
Citation: Meftah, B.; Lakhdari, A.;

Saleh, W.; Kiliçman, A. Some New

Fractal Milne-Type Integral

Inequalities via Generalized

Convexity with Applications. Fractal

Fract. 2023, 7, 166. https://doi.org/

10.3390/fractalfract7020166

Academic Editor: Agnieszka B.

Malinowska

Received: 7 January 2023

Revised: 30 January 2023

Accepted: 3 February 2023

Published: 7 February 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

fractal and fractional

Article

Some New Fractal Milne-Type Integral Inequalities via
Generalized Convexity with Applications
Badreddine Meftah 1, Abdelghani Lakhdari 2 , Wedad Saleh 3 and Adem Kiliçman 4,*

1 Department of Mathematics, 8 May 1945 University, Guelma 24000, Algeria
2 Department CPST, Ecole Nationale Supérieure de Technologie et d’Ingénierie, Annaba 23005, Algeria
3 Department of Mathematics, Taibah University, Al-Medina 42353, Saudi Arabia
4 Department of Mathematics and Statistics, Universiti Putra Malaysia, Serdang 43400, Malaysia
* Correspondence: akilic@upm.edu.my

Abstract: This study aims to construct some new Milne-type integral inequalities for functions whose
modulus of the local fractional derivatives is convex on the fractal set. To that end, we develop a novel
generalized integral identity involving first-order generalized derivatives. Finally, as applications,
some error estimates for the Milne-type quadrature formula and new inequalities for the generalized
arithmetic and p-Logarithmic means are derived. This paper’s findings represent a significant
improvement over previously published results. The paper’s ideas and formidable tools may inspire
and motivate further research in this worthy and fascinating field.
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1. Introduction

Convexity plays a critical and important role in various disciplines, such as economics,
finance, optimization, as well as the game theory. For sufficiently nice functions, one can
easily determine convexity by looking at its second derivative. Due to its varies type of
applications, this notion has been developed and generalized in numerous ways. The
concept is intimately connected to the evolution of the theory of inequalities, which has
several applications in differential and difference equations, as well as numerical analysis.
See [1–5] and its cited sources for a list of articles on quadrature.

Fractional calculus(FC) is a significant part of mathematical analysis that arises from
the classical definitions of integral and derivative operators of noninteger order. It is
also an effective tool for describing the memory and inherited features of a wide variety
of materials and processes. As a crucial instrument for scientists, fractional calculus is
gaining prominence at present. It has been utilized successfully in a variety of scientific
and engineering sectors, see [6,7].

Fractals have been observed in various scientific disciplines for approximately a
century. However, they have only recently become a subject of mathematical study. Benoit
Mandelbrot was the founder of the theory of fractals. Since then, lots of scholarly articles,
surveys, popular papers, and books on fractals have been published. Mandelbrot, in [8],
defined a fractal set which Hausdorff dimension stricly exceeds the topological dimension.
In addition, Yang [9] established the numerical γ-sets, where γ is the fractal’s dimension.
For additional information on fractal sets, see [9–11] and their citations.

The notion of fractal calculus (often known as local fractional calculus) has received a
great deal of interest from researchers recently. This concept has advanced rapidly due to
its diverse and extensive applications, not only in mathematics but also in other scientific
disciplines. In [12], the fractional-wave equation on Cantor sets was studied. The Cantor
sets’ heat conduction equation was presented in [13]. Ref. [14] provides the perturbation

Fractal Fract. 2023, 7, 166. https://doi.org/10.3390/fractalfract7020166 https://www.mdpi.com/journal/fractalfract

https://doi.org/10.3390/fractalfract7020166
https://doi.org/10.3390/fractalfract7020166
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com
https://orcid.org/0000-0003-2943-2678
https://orcid.org/0000-0002-1217-963X
https://doi.org/10.3390/fractalfract7020166
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com/article/10.3390/fractalfract7020166?type=check_update&version=2


Fractal Fract. 2023, 7, 166 2 of 15

solution for the oscillator of free damped vibrations. Local fractional PDEs of elliptic,
hyperbolic, and parabolic types were considered in [15].

In recent years, the relationship between fractal sets, integral inequalities, and con-
vexity has attracted significant attention from researchers. Notably, a number of articles
covering this context have been published. To see papers dealing inequalities in the frac-
tal set, we refer readers to [16–28]. This work is focused on three-point Newton–Cotes
formulas, examples of which are provided below.

In [29], the authors established the Simpson inequality via generalized quasi convexity
as follows:

Theorem 1. Consider the subset I of R, Φ : I◦ ⊆ R→ Rγ ( I◦ represents the interior of I ) where
Φ ∈ Dγ(I◦) and Φ(γ) ∈ Cγ[κ, τ] for κ, τ ∈ I◦ with κ < τ. If

∣∣∣Φ(γ)
∣∣∣ is the generalized quasi

convex function; then, the inequality holds:∣∣∣∣(1
6

)γ(
Φ(κ) + 4γΦ

(
κ + τ

2

)
+ Φ(τ)

)
− Γ(γ + 1)

(τ − κ)γ κ I(γ)τ Φ(χ)

∣∣∣∣
≤(τ − κ)γ

(
5

18

)γ Γ(γ + 1)
Γ(2γ + 1)

sup
{∣∣∣Φ(γ)(κ)

∣∣∣, ∣∣∣Φ(γ)(τ)
∣∣∣}.

Moreover, Sarikaya et al. [28] presented the following Simpson-type inequality via
generalized convexity.

Theorem 2. Consider the subset I ⊆ of R, Φ : I◦ ⊆ R → Rγ (I◦ represents the interior of I)
where Φ ∈ Dγ(I◦) and Φ(γ) ∈ Cγ[κ, τ] for κ, τ ∈ I◦ with κ < τ . If

∣∣∣Φ(γ)
∣∣∣ is the generalized

convex function; then, the inequality holds:∣∣∣∣(1
6

)γ(
Φ(κ) + 4γΦ

(
κ + τ

2

)
+ Φ(τ)

)
− Γ(γ + 1)

(τ − κ)γ κ I(γ)τ Φ(χ)

∣∣∣∣
≤ (τ − κ)γ

12γ

(
Γ(γ + 1)
Γ(2γ + 1)

+
Γ(2γ + 1)
Γ(3γ + 1)

)(∣∣∣Φ(γ)(κ)
∣∣∣+ ∣∣∣Φ(γ)(τ)

∣∣∣).

This result has been extended for generalized (s, m)-convex functions by Abdel-
jawad et al. [16].

Theorem 3. Cosidering Φ : I◦ → Rγ is a differentiable on I◦ where Φ(γ) ∈ Cγ[κ, mτ] for

κ, τ ∈ I◦ with κ < τ and s, m ∈ (0, 1]. If
∣∣∣Φ(γ)

∣∣∣ is generalized (s, m)-convex on I; then, we have

∣∣∣∣(1
6

)γ(
Φ(κ) + 4γΦ

(
κ + mτ

2

)
+ Φ(mτ)

)
− Γ(γ + 1)

(mτ − κ)γ κ I(γ)mτ Φ(χ)

∣∣∣∣
≤(mτ − κ)γ

2γ
(

5(s+2)γ − 3(s+1)γ
)
− 5γ

(
6(s+1)γ + 3(s+1)γ

)
6(s+2)γ


×
(

Γ(1 + sγ)

Γ(1 + (s + 1)γ)
+

Γ(1 + (s + 1)γ)
Γ(1 + (s + 2)γ)

)(∣∣∣Φ(γ)(κ)
∣∣∣+ m

∣∣∣Φ(γ)(τ)
∣∣∣).

Furthermore, Meftah et al. [25] provided the following Maclaurin-type inequality for
generalized convex functions.
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Theorem 4. Assume that Φ : [κ, τ] → Rγ is a differentiable on (κ, τ) such that Φ ∈ Dγ[κ, τ]

and Φ(γ) ∈ Cγ[κ, τ] with 0 ≤ κ < τ. If
∣∣∣Φ(γ)

∣∣∣ is a generalized convex on [κ, τ]; then, we have∣∣∣∣ 1
8γ

(
3γΦ

(
5κ + τ

6

)
+ 2γΦ

(
κ + τ

2

)
+ 3γΦ

(
κ + 5τ

6

))
− Γ(γ + 1)

(τ − κ)γ κ Iγ
τ Φ(χ)

∣∣∣∣
≤ (τ − κ)γ

36γ

((
Γ(γ + 1)

Γ(1 + 2γ)
− Γ(2γ + 1)

Γ(3γ + 1)

)∣∣∣Φ(γ)(κ)
∣∣∣

+

((
171
64

)γ Γ(1 + γ)

Γ(2γ + 1)
−
(

67
64

)γ Γ(2γ + 1)
Γ(3γ + 1)

)∣∣∣∣Φ(γ)

(
5κ + τ

6

)∣∣∣∣
+

((
131
32

)γ Γ(1 + 2γ)

Γ(3γ + 1)
−
(

35
32

)γ Γ(γ + 1)
Γ(γ + 1)

)∣∣∣∣Φ(γ)

(
κ + τ

2

)∣∣∣∣
+

((
171
64

)γ Γ(1 + γ)

Γ(2γ + 1)
−
(

67
64

)γ Γ(2γ + 1)
Γ(3γ + 1)

)∣∣∣∣Φ(γ)

(
κ + 5τ

6

)∣∣∣∣
+

(
Γ(γ + 1)

Γ(1 + 2γ)
− Γ(2γ + 1)

Γ(3γ + 1)

)∣∣∣Φ(γ)(τ)
∣∣∣).

More recently, the corrected Dual–Simpson–Type inequalities for generalized functions
was establish by Lakhdari et al. in [23].

Theorem 5. Assume that Φ : [κ, τ] → Rγ is a differentiable on (κ, τ) such that Φ ∈ Dγ[κ, τ]

and Φ(γ) ∈ Cγ[κ, τ] with 0 ≤ κ < τ. If
∣∣∣Φ(γ)

∣∣∣ is generalized convex on [κ, τ], then we have∣∣∣∣ 1
(15)γ

(
8γΦ

(
3κ + τ

4

)
−Φ

(
κ + τ

2

)
+ 8γΦ

(
κ + 3τ

4

))
− Γ(γ + 1)

(τ − κ)γ κ Iγ
τ Φ(χ)

∣∣∣∣
≤ (τ − κ)γ

(16)γ

((
Γ(γ + 1)
Γ(2γ + 1)

− Γ(2γ + 1)
Γ(3γ + 1)

)(∣∣∣Φ(γ)(κ)
∣∣∣+ ∣∣∣Φ(γ)(τ)

∣∣∣)
+

((
2
15

)γ Γ(γ + 1)
Γ(2γ + 1)

+ 2γ Γ(2γ + 1)
Γ(3γ + 1)

)(∣∣∣∣Φ(γ)

(
3κ + τ

4

)∣∣∣∣+ ∣∣∣∣Φ(γ)

(
κ + 3τ

4

)∣∣∣∣)
+

((
34
15

)γ Γ(1 + γ)

Γ(2γ + 1)
− 2γ Γ(2γ + 1)

Γ(3γ + 1)

)∣∣∣∣Φ(γ)

(
κ + τ

2

)∣∣∣∣).

Inspired by the preceding investigation, the present research paper purports to ex-
amine the Milne-type quadrature formula, which represents another type of three-point
Newton–Cotes formulas involving a corrector term.

The Milne-type rule defined on the real line numbers can be stated as follows:

τ∫
κ

Φ(x)dx =M(Φ) +R(Φ),

where

M(Φ) =
(τ − κ)

3

(
2Φ(κ)−Φ

(
κ + τ

2

)
+ 2Φ(τ)

)
andR(Φ) denotes the associated error.

By using new generalized integral identities, one can establish some new estimates of
the Milne quadrature property on fractal set for functions having noninteger derivatives of
order γ that are generalized convex. later some examples as applications of our findings
will be discussed.

The remainder of the paper is structured as follows: Recalling some definitions and
concepts related to fractal calculus in Section 2. Section 3 begins by presenting a new
identity for the Milne quadrature formula involving the first-order noninteger derivatives,
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followed by some related inequalities via generalized convexity. Finally, we provide some
applications to support our findings, followed by a brief conclusion.

2. Preliminaries

In this part of work, we review and recall some concepts from fractal theory; for details,
see [9], which will be applied in the development of the study. The following γ-type sets
are defined for 0 < γ ≤ 1:

The γ-type set of integer is defined as

Zγ := {0γ,±1γ,±2γ, · · · ,±nγ, · · · , }.

The definition of the γ-type set of rational is

Qγ :=
{

cγ =
(τ

κ

)γ
: τ, κ ∈ Z and κ 6= 0

}
.

The γ-type irrational set is defined as

Jγ := {cγ : c ∈ J} :=
{

cγ 6=
(τ

κ

)γ
: τ, κ ∈ Z and κ 6= 0

}
.

The definition of the γ-type set of the real numbers is given by

Rγ := Qγ ∪ Jγ.

Note that according to Yang’s definition of γ-type sets, the theory of operator algebras
for the real line number on fractal sets is the theory of the real line number operations, and
for all cγ, dγ, and eγ in Rγ, we have

1. cγ + dγ and cγdγ are in the set Rγ.
2. cγ + dγ = dγ + cγ = (c + d)γ = (d + c)γ.
3. cγ + (dγ + eγ) = (c + d)γ + eγ.
4. cγdγ = dγcγ = (cd)γ = (dc)γ.
5. cγ(dγeγ) = (cγdγ)eγ.
6. cγ(dγ + eγ) = cγdγ + cγeγ.
7. cγ + 0γ = 0γ + cγ = cγ and cγ1γ = 1γcγ = cγ.

In [9,30], Gao-Yang-Kang introduced the local noninteger derivative and integrals
as follows.

Definition 1 ([9]). A non-differentiable function Φ : R→ Rγ is called a local fractional continu-
ous at χ0, if

∀ε > 0, ∃δ > 0 : |Φ(χ)−Φ(χ0)| < εγ

holds for |χ− χ0| < δ, where ε, δ ∈ R and we denote Cγ(κ, τ) as space of all locally fractional
continuous functions on (κ, τ).

Definition 2 ([9]). The local fractional derivative of Φ(χ) of order γ at the point χ = χ0 is defined as

Φ(γ)(χ0) =
dγΦ(χ)

dχγ

∣∣∣∣
x=χ0

= lim
χ→χ0

∆γ(Φ(χ)−Φ(χ0))

(χ− χ0)
γ ,

where
∆γ(Φ(χ)−Φ(χ0)) ∼= Γ(γ + 1)(Φ(χ)−Φ(χ0)).

If

Φ(k+1)γ(χ) =

(k+1) times︷ ︸︸ ︷
DγDγ · · ·DγΦ(χ)
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exists ∀χ ∈ I ⊆ R; then, Φ ∈ D(k+1)γ(I) for k = 0, 1, 2, 3, · · ·

Definition 3 ([9]). Consider Φ(χ) ∈ Cγ[κ, τ]. The fractional integral is defined as

κ Iγ
τ Φ(χ) =

1
Γ(γ + 1)

τ∫
κ

Φ(χ)(dχ)γ =
1

Γ(γ + 1)
lim

∆χ→0

N−1

∑
j=0

Φ
(
χj
)(

∆χj
)γ,

where ∆χj = χj+1 − χj and ∆x = max
{

∆χj
}

, for j = 0, 1, · · · , N − 1, and κ = χ0 < χ1 <
· · · < χN = τ is partition of interval [κ, τ].

In this case, it is evident that

κ Iγ
τ Φ(χ) = 0 if κ = τ and κ Iγ

τ Φ(χ) = −τ Iγ
κ Φ(χ) if κ < τ.

We designated by Φ(χ) ∈ Iγ
x [κ, τ] if κ Iγ

τ Φ(χ) exists, ∀χ ∈ [κ, τ].

Lemma 1 ([9]). Let Φ(χ) = Ψ(γ)(χ) ∈ Cγ[κ, τ]; hence,

κ Iγ
τ Φ(χ) = Ψ(τ)−Ψ(κ).

Integration by parts for local fractional Considering Φ, Ψ ∈ Dγ[κ, τ] and Φ(γ)(χ), Ψ(γ)(χ) ∈
Cγ[κ, τ], we obtain

κ Iγ
τ Φ(χ)Ψ(γ)(χ) = Φ(χ)Ψ(χ)|τκ − κ Iγ

τ Φ(γ)(χ)Ψ(χ).

Lemma 2 ([9]). For Φ(χ) = χkγ , we have

dγΦ(χ)

dχγ
=

Γ(1 + kγ)

Γ(1 + (k− 1)γ)
χ(k−1)γ, ∀k ∈ R,

1
Γ(1 + γ)

τ∫
κ

Φ(χ)(dχ)γ =
Γ(1 + kγ)

Γ(1 + (k + 1)γ)

(
τ(k+1)γ − κ(k+1)γ

)
.

Lemma 3 ([9]). Assuming Φ, Ψ ∈ Cγ[κ, τ], p, q > 1 with 1
p + 1

q = 1; then,

1
Γ(1 + γ)

τ∫
κ

|Φ(χ)Ψ(χ)|(dχ)γ

≤

 1
Γ(1 + γ)

τ∫
κ

|Φ(χ)|p(dχ)γ

 1
p
 1

Γ(1 + γ)

τ∫
κ

|Ψ(χ)|q(dχ)γ

 1
q

.

Lemma 4 (Generalized power mean inequality [9]). Let Φ, Ψ ∈ Cγ[κ, τ], q > 1; then,

1
Γ(1 + γ)

τ∫
κ

|Φ(χ)Ψ(χ)|(dχ)γ

≤

 1
Γ(1 + γ)

τ∫
κ

|Φ(χ)|(dχ)γ

1− 1
q
 1

Γ(1 + γ)

τ∫
κ

|Φ(χ)||Ψ(χ)|q(dχ)γ

 1
q

.

Definition 4 (Generalized convex function [9]). A function Φ : I ⊆ R → Rγ is said to be a
generalized convex function on I if

Φ(λχ1 + (1− λ)χ2) ≤ λγΦ(χ1) + (1− λ)γΦ(χ2)
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holds, ∀χ1, χ2 ∈ I and λ ∈ [0, 1].

Two straightforward examples of generalized convex functions are provided below:

1. Φ(χ) = χγp, with p > 1 and χ ≥ 0.

2. Φ(χ) = Eγ(χγ), χ ∈ R where Eγ(χγ) =
∞
∑

q=0

χγq

Γ(1+qγ)
denotes the Mittag–Leffler function.

3. Main Results

To demonstrate our results, we require the following identity:

Lemma 5. Let Φ : I → Rγ be a differentiable function on I◦, κ, τ ∈ I◦ with κ < τ, and
Φ(γ) ∈ Cγ[κ, τ]; hence we get

1
3γ

(
2γΦ(κ)−Φ

(
κ + τ

2

)
+ 2γΦ(τ)

)
− Γ(γ + 1)

(τ − κ)γ κ Iγ
τ Φ(χ)

=
(τ − κ)γ

4γ

 1
Γ(γ + 1)

1∫
0

(
u− 4

3

)γ

Φ(γ)

(
(1− u)κ + u

κ + τ

2

)
(du)γ

+
1

Γ(γ + 1)

1∫
0

(
u +

1
3

)γ

Φ(γ)

(
(1− u)

κ + τ

2
+ uτ

)
(du)γ

.

Proof. Let

I1 =
1

Γ(γ + 1)

1∫
0

(
u− 4

3

)γ

Φ(γ)

(
(1− u)κ + u

κ + τ

2

)
(du)γ

and

I2 =
1

Γ(γ + 1)

1∫
0

(
u +

1
3

)γ

Φ(γ)

(
(1− u)

κ + τ

2
+ uτ

)
(du)γ.

Using LFI by parts for I1, we obtain

I1 = 2γ

(τ−κ)γ

(
u− 4

3

)γ
Φ
(
(1− u)κ + u κ+τ

2
)∣∣∣u=1

u=0

− 2γ

(τ−κ)γ

1∫
0

Φ
(
(1− u)κ + u κ+τ

2
)
(du)γ

= (−2)γ

3γ(τ−κ)γ Φ
(

κ+τ
2
)
− (−8)γ

3γ(τ−κ)γ Φ(κ)− 2γ

(τ−κ)γ

1∫
0

Φ
(
(1− u)κ + u κ+τ

2
)
(du)γ

= 8γ

3γ(τ−κ)γ Φ(κ)− 2γ

3γ(τ−κ)γ Φ
(

κ+τ
2
)
− 4γ

(τ−κ)2γ

κ+τ
2∫
κ

Φ(χ)(dχ)γ.

(1)

Similarly, we obtain for I2

I2 = 2γ

(τ−κ)γ

(
u + 1

3

)γ
Φ
(
(1− u) κ+τ

2 + uτ
)∣∣∣u=1

u=0

− 2γ

(τ−κ)γ

1∫
0

Φ
(
(1− u) κ+τ

2 + uτ
)
(du)γ

= 8γ

3γ(τ−κ)γ Φ(τ)− 2γ

3γ(τ−κ)γ Φ
(

κ+τ
2
)
− 2γ

(τ−κ)γ

1∫
0

Φ
(
(1− u) κ+τ

2 + uτ
)
(du)γ

= 8γ

3γ(τ−κ)γ Φ(τ)− 2γ

3γ(τ−κ)γ Φ
(

κ+τ
2
)
− 4γ

(τ−κ)2γ

τ∫
κ+τ

2

Φ(χ)(dχ)γ.

(2)
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Summing (1) and (2), we obtain

I1 + I2 =
8γ

3γ(τ − κ)γ Φ(κ)− 4γ

3γ(τ − κ)γ Φ
(

κ + τ

2

)
+

8γ

3γ(τ − κ)γ Φ(τ)

− 4γ

(τ − κ)2γ


κ+τ

2∫
κ

Φ(χ)(dχ)γ +

τ∫
κ+τ

2

Φ(χ)(dχ)γ


=

4γ

3γ(τ − κ)γ

(
2γΦ(κ)−Φ

(
κ + τ

2

)
+ 2γΦ(τ)

)
− 4γ

(τ − κ)2γ

τ∫
κ

Φ(χ)(dχ)γ.

Multiplying the above equality by (τ−κ)γ

4γ , we achieve the intended outcome.

Theorem 6. Considering Φ : I → Rγ is a differentiable function on I◦, κ, τ ∈ I◦ with κ < τ,
where Φ ∈ Dγ[κ, τ] and Φ(γ) ∈ Cγ[κ, τ]. If

∣∣∣Φ(γ)
∣∣∣ is generalized convex on [κ, τ], then we have∣∣∣∣ 1

3γ

(
2γΦ(κ)−Φ

(
κ + τ

2

)
+ 2γΦ(τ)

)
− Γ(γ + 1)

(τ − κ)γ κ Iγ
τ Φ(χ)

∣∣∣∣
≤ (τ − κ)γ

4γ

(((
1
3

)γ Γ(1 + γ)

Γ(2γ + 1)
+

Γ(2γ + 1)
Γ(3γ + 1)

)∣∣∣Φ(γ)(κ)
∣∣∣

+ 2γ

((
4
3

)γ Γ(1 + γ)

Γ(1 + 2γ)
− Γ(1 + 2γ)

Γ(3γ + 1)

)∣∣∣∣Φ(γ)

(
κ + τ

2

)∣∣∣∣
+

(
Γ(1 + 2γ)

Γ(3γ + 1)
+

(
1
3

)γ Γ(1 + γ)

Γ(1 + 2γ)

)∣∣∣Φ(γ)(τ)
∣∣∣).

Proof. Based on Lemma 5, the generalized convexity of
∣∣∣Φ(γ)

∣∣∣ and the modulus properties,
we have ∣∣∣ 1

3γ

(
2γΦ(κ)−Φ

(
κ+τ

2
)
+ 2γΦ(τ)

)
− Γ(γ+1)

(τ−κ)γ κ Iγ
τ Φ(χ)

∣∣∣
≤ (τ−κ)γ

4γ

(
1

Γ(γ+1)

1∫
0

(
4
3 − χ

)γ∣∣∣Φ(γ)
(
(1− χ)κ + χ κ+τ

2
)∣∣∣(dχ)γ

+ 1
Γ(γ+1)

1∫
0

(
χ + 1

3

)γ∣∣∣Φ(γ)
(
(1− χ) κ+τ

2 + χτ
)∣∣∣(dχ)γ

)

≤ (τ−κ)γ

4γ

(
1

Γ(γ+1)

1∫
0

(
4
3 − χ

)γ(
(1− χ)γ

∣∣∣Φ(γ)(κ)
∣∣∣+ χγ

∣∣∣Φ(γ)
(

κ+τ
2
)∣∣∣)(dχ)γ

+ 1
Γ(γ+1)

1∫
0

(
χ + 1

3

)γ(
(1− χ)γ

∣∣∣Φ(γ)
(

κ+τ
2
)∣∣∣+ χγ

∣∣∣Φ(γ)(τ)
∣∣∣)(dχ)γ

)

= (τ−κ)γ

4γ

(∣∣∣Φ(γ)(κ)
∣∣∣ 1

Γ(γ+1)

1∫
0

(
4
3 − χ

)γ
(1− χ)γ(dχ)γ +

∣∣∣Φ(γ)
(

κ+τ
2
)∣∣∣

×
(

1
Γ(γ+1)

1∫
0

(
4
3 − χ

)γ
χγ(dχ)γ + 1

Γ(γ+1)

1∫
0

(
χ + 1

3

)γ
(1− χ)γ(dχ)γ

)

+
∣∣∣Φ(γ)(τ)

∣∣∣ 1
Γ(γ+1)

1∫
0

(
χ + 1

3

)γ
χγ(dχ)γ

)
.

(3)
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We obtain the following by applying Lemma 2 to the above integrals:

1
Γ(γ + 1)

1∫
0

(
4
3
− χ

)γ

(1− χ)γ(dχ)γ =

(
1
3

)γ Γ(1 + γ)

Γ(1 + 2γ)
+

Γ(1 + 2γ)

Γ(3γ + 1)
, (4)

1
Γ(γ + 1)

1∫
0

(
4
3
− χ

)γ

χγ(dχ)γ =

(
4
3

)γ Γ(1 + γ)

Γ(1 + 2γ)
− Γ(1 + 2γ)

Γ(3γ + 1)
, (5)

1
Γ(γ + 1)

1∫
0

(
χ +

1
3

)γ

(1− χ)γ(dχ)γ =

(
4
3

)γ Γ(1 + γ)

Γ(1 + 2γ)
− Γ(1 + 2γ)

Γ(3γ + 1)
(6)

and
1

Γ(γ + 1)

1∫
0

(
χ +

1
3

)γ

χγ(dχ)γ =
Γ(1 + 2γ)

Γ(3γ + 1)
+

(
1
3

)γ Γ(1 + γ)

Γ(1 + 2γ)
. (7)

Combining (3)–(7), we obtain the desired outcome.

Theorem 7. Let Φ : I → Rγ be a differentiable function on I◦, κ, τ ∈ I◦ with κ < τ, such that

Φ ∈ Dγ[κ, τ] and Φ(γ) ∈ Cγ[κ, τ]. If
∣∣∣Φ(γ)

∣∣∣q is generalized convex on [κ, τ], where q > 1 with
1
p + 1

q = 1, then we have∣∣∣∣ 1
3γ

(
2γΦ(κ)−Φ

(
κ + τ

2

)
+ 2γΦ(τ)

)
− Γ(γ + 1)

(τ − κ)γ κ Iγ
τ Φ(χ)

∣∣∣∣
≤ (τ − κ)γ

4γ

(
Γ(1 + pγ)

Γ(1 + (p + 1)γ)

((
4
3

)(p+1)γ
−
(

1
3

)(p+1)γ
)) 1

p( Γ(1 + γ)

Γ(1 + 2γ)

) 1
q

×

(∣∣∣Φ(γ)(κ)
∣∣∣q + ∣∣∣∣Φ(γ)

(
κ + τ

2

)∣∣∣∣q)
1
q

+

(∣∣∣∣Φ(γ)

(
κ + τ

2

)∣∣∣∣q + ∣∣∣Φ(γ)(τ)
∣∣∣q) 1

q

.

Proof. From Lemma 5, properties of modulus, the generalized power mean inequality, and

the generalized convexity of
∣∣∣Φ(γ)

∣∣∣q, we have
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∣∣∣∣ 1
3γ

(
2γΦ(κ)−Φ

(
κ + τ

2

)
+ 2γΦ(τ)

)
− Γ(γ + 1)

(τ − κ)γ κ Iγ
τ Φ(χ)

∣∣∣∣
≤ (τ − κ)γ

4γ


 1

Γ(γ + 1)

1∫
0

(
4
3
− χ

)pγ

(dχ)γ


1
p

×

 1
Γ(γ + 1)

1∫
0

∣∣∣∣Φ(γ)

(
(1− χ)κ + χ

κ + τ

2

)∣∣∣∣q(dχ)γ


1
q

+

 1
Γ(γ + 1)

1∫
0

(
χ +

1
3

)pγ

(dχ)γ


1
p

×

 1
Γ(γ + 1)

1∫
0

∣∣∣∣Φ(γ)

(
(1− χ)

κ + τ

2
+ χτ

)∣∣∣∣q(dχ)γ


1
q


≤ (τ − κ)γ

4γ


 1

Γ(γ + 1)

4
3∫
1
3

upγ(du)γ


1
p

×

 1
Γ(γ + 1)

1∫
0

(
(1− χ)γ

∣∣∣Φ(γ)(κ)
∣∣∣q + χγ

∣∣∣∣Φ(γ)

(
κ + τ

2

)∣∣∣∣q)(dχ)γ


1
q

+

 1
Γ(γ + 1)

4
3∫
1
3

upγ(du)γ


1
p

×

 1
Γ(γ + 1)

1∫
0

(
(1− χ)γ

∣∣∣∣Φ(γ)

(
κ + τ

2

)∣∣∣∣q + χγ
∣∣∣Φ(γ)(τ)

∣∣∣q)(dχ)γ


1
q
. (8)

Using Lemma 2, (8) provides
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∣∣∣∣ 1
3γ

(
2γΦ(κ)−Φ

(
κ + τ

2

)
+ 2γΦ(τ)

)
− Γ(γ + 1)

(τ − κ)γ κ Iγ
τ Φ(χ)

∣∣∣∣
≤ (τ − κ)γ

4γ

( Γ(1 + pγ)

Γ(1 + (p + 1)γ)

((
4
3

)(p+1)γ
−
(

1
3

)(p+1)γ
)) 1

p

×
(

Γ(1 + γ)

Γ(1 + 2γ)

∣∣∣Φ(γ)(κ)
∣∣∣q + Γ(1 + γ)

Γ(1 + 2γ)

∣∣∣∣Φ(γ)

(
κ + τ

2

)∣∣∣∣q)
1
q

+

(
Γ(1 + pγ)

Γ(1 + (p + 1)γ)

((
4
3

)(p+1)γ
−
(

1
3

)(p+1)γ
)) 1

p

×
((

Γ(1 + γ)

Γ(1 + 2γ)

∣∣∣∣Φ(γ)

(
κ + τ

2

)∣∣∣∣q + Γ(1 + γ)

Γ(1 + 2γ)

∣∣∣Φ(γ)(τ)
∣∣∣q)) 1

q


=
(τ − κ)γ

4γ

(
Γ(1 + pγ)

Γ(1 + (p + 1)γ)

((
4
3

)p+1
−
(

1
3

)p+1
)γ) 1

p( Γ(1 + γ)

Γ(1 + 2γ)

) 1
q

×

(∣∣∣Φ(γ)(κ)
∣∣∣q + ∣∣∣∣Φ(γ)

(
κ + τ

2

)∣∣∣∣q)
1
q

+

(∣∣∣∣Φ(γ)

(
κ + τ

2

)∣∣∣∣q + ∣∣∣Φ(γ)(τ)
∣∣∣q) 1

q

.

Theorem 8. Assuming Φ : I → Rγ is a differentiable function on I◦, κ, τ ∈ I◦ with κ < τ, such

that Φ ∈ Dγ[κ, τ] and Φ(γ) ∈ Cγ[κ, τ]. If
∣∣∣Φ(γ)

∣∣∣q is generalized convex on [κ, τ], where q ≥ 1,
then we have ∣∣∣∣ 1

3γ

(
2γΦ(κ)−Φ

(
κ + τ

2

)
+ 2γΦ(τ)

)
− Γ(γ + 1)

(τ − κ)γ κ Iγ
τ Φ(χ)

∣∣∣∣
≤ (τ − κ)γ

4γ

(
Γ(1 + γ)

Γ(1 + 2γ)

((
4
3

)2γ

−
(

1
3

)2γ
))1− 1

q

×
((((

1
3

)γ Γ(1 + γ)

Γ(1 + 2γ)
+

Γ(1 + 2γ)

Γ(3γ + 1)

)∣∣∣Φ(γ)(κ)
∣∣∣q

+

((
4
3

)γ Γ(1 + γ)

Γ(1 + 2γ)
− Γ(1 + 2γ)

Γ(3γ + 1)

)∣∣∣∣Φ(γ)

(
κ + τ

2

)∣∣∣∣q)
1
q

+

(((
4
3

)γ Γ(1 + γ)

Γ(1 + 2γ)
− Γ(1 + 2γ)

Γ(3γ + 1)

)∣∣∣∣Φ(γ)

(
κ + τ

2

)∣∣∣∣q
+

(
Γ(1 + 2γ)

Γ(3γ + 1)
+

(
1
3

)γ Γ(1 + γ)

Γ(1 + 2γ)

)∣∣∣Φ(γ)(τ)
∣∣∣q) 1

q

.

Proof. Based on Lemma 5, the generalized convexity of
∣∣∣Φ(γ)

∣∣∣q, the generalized Hölder’s
inequality, and the modulus properties, we have
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∣∣∣∣ 1
3γ

(
2γΦ(κ)−Φ

(
κ + τ

2

)
+ 2γΦ(τ)

)
− Γ(γ + 1)

(τ − κ)γ κ Iγ
τ Φ(χ)

∣∣∣∣
≤ (τ − κ)γ

4γ


 1

Γ(γ + 1)

1∫
0

(
4
3
− χ

)γ

(dχ)γ

1− 1
q

×

 1
Γ(γ + 1)

1∫
0

(
4
3
− χ

)γ∣∣∣∣Φ(γ)

(
(1− χ)κ + χ

κ + τ

2

)∣∣∣∣q(dχ)γ


1
q

+

 1
Γ(γ + 1)

1∫
0

(
χ +

1
3

)γ

(dχ)γ

1− 1
q

×

 1
Γ(γ + 1)

1∫
0

(
χ +

1
3

)γ∣∣∣∣Φ(γ)

(
(1− χ)

κ + τ

2
+ χτ

)∣∣∣∣q(dχ)γ


1
q


≤ (τ − κ)γ

4γ


 1

Γ(γ + 1)

4
3∫
1
3

uγ(du)γ


1− 1

q

×

 1
Γ(γ + 1)

1∫
0

(
4
3
− χ

)γ(
(1− χ)γ

∣∣∣Φ(γ)(κ)
∣∣∣q + χγ

∣∣∣∣Φ(γ)

(
κ + τ

2

)∣∣∣∣q)(dχ)γ


1
q

+

 1
Γ(γ + 1)

4
3∫
1
3

uγ(du)γ


1− 1

q

×

 1
Γ(γ + 1)

1∫
0

(
χ +

1
3

)γ(
(1− χ)γ

∣∣∣∣Φ(γ)

(
κ + τ

2

)∣∣∣∣q + χγ
∣∣∣Φ(γ)(τ)

∣∣∣q)(dχ)γ


1
q


=
(τ − κ)γ

4γ


 1

Γ(γ + 1)

4
3∫
1
3

uγ(du)γ


1− 1

q

×

∣∣∣Φ(γ)(κ)
∣∣∣q
 1

Γ(γ + 1)

1∫
0

(
4
3
− χ

)γ

(1− χ)γ(dχ)γ



+

∣∣∣∣Φ(γ)

(
κ + τ

2

)∣∣∣∣q
 1

Γ(γ + 1)

1∫
0

(
4
3
− χ

)γ

χγ(dχ)γ


1
q

+

 1
Γ(γ + 1)

4
3∫
1
3

uγ(du)γ


1− 1

q

×

∣∣∣∣Φ(γ)

(
κ + τ

2

)∣∣∣∣q
 1

Γ(γ + 1)

1∫
0

(
χ +

1
3

)γ

(1− χ)γ(dχ)γ


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+
∣∣∣Φ(γ)(τ)

∣∣∣q
 1

Γ(γ + 1)

1∫
0

(
χ +

1
3

)γ

χγ(dχ)γ


1
q


=
(τ − κ)γ

4γ

(
Γ(1 + γ)

Γ(1 + 2γ)

((
4
3

)2γ

−
(

1
3

)2γ
))1− 1

q

×
((((

1
3

)γ Γ(1 + γ)

Γ(1 + 2γ)
+

Γ(1 + 2γ)

Γ(3γ + 1)

)∣∣∣Φ(γ)(κ)
∣∣∣q

+

((
4
3

)γ Γ(1 + γ)

Γ(1 + 2γ)
− Γ(1 + 2γ)

Γ(3γ + 1)

)∣∣∣∣Φ(γ)

(
κ + τ

2

)∣∣∣∣q)
1
q

+

(((
4
3

)γ Γ(1 + γ)

Γ(1 + 2γ)
− Γ(1 + 2γ)

Γ(3γ + 1)

)∣∣∣∣Φ(γ)

(
κ + τ

2

)∣∣∣∣q
+

(
Γ(1 + 2γ)

Γ(3γ + 1)
+

(
1
3

)γ Γ(1 + γ)

Γ(1 + 2γ)

)∣∣∣Φ(γ)(τ)
∣∣∣q) 1

q

,

where we have used Lemma 2 and (4)–(7). The proof is completed.

4. Applications

Milne’s Quadrature Formula
Considering Υ is the partition of the points κ = χ0 < χ1 < . . . < χn = τ of the interval

[κ, τ] and let

1
Γ(γ + 1)

τ∫
κ

Φ(χ)(dχ)γ = λ(Φ, Υ) + R(Φ, Υ),

where

λ(Φ, Υ) =
1

Γ(γ + 1)

n−1

∑
i=0

(χi+1 − χi)
γ

3γ

(
2γΦ(χi)−Φ

(
χi + χi+1

2

)
+ 2γΦ(χi+1)

)
and R(Φ, Υ) represents the corresponding approximation error.

Proposition 1. Assuming Φ : [κ, τ]→ Rγ is a differentiable function on (κ, τ) with 0 ≤ κ < τ

and Φ(γ) ∈ Cγ[κ, τ]. If
∣∣∣Φ(γ)

∣∣∣ is genaralized convex function, we optain for n ∈ N

|R(Φ, Υ)|

≤ 1
Γ(1 + γ)

n−1

∑
i=0

(χi+1 − χi)
2γ

4γ

((
Γ(1 + 2γ)

Γ(3γ + 1)
+

(
1
3

)γ Γ(1 + γ)

Γ(1 + 2γ)

)(∣∣∣Φ(γ)(χi)
∣∣∣

+
∣∣∣Φ(γ)(χi+1)

∣∣∣)+ 2γ

((
4
3

)γ Γ(1 + γ)

Γ(1 + 2γ)
− Γ(1 + 2γ)

Γ(3γ + 1)

)∣∣∣∣Φ(γ)

(
χi + χi+1

2

)∣∣∣∣).

Proof. Applying Theorem 6 on the subintervals [χi, χi+1] (i = 0, 1, . . . , n− 1) of the parti-
tion Υ, we obtain
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∣∣∣∣ 1
3γ

(
2γΦ(χi)−Φ

(
χi + χi+1

2

)
+ 2γΦ(χi+1)

)
− Γ(γ + 1)

(χi+1 − χi)
γ .χi I

γ
χi+1 Φ(t)

∣∣∣∣
≤ (χi+1 − χi)

γ

4γ

((
Γ(1 + 2γ)

Γ(3γ + 1)
+

(
1
3

)γ Γ(1 + γ)

Γ(1 + 2γ)

)∣∣∣Φ(γ)(χi)
∣∣∣

+ 2γ

((
4
3

)γ Γ(1 + γ)

Γ(1 + 2γ)
− Γ(1 + 2γ)

Γ(3γ + 1)

)∣∣∣∣Φ(γ)

(
χi + χi+1

2

)∣∣∣∣
+

(
Γ(1 + 2γ)

Γ(3γ + 1)
+

(
1
3

)γ Γ(1 + γ)

Γ(1 + 2γ)

)∣∣∣Φ(γ)(χi+1)
∣∣∣).

The required result is produced by multiplying both sides of the inequality by
1

Γ(1+γ) (χi+1 − χi)
γ, summing the resulting inequalities for i = 0, 1, . . . , n − 1, and then

applying the triangular inequality.

Special means
Let κ, τ ∈ R, then:
The generalized arithmetic mean is given by A(κ, τ) = κγ+τγ

2γ .
The generalized p-Logarithmic mean is given by:

Lp(κ, τ) =

[
Γ(1 + pγ)

Γ(1 + (p + 1)γ)

(
τ(p+1)γ − κ(p+1)γ

(τ − κ)γ

)] 1
p

, p ∈ Z\{0,−1}, and κ 6= τ.

Proposition 2. Let κ, τ ∈ R with 0 < κ < τ; then, we have for n ≥ 2

|4γ A(κn, τn)− An(κ, τ)− 3γΓ(γ + 1)Ln
n(κ, τ)|

≤3γ(τ − κ)γ

4γ

(
Γ(1 + pγ)

Γ(1 + (p + 1)γ)

(
4p+1 − 1

3p+1

)γ
) 1

p( Γ(1 + γ)

Γ(1 + 2γ)

) 1
q

×
(

Γ(1 + nγ)

Γ(1 + (n− 1)γ)

) 1
q

×

(κ(n−1)γq +

(
κ + τ

2

)(n−1)γq
) 1

q

+

((
κ + τ

2

)(n−1)γq
+ τ(n−1)γq

) 1
q
.

Proof. The assertion arises from the application of Theorem 7 to the function Φ : (0,+∞)→
Rγ defined by Φ(χ) = χnγ.

5. Conclusions

For sufficiently nice functions, convexity is determined by looking at its second deriva-
tive. However, the case in the fractional form quite different and determined by using the
inequalities. Thus, in this work, we discussed the fractal Milne-type quadrature formula.
We began by introducing a novel generalized identity, which was used to prove some
new fractal Milne-type inequalities via generalized convexity. In addition, our findings
were demonstrated that relevant to the quadrature formula’s error estimates and to special
means. The findings could lead to additional research on this intriguing topic and gen-
eralizations for other types of generalized convexity and for weighted formulas, and for
upper dimensions.
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