ3i)‖x′ − x‖∞

+
(t1 − t0)

λ

Γ(λ + 1)
(ξ2i + ξ4i + ρ2i + κ2i)‖y′ − y‖1 +

(t1 − t0)
λ

Γ(λ + 1)
(γ2i + γ4i)‖y′ − y‖∞

+ (t1−t0)
λ

Γ(λ+1) (υ2il + υ4il)‖y′ − y‖1 +
(t1−t0)

λ

Γ(λ+1) (υ1il + υ3il))‖x′ − x‖1

≤ |ζ ′i(0)− ζi(0)|+ (t1−t0)
λ

Γ(λ+1) (−cR
i |x′i(t)− xi(t)|+ cI

i |y′i(t)− yi(t)|)

+ (t1−t0)
λ

Γ(λ+1) [(ξ1i + ξ3i + γ1i + γ3i + ρ1i + κ1i + υ1il + υ3il)‖x′ − x‖∞

+(ξ2i + ξ4i + γ2i + γ4i + ρ2i + κ2i + υ2il + υ4il)‖y′ − y‖∞],

(6)

where
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g1(s) = −cR
i |x′i(s)− xi(s)|+ cI

i |y′i(s)− yi(s)|+ ∑∞
j=1 |aR

ij || f R
j (x′j(s), y′j(s))− f R

j (xj(s), yj(s))|

+∑∞
j=1 |aI

ij| f I
j (x′j(s), y′j(s))− f I

j (xj(s), yj(s))|+ ∑∞
j=1 |bR

ij |hR
j (x′j(s− τj), y′j(s− τj))

−hR
j (xj(s− τj), yj(s− τj))|+ ∑∞

j=1 |bI
ij|hI

j (x′j(s− τj), y′j(s− τj))− hI
j (xj(s− τj),

yj(s− τj))|+ |
∧∞

j=1 αijhR
j (x′j(s), y′j(s))−

∧∞
j=1 hR

j (xj(s), yj(s))|+ |
∨∞

j=1 βijhR
j (xj(s),

yj(s))−
∨∞

j=1 βijhR
j (xj(s), yj(s))|+ ∑∞

j=1 dR
ij
∫ s

s−l(s) |h
R
j (x′j(θ), y′j(θ))− hR

j (xj(θ),

yj(θ))|ds + ∑∞
j=1 dI

ij
∫ s

s−l(s) |h
I
j (x′j(θ), y′j(θ))− hI

j (xj(θ), yj(θ))|dθ,

(7)

and

g2(s) = −cR
i |x′i(s)− xi(s)|+ cI

i |y′i(s)− yi(s)|+ ∑∞
j=1 |aR

ij |(FRR
j |x′j(s)− xj(s)|

+FRI
j |y′j(s)− yj(s)|) + ∑∞

j=1 |aI
ij|(FIR

j |x′j(s)− xj(s)|+ FI I
j |y′j(s)− yj(s)|)

+∑∞
j=1 |bR

ij |(HRR
j |x′j(s− τj)− xj(s− τj)|+ HRI

j |y′j(s− τj)− yj(s− τj)|)

+∑∞
j=1 |bI

ij|(H IR
j |x′j(s− τj)− xj(s− τj)|+ H I I

j |y′j(s− τj)− yj(s− τj)|)

+∑∞
j=1 |αij|(HRR

j |x′j(s)− xj(s)|+ HRI
j |y′j(s)− yj(s)|)

+∑∞
j=1 |βij|(HRR

j |x′j(s)− xj(s)|+ HRI
j |y′j(s)− yj(s)|)

+∑∞
j=1 |dR

ij |
∫ s

s−l(s)(HRR
j |x′j(θ)− xj(θ)|+ HRI

j |y′j(θ)− yj(θ)|)dθ

+∑∞
j=1 |dI

ij|
∫ s

s−l(s)(H IR
j |x′j(θ)− xj(θ)|+ H I I

j |y′j(θ)− yj(θ)|)dθ.

(8)

For t ∈ (tk, tk+1], k = 1, 2, . . ., we deduce
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|x′i(t)− xi(t)|

≤ |ζ ′i(0)− ζi(0)|+ 1
Γ(λ) ∑∞

m=1
∫ tm

tm−1
(tm − s)λ−1g1(s)ds + 1

Γ(λ)

∫ t
tk
(t− s)λ−1g1(s)ds

+∑∞
j=1[(G

R
ij (x′i(tj), y′i(tj))− GR

ij (xi(tj), y′i(tj))]

≤ |ζ ′i(0)− ζi(0)|+ 1
Γ(λ) ∑∞

m=1
∫ tm

tm−1
(tm − s)λ−1g2(s)ds + 1

Γ(λ)

∫ t
tk
(t− s)λ−1g2(s)ds

+∑∞
j=1[G

RR
ij |x′i(tj)− xi(tj)| − GRI

ij |y′i(tj)− yi(tj)|]

≤ |ζ ′i(0)− ζi(0)|+ 1
Γ(λ) ∑∞

m=1
∫ tm

tm−1
(tm − s)λ−1(−cR

i |x′i(s)− xi(s)|+ cI
i |y′i(s)− yi(s)|)ds

+ ξ1i+ξ3i+ρ1i+κ1i
Γ(λ) ∑∞

m=1
∫ tm

tm−1
(tm − s)λ−1ds‖x′ − x‖1

+ ξ2i+ξ4i+ρ2i+κ4i
Γ(λ) ∑∞

m=1
∫ tm

tm−1
(tm − s)λ−1ds‖y′ − y‖1

+ γ1i+γ3i
Γ(λ) ∑∞

m=1
∫ tm

tm−1
(tm − s)λ−1ds‖x′ − x‖∞ + γ2i+γ4i

Γ(λ)

∫ tm
tm−1

(tm − s)λ−1ds‖y′ − y‖∞

+ υ1i+υ3i
Γ(λ)

∫ tm
tm−1

(tm − s)λ−1lds‖x′ − x‖1 +
υ2i+υ4i

Γ(λ)

∫ tm
tm−1

(tm − s)λ−1lds‖y′ − y‖1

+ 1
Γ(λ)

∫ t
tk
(t− s)λ−1(−cR

i |x′i(s)− xi(s)|+ cI
i |y′i(s)− yi(s)|)ds

+ ξ1i+ξ3i+ρ1i+κ1i
Γ(λ)

∫ t
tk
(t− s)λ−1‖x′ − x‖1ds

+ ξ2i+ξ4i+ρ2i+κ4i
Γ(λ)

∫ t
tk
(t− s)λ−1‖y′ − y‖1ds

+ γ1i+γ3i
Γ(λ)

∫ t
tk
(t− s)λ−1ds‖x′ − x‖∞ + γ2i+γ4i

Γ(λ)

∫ t
tk
(t− s)λ−1ds‖y′ − y‖∞

+ υ1i+υ3i
Γ(λ)

∫ t
tk
(t− s)λ−1l‖x′ − x‖1ds + υ2i+υ4i

Γ(λ)

∫ t
tk
(t− s)λ−1lds‖y′ − y‖1

+∑∞
j=1[G

RR
ij |x′i(tj)− xi(tj)| − GRI

ij |y′i(tj)− yi(tj)|]

≤ |ζ ′i(0)− ζi(0)|+ (−cR
i (∑

∞
m=1

(tm−tm−1)
λ

Γ(λ+1) + (t−tk)
λ

Γ(λ+1) ))|x
′
i(t)− xi(t)|

+(cI
i (∑

∞
m=1

(tm−tm−1)
λ

Γ(λ+1) + (t−tm)λ

Γ(λ+1) ))|y
′
i(t)− yi(t)|] + [GRR

ik + (ξ1i + ξ3i + γ1i

+γ3i + ρ1i + κ1i + υ1i + υ3i)(∑∞
m=1

(tm−tm−1)
λ

Γ(λ+1) + (t−tk)
λ

Γ(λ+1) )]‖x
′ − x‖∞

+[GRI
ik + (ξ2i + ξ4i + γ2i + γ4i + ρ2i + κ2i + υ2i + υ4i)](∑∞

m=1
(tm−tm−1)

λ

Γ(λ+1)

+ (t−tk)
λ

Γ(λ+1) )‖y
′ − y‖∞,

(9)

where g1(s) and g2(s) are the same as previously defined.
According to (6) and (9), we obtain
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‖x′ − x‖∞

= supt∈[−τ,∞) ∑∞
i=1{|x′i(t)− xi(t)|}

≤ supt∈[−τ,∞) ∑∞
i=1

{
|ζ ′i(t)− ζi(t)|+ (−cR

i ∑∞
m=1

(tm−tm−1)
λ

Γ(λ+1) )|x′i(t)− xi(t)|

+(cI
i ∑∞

m=1
(tm−tm−1)

λ

Γ(λ+1) ) supt>0 |y′i(t)− yi(t)|] + ∑∞
i=1(G

RR
ik + ξ1i + ξ3i + γ1i + γ3i + ρ1i

+κ1i + υ1i + υ3i)‖x′ − x‖∞(∑∞
m=1

(tm−tm−1)
λ

Γ(λ+1) + (t−tk)
λ

Γ(λ+1) ) + ∑∞
i=1(G

RI
ik + ξ2i + ξ4i

+γ2i + γ4i + ρ2i + κ2i + υ2i + υ4i)‖y′ − y‖∞(∑∞
m=1

(tm−tm−1)
λ

Γ(λ+1) + (t−tk)
λ

Γ(λ+1) )
}

≤ ‖ζ ′ − ζ‖ − cR
i µ‖x′ − x‖∞ − cI

i µ‖y′ − y‖∞

+∑∞
i=1[G

RR
ik + (ξ1i + ξ3i + γ1i + γ3i + ρ1i + κ1i + υ1i + υ3i)µ]‖x′ − x‖∞

+∑∞
i=1[G

RI
ik + (ξ2i + ξ4i + γ2i + γ4i + ρ2i + κ2i + υ2i + υ4i)µ]‖y′ − y‖∞.

(10)

Similarly, for the imaginary parts y′ and y, we deduce that

‖y′ − y‖∞

= supt∈[−τ,∞) ∑∞
i=1{|y′i(t)− yi(t)|}

≤ ‖η′ − η‖ − cR
i µ‖y′ − y‖∞ + cI

i µ‖x′ − x‖∞

+∑∞
i=1[G

IR
ik + (ξ ′1i + ξ ′3i + γ′1i + γ′3i + ρ′1i + κ′1i + υ′1i + υ′3i)µ]‖y′ − y‖∞

+∑∞
i=1[G

I I
ik + (ξ ′2i + ξ ′4i + γ′2i + γ′4i + ρ′2i + κ′2i + υ′2i + υ′4i)µ]‖x′ − x‖∞.

(11)

From (10) and (11), we can derive

‖x′ − x‖∞

≤ {‖ζ ′ − ζ‖+ [−cI
i +

∞

∑
i=1

(GRI
ik + (ξ2i + ξ4i + γ2i + γ4i + ρ2i + κ2i + υ2i

+υ4i)µ)]‖y′ − y‖∞}
/
{1 + cR

i µ−
∞

∑
i=1

[−GRR
ik + (ξ1i + ξ3i + γ1i + γ3i + ρ1i

+κ1i + υ1i + υ3i)µ]},

and

‖y′ − y‖∞

≤ {‖η′ − η‖+ [−cI
i +

∞

∑
i=1

(GI I
ik + (ξ ′2i + ξ ′4i + γ′2i + γ′4i + ρ′2i + κ′2i + υ′2i

+υ′4i)µ)]‖x′ − x‖∞}
/
{1 + cR

i µ−
∞

∑
i=1

[−GIR
ik + (ξ ′1i + ξ ′3i + γ′1i + γ′3i + ρ′1i

+κ′1i + υ′1i + υ′3i)µ]}.
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By combining with the above two inequalities, we conclude

‖x′ − x‖∞ ≤ ‖ζ ′ − ζ‖+ q1‖y′ − y‖∞

q2
, (12)

and

‖y′ − y‖∞ ≤ ‖η′ − η‖+ q3‖x′ − x‖∞

q4
, (13)

where q1, q2, q3 and q4 are defined as in Theorem 1.
Substituting (13) into (12), we obtain

‖x′ − x‖∞ ≤ q1/q2q4

1− q1q3/q2q4
‖ζ ′ − ζ‖+ 1/q2

1− q1q3/q2q4
‖η′ − η‖.

For any ε > 0, if we take ‖ζ ′ − ζ‖ ≤ ε
4δ1

and ‖η′ − η‖ ≤ ε
4δ2

, then we can deduce that

‖x′ − x‖∞ ≤ ε

2
, (14)

where δ1 = q1/q2q4
1−q1q3/q2q4

and δ2 = 1/q2
1−q1q3/q2q4

.
Similarly, by substituting (12) and (13), we derive

‖y′ − y‖∞ ≤ ε

2
, (15)

where ‖ζ ′ − ζ‖ ≤ ε
4δ3

, ‖η′ − η‖ ≤ ε
4δ4

, δ3 = q3/q2q4
1−q1q3/q2q4

and δ4 = 1/q4
1−q1q3/q2q4

.
Considering (14) and (15), we conclude that for any ε > 0, we have δ = ε

max{δ1,δ2,δ3,δ4}
,

such that,
‖z′ − z‖∞ < ε, whence ‖ϕ′ − ϕ‖ ≤ δ.

Therefore, system (1) is uniformly stable. The proof is completed.

Remark 2. In [28], the authors considered uniform stability analysis of fractional-order complex-
valued neural networks with linear impulses and fixed time-delays in Rn. The authors obtained
the existence and uniqueness results by utilizing fixed-point theory, sufficient conditions for the
uniform stability of solutions for the networks. However, due to the combination of fractional
calculus and fuzzy logic, the fuzzy complex-valued neural networks have more complex dynamic
behavior, and the discussion of infinite-dimensional complex-valued neural networks with mixed
delay is more complicated.

3.2. Existence and Uniqueness

Theorem 2. Let 0 < λ < 1, and let Assumptions 1 – 3 hold, then the system (1) has a unique
solution satisfying the initial condition, if the following condition holds:

0 < k = max{k1, k2} < 1,

where

k1 =
∑∞

i=1 GRI
ik +(−cI

i +∑∞
i=1(ξ2i+ξ4i+γ2i+γ4i+ρ2i+κ2i+υ2i+υ4i))µ

1−∑∞
i=1 GRR

ik +cR
i µ−∑∞

i=1((ξ1i+ξ3i+γ1i+γ3i+ρ1i+κ1i+υ1i+υ3i))µ
,

k2 =
∑∞

i=1 GI I
ik +(−cI

i +∑∞
i=1(ξ

′
2i+ξ ′4i+γ′2i+γ′4i+ρ′2i+κ′2i+υ′2i+υ′4i))µ

1−∑∞
i=1 GIR

ik +cR
i µ−∑∞

i=1((ξ
′
1i+ξ ′3i+γ′1i+γ′3i+ρ′1i+κ′1i+υ′1i+υ′3i))µ

.

(16)
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Proof. Let z(t) = x(t) + iy(t) and z′(t) = x′(t) + iy′(t), x 6= x′ and y 6= y′. Suppose that
z(t) = [z1(t), z2(t), . . .]T and z′(t) = [z′1(t), z′2(t) . . .]T are two solutions of system (1). First
of all, we construct an operator Λ : PC → PC as follows,

Λi(xi(t)) = ζi(0) +
1

Γ(λ)

∫ t

t0

(t− s)λ−1gR(s)ds, t ∈ [t0, t1],

Λi(xi(t)) = ζi(0) +
1

Γ(λ)

∞

∑
m=1

∫ tm

tm−1

(tm − s)λ−1gR(s)ds +
1

Γ(λ)

∫ t

tk

(t− s)λ−1gR(s)ds

+
∞

∑
j=1

GR
ij (xi(tj), yi(tj)), t ∈ (tk, tk+1], k = 1, 2, . . . ,

and

Λi(yi(t)) = ηi(0) +
1

Γ(λ)

∫ t

t0

(t− s)λ−1gI(s)ds, t ∈ [t0, t1],

Λi(yi(t)) = ηi(0) +
1

Γ(λ)

∞

∑
m=1

∫ tm

tm−1

(tm − s)λ−1gI(s)ds +
1

Γ(λ)

∫ t

tk

(t− s)λ−1gI(s)ds

+
∞

∑
j=1

GI
ij(xi(tj), yi(tj)), t ∈ (tk, tk+1], k = 1, 2, . . . .

Next, we will show that Λ is a contraction mapping. For t ∈ [t0, t1], in light of (6), we can
deduce

|Λ(x′i(t))−Λ(xi(t))| (17)

≤ 1
Γ(λ)

∫ t

t0

(t− s)λ−1g1(s)ds,

≤ (t1 − t0)
λ

Γ(λ + 1)
(−cR

i |x′i(t)− xi(t)|+ cI
i |y′i(t)− yi(t)|)

+(ξ1i + ξ3i + γ1i + γ3i + ρ1i + κ1i + υ1i + υ3i)‖x′ − x‖∞

+(ξ2i + ξ4i + γ2i + γ4i + ρ2i + κ2i + υ2i + υ4i)‖y′ − y‖∞. (18)

For t ∈ (tk, tk+1], k = 1, 2, . . ., due to (9), we deduce

|Λ(x′i(t))−Λ(xi(t))|

≤ 1
Γ(λ) ∑∞

m=1
∫ tm

tm−1
(tm − s)λ−1g1(s)ds + 1

Γ(λ)

∫ t
tk
(t− s)λ−1g1(s)ds

+∑∞
j=1[(G

R
ij (x′i(tj), y′i(tj))− GR

ij (xi(tj), y′i(tj))]

≤ (∑∞
i=1 GRR

ik − cR
i ∑∞

m=1
(tm−tm−1)

λ

Γ(λ+1) )|x′i(t)− xi(t)|+ (∑∞
i=1 GRI

ik + cI
i

×∑∞
m=1

(tm−tm−1)
λ

Γ(λ+1) )|y′i(t)− yi(t)|] + (ξ1i + ξ3i + γ1i + γ3i + ρ1i

+κ1i + υ1i + υ3i)‖x′ − x‖∞ ∑∞
m=1

(tm−tm−1)
λ

Γ(λ+1) + (ξ2i + ξ4i + γ2i

+γ4i + ρ2i + κ2i + υ2i + υ4i)‖y′ − y‖∞ ∑∞
m=1

(tm−tm−1)
λ

Γ(λ+1) ,

(19)

where g1(s) is defined by (7).
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Next, from (17) and (19), we can derive

‖Λ(x′)−Λ(x)‖∞ (20)

= sup
t∈[−τ,∞)

∞

∑
i=1
{|x′i(t)− xi(t)|}

≤ (
∞

∑
i=1

GRR
ik − cR

i µ)‖x′ − x‖∞ + (
∞

∑
i=1

GRI
ik − cI

i µ)‖y′ − y‖∞

+
∞

∑
i=1

(ξ1i + ξ3i + γ1i + γ3i + ρ1i + κ1i + υ1i + υ3i)µ‖x′ − x‖∞

+
∞

∑
i=1

(ξ2i + ξ4i + γ2i + γ4i + ρ2i + κ2i + υ2i + υ4i)µ‖y′ − y‖∞. (21)

Similarly, for the imaginary parts y′ and y, we conclude that

‖Λ(y′)−Λ(y)‖∞ (22)

= sup
t∈[−τ,∞)

∞

∑
i=1
{|y′i(t)− yi(t)|}

≤ (
∞

∑
i=1

GIR
ik − cR

i µ)‖y′ − y‖∞ + (
∞

∑
i=1

GI I
ik + cI

i µ)‖x′ − x‖∞

+
∞

∑
i=1

(ξ ′1i + ξ ′3i + γ′1i + γ′3i + ρ′1i + κ′1i + υ′1i + υ′3i)µ‖y′ − y‖∞

+
∞

∑
i=1

(ξ ′2i + ξ ′4i + γ′2i + γ′4i + ρ′2i + κ′2i + υ′2i + υ′4i)µ‖x′ − x‖∞. (23)

From (20) and (22), we obtain

‖Λ(x′)−Λ(x)‖∞

≤
[∑∞

i=1 GRI
ik + (−cI

i + ∑∞
i=1(ξ2i + ξ4i + γ2i + γ4i + ρ2i + κ2i + υ2i + υ4i))µ]‖y′ − y‖∞

1−∑∞
j=1 GRR

ik + cR
i µ−∑∞

i=1(ξ1i + ξ3i + γ1i + γ3i + ρ1i + κ1i + υ1i + υ3i)µ
,

and

‖Λ(y′)−Λ(y)‖∞

≤
[∑∞

i=1 GI I
ik + (−cI

i + ∑∞
i=1(ξ

′
2i + ξ ′4i + γ′2i + γ′4i + ρ′2i + κ′2i + υ′2i + υ′4i))µ]‖x′ − x‖∞

1−∑∞
i=1 GIR

ik + cR
i µ−∑∞

i=1(ξ
′
1i + ξ ′3i + γ′1i + γ′3i + ρ′1i + κ′1i + υ′1i + υ′3i)µ

.

Then, we can get

‖Λ(z′)−Λ(z)‖∞ = ‖Λ(x′)−Λ(x)‖∞ + ‖Λ(y′)−Λ(y)‖∞

≤ k(‖x′ − x‖∞ + ‖y′ − y‖∞)

= k‖z′ − z‖∞,

where 0 < k < 1 is defined by (16).
Consequently, the mapping Λ is a contraction mapping. It follows the Contraction

Mapping Principle; the mapping Λ has a unique fixed-point. That is, we can conclude
that the system (1) has a unique solution satisfying the initial condition. The proof is
accomplished.

4. Numerical Example

Example 1. Consider the following two-dimensional fuzzy impulsive fractional-order complex-
value neural networks with random discrete delays and distributed delays:
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

C
tk−1

Dλ
t zi(t) = −cizi(t) +

2

∑
j=1

akj(zi(t)) f j(zj(t)) +
2

∑
j=1

bij(zi(t))hj(zj(t− τj)) +
2∧

j=1

αijhj(zj(t))

+
2∨

j=1

βijhj(zj(t)) +
2

∑
j=1

dij

∫ t

t−l(t)
hj(zj(s))ds + Ii(t), t ∈ (tk−1, tk]

∆zi(tk) = zi(t+k )− zi(t−k ) = Gik(zi(tk)),

(24)

where we suppose λ = 0.8, τ = l = 0.5, I1 = −1− i, I2 = 3− 2i,

f j(zj) =
2− exp(−xj)

2 + exp(−xj)
+ i

1
2 + exp(−yj)

, hj(zj) =
2− exp(−xj)

2 + exp(−xj)
+ i

1
2 + exp(−xj + 3yj)

,

Gj(zj) =
1

2 + exp(−xj + 3yj)
+ i

1
3 + exp(−yj)

, j = 1, 2.

The memristive connective weights are given as follows:

ãR
11(x1(t)) =

{
0.1, |x1(t)| ≤ 1,

0.2, |x1(t)| > 1,
ãR

12(x2(t)) =

{
−0.2, |x2(t)| ≤ 1,

−0.3, |x2(t)| > 1,

ãR
21(x1(t)) =

{
0.2, |x1(t)| ≤ 1,

0.3, |x1(t)| > 1,
ãR

22(x2(t)) =

{
0.1, |x2(t)| ≤ 1,

0.2, |x2(t)| > 1,

ãI
11(x1(t)) =

{
0.1, |y1(t)| ≤ 1,

0.2, |y1(t)| > 1,
ãI

12(x2(t)) =

{
−0.1, |y2(t)| ≤ 1,

−0.3, |y2(t)| > 1,

ãI
21(y1(t)) =

{
0.1, |y1(t)| ≤ 1,

0.3, |y1(t)| > 1,
ãI

22(y2(t)) =

{
0.25, |y2(t)| ≤ 1,

0.2, |y2(t)| > 1,

b̃R
11(x1(t)) =

{
0.15, |x1(t)| ≤ 1,

0.2, |x1(t)| > 1,
b̃R

12(x2(t)) =

{
−0.02, |x2(t)| ≤ 1,

−0.03, |x2(t)| > 1,

b̃R
21(x1(t)) =

{
0.02, |x1(t)| ≤ 1,

0.03, |x1(t)| > 1,
b̃R

22(x2(t)) =

{
0.15, |x2(t)| ≤ 1,

0.2, |x2(t)| > 1,

b̃I
11(y1(t)) =

{
0.1, |y1(t)| ≤ 1,

0.2, |y1(t)| > 1,
b̃I

12(y2(t)) =

{
−0.05, |y2(t)| ≤ 1,

−0.03, |y2(t)| > 1,

b̃I
21(y1(t)) =

{
0.05, |y1(t)| ≤ 1,

0.03, |y1(t)| > 1,
b̃I

22(y2(t)) =

{
0.1, |y2(t)| ≤ 1,

0.2, |y2(t)| > 1.

The network parameters are chosen as c1 = c2 = −1+ 3i, d11 = d12 = d21 = d22 = 1+ i, α11 =
α12 = α21 = α22 = 0.01, β11 = β12 = β21 = β22 = 0.02, FRR = 0.5, FRI = FIR = 0, FI I =
0.125, HRR = 0.5, HRI = 0, HIR = 0.125, HI I = 0.1, GRR = 0.125, GRI = 0.1, GIR =
0, GI I = 0.125.

Finally, we can obtain q1 ≈ 0.56, q2 ≈ 0.73, q3 ≈ 0.76, q4 ≈ 0.85, which satisfy q2q4 >
q1q3. Thus, owing to Theorem 1, system (24) is uniformly stable.

5. Conclusions

In this work, we have considered a class of fractional-order fuzzy infinite dimensional
neural networks with time delays. We derived sufficient conditions for the uniform stability
of the above systems, which is a significant property for the differential systems. The
Lyapunov function method is a common method for solving the stability of neural networks.
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It should be pointed out that in order to reduce the possible conservatism, we need to
construct a more complex Lyapunov functional to test the high-dimensional linear matrix
inequality, and the computational complexity increases. This paper is based on the fixed-
point theory for analysis. An improved criterion for the uniform stability of the network
system has been established. Example 1 shows that the derived criteria are applicable to
the uniform stability of fractional-order fuzzy neural networks and can be used for the
generalization of the results in the existing literature. It should be mentioned that in real
life, many systems and natural processes are often subject to stochastic disturbances; thus,
the dynamical behavior of stochastic neural networks has attracted much attention in view
of its wide range of applications. Finding more practical and stochastic models of complex
FOCVNNs and applying FOCVNNs in secure communication and image encryption will
be a part of our future work. To sum up, the fractional-order complex-valued neural
networks still have many problems worthy of further study.
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