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Abstract: This paper studies the existence of extremal solutions for a nonlinear boundary value
problem of Bagley-Torvik differential equations involving the Caputo-Fabrizio-type fractional differ-
ential operator with a non-singular kernel. With the help of a new inequality with a Caputo—Fabrizio
fractional differential operator, the main result is obtained by applying a monotone iterative technique
coupled with upper and lower solutions. This paper concludes with an illustrative example.

Keywords: Bagley-Torvik differential equation; Caputo—Fabrizio fractional differential operator;
extremal solutions; monotone iterative technique

1. Introduction

Fractional calculus, which deals with fractional-order differential and integral opera-
tors, has developed into a popular branch of mathematical analysis in light of its extensive
applications in a variety of disciplines of natural and social sciences. A distinguished
feature of the fractional-order model is that it is capable of tracing the past history of the
phenomena involved in the model. For details and examples in different disciplines of
engineering and applied sciences, see [1-3] and the references cited therein. A fractional-
order model consists of fractional differential or integro-differential equations, which are
nonlinear in nature, and it is not possible to find the exact solutions of these equations
in general. Thus, many researchers focused on developing the approximate analytical
and numerical methods for solving the initial and boundary value problems of fractional
differential equations. One can find the details and examples in [4-12] and the references
cited therein.

In this paper, we formulate and solve a boundary value problem of nonlinear gen-
eralized Bagley—Torvik differential equations involving a fractional differential operator
with a non-singular kernel due to Caputo and Fabrizio as well as nonlinear boundary
conditions. One can find details about the Caputo-Fabrizio fractional operator in [13-16].
We make use of a monotone iterative technique coupled with upper and lower solutions
to obtain the extremal solutions for the problem at hand. It is imperative to note that
the monotone method deals with the existence as well as the construction of solutions
as well as the comparison of results for nonlinear differential equations (for examples,
see [17-25]). In precise terms, we study the following;:

{ [FD%g(1)) = G(t,8(7), " D’g(7)), I =10,T], 1)
g(0) =H(g(n)), ne(0,T],
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where G € C(J x R%,R), H € C(R,R) and “F D? denotes a Caputo-Fabrizio operator of a
fractional order 0 < § < 1 with a non-singular kernel defined by

“D%g(t) = (22(_1(5—)%?) /oT exp(—7 i 5(T=5))g(s)ds, T=0, )

where p(J) is a normalization constant depending on 6.

In the long history of the development of fractional derivatives, many types of frac-
tional derivatives have appeared. The more popular and mentioned fractional derivatives
are the Riemann-Liouville and Caputo fractional derivatives, which are particularly suit-
able for describing physical phenomena related to fatigue, damage and electromagnetic
hysteresis. Unfortunately, they are not applicable to describing and simulating some behav-
ior observed in materials with huge heterogeneities and structures with different scales.
In this case, Caputo and Fabrizio developed and proposed a new type of fractional order
derivatives without a singular kernel, which was named the Caputo—Fabrizio fractional
derivative by later scholars. As pointed out in [26], the Caputo—Fabrizio fractional deriva-
tive has an exponential function kernel, which is more realistic that the one with a power
function due to the fact that the singularity does not occur at the end of the interval within
which the fractional derivative of a given function is taken. In addition, the fractional
derivative with an exponential function kernel is generally considered to be better than
the one with a power kernel, since the exponent function is a better filter than the power
function. In fact, the Caputo-Fabrizio fractional derivative has been used extensively as
a filter regulator [27]. For more details on fractional derivatives without singular kernels,
see [28-32].

Motivated by the above, this paper attempts to investigate some new inequalities and
extremal solutions of a Caputo—Fabrizio fractional Bagley—Torvik differential equation,
given in Equation (1).

2. Auxiliary Material

In this section, we present the preliminary concepts related to the given problem and
comparison principles:

Definition 1. ¢ € C1(3) is called a lower solution of a Caputo—Fabrizio fractional Bagley—Torvik
differential equation (Equation (1)) if

{ [“FD%g(7)) < G(7,8(1), “"Dg(1)),
¢(0) < H(g(n)),

which, on reversing the inequalities, defines an upper solution for Equation (1).

Lemma 1. Suppose N >0, p(6) > 0and v € C1(J) satisfy

{ [“FD%v(7)) = —% “FD%(t) = Nv(T), 3)
v(0) > 0.

Then, one has v(t) > 0, VT € 7.

Proof. By differentiating the Caputo—Fabrizio operator “¥ Dv(7) with respect to T, we

obtain
SFDO()) = b/ (1) — 15 FDu(), @

(2 - 0)p(9)

where = TE))

. Using Equation (4) in (3), we obtain

pv' (1) + Nv(1) >0,
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which can alternatively be expressed as

,Bef%r[e Flu(T)] > 0.

N
Since B > 0, we have [eﬁrv(r)]’ > (0, which leads to

Nt

efFv(t)>v(0) >0, Vrel.

Thus, one can easily come to the conclusion that v(t) >0,Vted. O

A result analogous to Lemma 1 can be formulated as follows:

Lemma 2. With N > 0and p(8) > 0, as given in Lemma 1, if a function v € C'(3) satisfies the
following problem:

{ CFDOu(T)]! < ——2— CFDSy(t) — Nu(x),

1—-6 &)
v(0) <0.
Then, one has v(t) <0, VT € 7.

3. The Linear Caputo-Fabrizio Fractional Bagley-Torvik Differential Equation

For ¢ € C[0,T] and N, h € R, let us consider the following linear Caputo-Fabrizio
fractional Bagley—Torvik differential equation:

(CFDAg(r)) + 15 D () + Ng(t) = y(o) ©
<(0) = h.

Definition 2. ¢ € C!(3) is said to be a lower solution of the above linear Caputo—Fabrizio
fractional Bagley—Torvik differential equation (Equation (6)) if

CFDAg(r)) + 15 D () + Ng(r) < (o) o
8(0) <h,

The above definition takes the form of an upper solution of the above linear Caputo-
Fabrizio fractional Bagley—Torvik differential equation (Equation (6)) if we reverse the
inequalities in it:

Theorem 1. Assume that uy and vy, which satisfy the inequality uo(7t) < vo(7), VYT € J, are the
lower and upper solutions of the above linear Caputo—Fabrizio fractional Bagley—Torvik differential
equation (Equation (6)), respectively. Then, there must exist a unique solution g € [ug, vo) for the
linear Caputo—Fabrizio fractional Bagley-Torvik differential equation (Equation (6)), given by

g(1) = he BT+ ; /OT e*%(T*s)lp(s)ds, VT €3, ®)

(2 5)p(6)

where f = 2(1-9)

Proof. Clearly, Equation (6) can be rewritten as

[SFDIg(0)]! + 1o CFDIg(x) + Ny (r) = Bg'(x) + Ng(r) = pe ' [eFg(0)) = (1),
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which leads to N 1 /7 N
g<r>::g«nefﬁf+-g;ﬁ e #TIy(s)ds, YT e, ©)

Using the condition ¢(0) = & in Equation (9), we obtain Equation (8). This shows that
the linear Caputo—Fabrizio fractional Bagley—Torvik differential equation (Equation (6)) has
a unique solution given by Equation (8).

Next, if g is a solution of Equation (6), then we can show that 1y < ¢ < vy. By letting
v = g — ug, we find

CFDoy(T)] > —1‘%5 CFDOy(7) — N (1),
v(0) > 0.

Then, a straightforward application of Lemma 1 implies that v(7) > 0, V7 € J; that is,
§ > ug. Similarly, by taking u = vy — g, it can be shown that ¢ < vg. Therefore, we deduce
that g € [ug,vp]. O
4. The Nonlinear Bagley-Torvik Differential Equation
Theorem 2. Assume the following:
(Hy) ug, vo € CY(3), which satisfy the inequality ug(t) < vo(t), YT € 3, are the lower

and upper solutions of the nonlinear Caputo—Fabrizio fractional Bagley—Torvik differential
equation (Equation (1)), respectively;

(Hy) There exists a constant N > 0 such that

S _ 5 —
G(1,9,£) —G(1,9,£) > —N(S — %)—ﬁ(ﬁ—fC),
forug < < S < vy, FDoug <£<£< FDoy;
(H3) The function H is nondecreasing on [ug, v).
Then, one must be able to construct two explicit monotonic iterative sequences {u,} and

{vn} without difficulty, and they converge uniformly to the extremal solutions of the nonlinear
Caputo—Fabrizio fractional Bagley-Torvik differential equaiton (Equation (1)) in [ug, vo] on J.

Proof. We consider the linear Caputo-Fabrizio fractional Bagley-Torvik differential equation:

{F%Mn = gu(r) — 2 SFDig(x) ~ Ny (1), .
8(0) = H(h(n)),

where ¥,(t) = G(t,h(7), “FD°h(7)) + % CFDOR(T) + Nh(t) and h € [ug, v).

It follows from (Hj) that ug, vy € C!(J) are the lower and upper solutions of the
nonlinear Caputo-Fabrizio fractional Bagley—Torvik differential equation (Equation (1)),
respectively. Furthermore, by conditions (H;) and (Hj3), we obtain

[SFD%up(7)] < G(7,up(7), FDup())
< G(t,h(7), °FD°h(7)) + % CFD%h(T) + Nh(7)

- % “FD%uo(t) — Nug(7)

= () ~ 12 Dl (x) — Nug(x),
w(0) < Hluol) < HOH()),
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M FDoy () > G(r0(t), FDon(D)
> G(t,h(t), FD°h(T)) + % CFDh(t) 4+ Nh(7)
— 12 DIy (1) — Nao (o)

= (1) — % CFDovy(t) — Nog(1),
w(0) = H(vo(n)) = H(h()),

The above inequalities ensure that the linear Caputo-Fabrizio fractional Bagley—Torvik
differential equation (Equation (10)) has the lower solution u(y and the upper solution
vg. Furthermore, by Theorem 1, we know that the Caputo—Fabrizio fractional Bagley—
Torvik differential equation (Equation (10)) has a unique solution w € [ug, vo]. Now, we
introduce an operator Q : [up,vg] — [ug,vo] by ¢ = Qh and verify the operator Q is
nondecreasing. Let h1,hy € [ug, vp] be such that the relation h; < h; holds. By letting
x = uy —uq, 1 = Qhy and uy = Qhy and using the assumptions (Hy) and (H3), one can
find that

)

[CFDx(1)) = G(7,ha(7), CFD%hy(7)) + =35 CFD%hy(7) + Nhy(T)
- % CFDOuy(7) — Nita (1) — G (1, 1y (1), SFDIy (7))
_ % CF DOy (7) — Ny () + % CFDiyy (1) + Nuy (1)

> N(lp — 1) () ~ 12 FDP 1y — Iy) () + N{Ia — ) (1)

+ L(s FD2(hy — ) (1) — 1;i5 FD?(uy — u1) (1) — N(uz — u1)(7)

—_
< |

—_

x(0) = H(hs

—~,

CFD%x(t1) — Nx(1),
1)) — H(k1(y)) = 0.

It follows from Lemma 1 (comparison principle) that x(7) > 0 and 7 € [0, T|, which
shows that the operator Q is nondecreasing.

On account of the fact that Q is a nondecreasing operator, we put u, = Qu,_1, v, =
Qu,_1, n =1,2,.... Then, the following conclusion is tenable:

ug <up <<y <o <o <<y <oy, n=1,2,00 (11)

By employing the standard arguments, with the aid of the Arzela—Ascoli theorem, one

can easily show that, uniformly, we have
lim u, =u*, lim v, =0*
n—o0 n—o0o

In addition, u*,v* € [ug, vg| solve the nonlinear Caputo—Fabrizio fractional Bagley—
Torvik differential equation (Equation (1)).

In the last step of this proof, we show u*,v* € [ug, v] are the extremal solutions of the
nonlinear Caputo-Fabrizio fractional Bagley-Torvik differential equation (Equation (1)).
Suppose that w € [ug,vp] is any solution of the nonlinear Caputo-Fabrizio fractional
Bagley-Torvik differential equation (Equation (1)). Thus, Qw = w holds. It follows from
uy < w < vg and the nondecreasing property of operator Q that

up<w<v, n=12,..., (12)

which, when n — o0, yields u* < w < v*. As a consequence, we deduce that u*,v* €
[1g, vg| are the extremal solutions of the nonlinear Caputo-Fabrizio fractional Bagley—-Torvik
differential equation (Equation (1)). O
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5. An Ancillary Example

We present an example session to aid in the interpretation of the main results.
Consider the nonlinear Bagley—-Torvik differential equation involving a Caputo-Fabrizio
fractional operator supplemented with the nonlocal condition given by

3 _ 3 .

{ Dyl = -G + EEI s g0 - o DR,
g(0) =8¢°(n),

where T € [0,1], 7 € (0,1], H(g) = 8¢% (2—0)p(d) < 25,0 < < 1and

)

)= 10(1 —9) £

_|_
(€8]
=
|
@

By letting uo(7) = 0 and vy(T) = T, we can easily verify that ug, vg € C1([0,1]) are
the lower and upper solutions of the nonlinear Caputo-Fabrizio fractional Bagley-Torvik

differential equation (Equation (13)), respectively. Thus, condition (Hp) holds.

- - 2— .
By a simple computation, for 0 < I < QI <7, 0 <£<£L M(l 73—%),

26
we have
G(7,3,£) - G(1,S,£)
= (T =8~ (t= 3] +3[(x ~9) ~ (r - T 10(15_ 5 -7
- (g 1) -3) - 5(1(5_5) (£~£)
~ = 5 :
> —16.5(\s — \y) — (1 — 5) (£ _ £)‘

Therefore, condition (H;) holds true for N = 16.5. In addition, the condition (Hj) is
clearly satisfied. In summation, all assumptions of Theorem 2 are satisfied. Therefore, based
on Theorem 2, one must be able to construct two explicit monotonic iterative sequences
{u,} and {v, } without difficulty, and these sequences converge uniformly to the extremal
solutions of the nonlinear Caputo-Fabrizio fractional Bagley-Torvik differential equation
(Equation (13)) on [0, 1]. Here, we have

N 1 [T _N(r_g
un(t) = 8u>_((17)e P +B/0 e Fl ){G(s,un,l(s), “FD%u,_1(s))

1)
+ m CFD(Sun_l (S) + Nun_l(s)} ds
3

= (e B g [T RO [T Lot ®F g, y@p 049
)

~10(1—9)
+ Nun,l(s)}ds,

P N
[CFDéunfl (S)]z + m CFDoun71<S)
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0u(7) =83y + 45 [ F[Gls,04(5), FDY1(9))

! p
1)
t1 5 FDo%,_1(s) + an,l(s)]ds
—Ne 1 [T N 3 — Up— 3
=80y (e Vg [T oS B2l g o, @ 05)
O  CFpe 2, 9 CFpe
- m[ D°v,1(s)]" + 17— P Up-1(s)
—i—an,l(s)}ds,
2—9)o(6
where N =165, f = (2(1_)‘)5())

6. Conclusions

Fractional calculus and differential equations are a present line of research. Currently,
hundreds of mathematicians and engineers are working on this topic. As one of the new re-
search directions of fractional calculus, Caputo—Fabrizio fractional calculus and differential
equations are continuously gaining attention. In this context, this paper studied some new
inequalities and extremal solutions of a Caputo-Fabrizio fractional Bagley-Torvik differen-
tial equation. In order to achieve this goal, we developed a comparison principle involving
Caputo—Fabrizio derivatives and the monotonic iterative method combining upper and
lower solutions. We not only proved the existence of extremal solutions, but also obtained
some explicit monotone iterative sequences that converged uniformly to extremal solutions.

In the future, as a good extension of the current work, one can carry out the following
related research:

(1) Asymptotic stability of some Caputo-Fabrizio fractional-related systems;

(2) Some nonlinear problems involving new fractional operators, such as the general-
ized fractional Hilfer operator [33];

(3) Some control problems with qualitative property controllability, optimal control,
etc. See [34,35].

Author Contributions: Conceptualization, H.X., L.Z. and G.W.; methodology, H.X., L.Z. and G.W.;
validation, H.X., L.Z. and G.W.; formal analysis, H.X., L.Z. and G.W.; writing—original draft prepara-
tion, H.X., L.Z. and G.W. All authors have read and agreed to the published version of the manuscript.

Funding: The work is supported by NSFC (No. 62171243), NSF of Shanxi Province, China (No.
20210302123339) and the Graduate Education and Teaching Innovation Project of Shanxi, China (No.
2021Y]JG142).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

1.  Kilbas, A.A; Srivastava, HM.; Trujillo, J.J. Theory and Applications of Fractional Differential Equations; North-Holland Mathematics
Studies, 204; Elsevier Science B.V.: Amsterdam, The Netherlands, 2006.
2. Magin, R.L. Fractional Calculus in Bioengineering; Begell House Publishers Inc.: Danbury, CT, USA, 2006.

@

Klafter, J.; Lim, S.C.; Metzler, R. (Eds.) Fractional Dynamics in Physics; World Scientific: Singapore, 2011.

4. Rahman, G.U,; Agarwal, RP; Ahmad, D. Existence and stability analysis of n th order multi term fractional delay differential
equation. Chaos Solitons Fractals 2022, 155, 111709. [CrossRef]

5. Ahmad, B.; Alghamdi, N.; Alsaedi, A.; Ntouyas, S.K. A system of coupled multi-term fractional differential equations with
three-point coupled boundary conditions. Fract. Calc. Appl. Anal. 2019, 22, 601-618. [CrossRef]


http://doi.org/10.1016/j.chaos.2021.111709
http://dx.doi.org/10.1515/fca-2019-0034

Fractal Fract. 2022, 6, 488 8of8

10.
11.
12.
13.
14.
15.
16.
17.

18.
19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.
34.

35.

Ahmad, B.; Alblewi, M.; Ntouyas, S.K.; Alsaedi, A. Existence results for a coupled system of nonlinear multi-term fractional
differential equations with anti-periodic type coupled nonlocal boundary conditions. Math. Methods Appl. Sci. 2021, 44, 8739-8758.
[CrossRef]

Hoa, N.V. On the initial value problem for fuzzy differential equations of non-integer order « € (1,2). Soft Comput. Math. 2020,
24,935-954. [CrossRef]

Salim, A.; Benchohra, M.; Graef, J.R.; Lazreg, ].E. Boundary value problem for fractional generalized Hilfer-type fractional
derivative with noninstantaneous impulses. Fractal Fract. 2021, 21, 20215.

Salim, A.; Benchohra, M.; Graef, ].R.; Lazreg, J.E. Initial value problem for hybrid y-Hilfer fractional implicit differential equations.
J. Fixed Point Theory Appl. 2022, 24, 7. [CrossRef]

Alijjani, Z.; Baleanu, D.; Shiri, B.; Wu, G. Spline collocation methods for systems of fuzzy fractional differential equations. Chaos
Solitons Fractals 2019, 131, 109510. [CrossRef]

Zhang, L.; Ahmad, B.; Wang, G.; Ren, X. Radial symmetry of solution for fractional p—Laplacian system. Nonlinear Anal. 2020,
196, 111801. [CrossRef]

Zhang, L.; Hou, W. Standing waves of nonlinear fractional P-Laplacian Schrodinger Equ. Involv. Logarithmic Nonlinearity. Appl.
Math. Lett. 2020, 102, 106149. [CrossRef]

Caputo, M.; Fabrizio, M. A new definition of fractional derivative without singular kernel. Progr. Fract. Differ. Appl. 2015, 1, 73-85.
Losada, J.; Nieto, ].J. Properties of a new fractional derivative without singular kernel. Progr. Fract. Differ. Appl. 2015, 1, 87-92.
Nieto, J. Solution of a fractional logistic ordinary differential equation. Appl. Math. Lett. 2022, 123, 107568. [CrossRef]

Zhang, L.; Ahmad, B.; Wang, G. Analysis and application of diffusion equations involving a new fractional derivative without
singular kernel. Electron. ]. Differ. Equ. 2017, 289, 1-6.

Wang, G.; Pei, K.; Agarwal, R.P,; Zhang, L.; Ahmad, B. Nonlocal Hadamard fractional boundary value problem with Hadamard
integral and discrete boundary conditions on a half-line. . Comput. Appl. Math. 2018, 343, 230-239. [CrossRef]

Wang, G. Twin iterative positive solutions of fractional g-difference Schrédinger equations. Appl. Math. Lett. 2018, 76, 103-109.
Cui, Y. Uniqueness of solution for boundary value problems for fractional differential equations. Appl. Math. Lett. 2016, 51, 48-54.
[CrossRef]

Bai, Z.; Zhang, S.; Sun, S.; Yin, C. Monotone iterative method for a class of fractional differential equations. Electron. |. Differ. Equ.
2016, 2016, 1-8.

Wang, G.; Bai, Z.; Zhang, L. Successive iterations for unique positive solution of a nonlinear fractional g-integral boundary value
problem. J. Appl. Anal. Comput. 2019, 9, 1204-1215. [CrossRef]

Zhang, X.; Liu, L.; Wu, Y,; Lu, Y. The iterative solutions of nonlinear fractional differential equations. Appl. Math. Comput. 2013,
219, 4680—-4691. [CrossRef]

Zhang, X.; Liu, L.; Wu, Y. The uniqueness of positive solution for a fractional order model of turbulent flow in a porous medium.
Appl. Math. Lett. 2014, 37, 26-33. [CrossRef]

Zhang, L.; Qin, N.; Ahmad, B. Explicit iterative solution of a Caputo-Hadamard-type fractional turbulent flow model. Math.
Meth. Appl. Sci. 2020, 1-11. [CrossRef]

Wang, G.; Yang, Z.; Zhang, L.; Baleanu, D. Radial solutions of a nonlinear k-Hessian system involving a nonlinear operator.
Commun. Nonlinear Sci. Numer. Simulat. 2020, 91, 105396. [CrossRef]

Algahtani, R.T. Fixed-point theorem for Caputo-Fabrizio fractional Nagumo equation with nonlinear diffusion and convection. J.
Nonlinear Sci. Appl. 2016, 9, 1991-1999. [CrossRef]

Atangana, A.; Baleanu, D. New fractional derivatives with nonlocal and non-singular kernel: Theory and application to heat
transfer model. Therm Sci. 2016, 20, 763—C769. [CrossRef]

Gmez-Aguilar, J.F; Baleanu, D. Schrodinger equation involving fractional operators with non-singular kernel. J. Electromagn.
Waves Appl. 2017, 31, 752-761. [CrossRef]

Goufo, E.ED. Application of the Caputo-Fabrizio fractional derivative without singular kernel to Korteweg-de Vries-Bergers
equation. Math. Model. Anal. 2016, 21, 188-198. [CrossRef]

Atangana, A. On the new fractional derivative and application to nonlinear Fisher’s reaction-diffusion equation. Appl. Math.
Comput. 2016, 273, 948-956. [CrossRef]

Atangana, A.; Alkahtani, B.S.T. Analysis of the Keller-Segel model with a fractional derivative without singular kernel. Entropy
2015, 17, 4439-4453. [CrossRef]

Atangana, A.; Alkahtani, B.S.T. Extension of the resistance, inductance, capacitance electrical circuit to fractional derivative
without singular kernel. Adv. Mech. Eng. 2015, 7, 1687814015591937. [CrossRef]

Valdes, ].E.N. Generalized fractional Hilfer integral and derivative. Contrib. Math. 2020, 2, 55-60.

Vijayakumatr, V.; Nisar, K.S.; Chalishajar, C.; Shukla, A.A.; Malik, M.; Alsaadi, A.; Aldosary, S.F. A note approximate controllability
of fractional semilinear integrodifferential control systems via resolvent operators. Fractal Fract. 2022, 6, 73. [CrossRef]
Rezapour, S.; Henrquez, H.R.; Vijayakumar, V.; Nisar, S.K.; Shukla, A. A Note on existence ofe mild solutions for second-order
neutral integro-differential evolution equations with state-dependent delay. Fractal Fract. 2021, 5, 126. [CrossRef]


http://dx.doi.org/10.1002/mma.7301
http://dx.doi.org/10.1007/s00500-019-04619-7
http://dx.doi.org/10.1007/s11784-021-00920-x
http://dx.doi.org/10.1016/j.chaos.2019.109510
http://dx.doi.org/10.1016/j.na.2020.111801
http://dx.doi.org/10.1016/j.aml.2019.106149
http://dx.doi.org/10.1016/j.aml.2021.107568
http://dx.doi.org/10.1016/j.cam.2018.04.062
http://dx.doi.org/10.1016/j.aml.2015.07.002
http://dx.doi.org/10.11948/2156-907X.20180193
http://dx.doi.org/10.1016/j.amc.2012.10.082
http://dx.doi.org/10.1016/j.aml.2014.05.002
http://dx.doi.org/10.1002/mma.6277
http://dx.doi.org/10.1016/j.cnsns.2020.105396
http://dx.doi.org/10.22436/jnsa.009.05.05
http://dx.doi.org/10.2298/TSCI160111018A
http://dx.doi.org/10.1080/09205071.2017.1312556
http://dx.doi.org/10.3846/13926292.2016.1145607
http://dx.doi.org/10.1016/j.amc.2015.10.021
http://dx.doi.org/10.3390/e17064439
http://dx.doi.org/10.1177/1687814015591937
http://dx.doi.org/10.3390/fractalfract6020073
http://dx.doi.org/10.3390/fractalfract5030126

	Introduction
	Auxiliary Material
	 The Linear Caputo–Fabrizio Fractional Bagley–Torvik Differential Equation
	The Nonlinear Bagley–Torvik Differential Equation
	An Ancillary Example
	Conclusions
	References

