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1. Introduction and Preliminaries

Let H(A) denote the class of all analytic functions in A = {w € C: |w| < 1}. For
a€CandjeN={1,23,...} let H[a, j] be the subclass of analytic functions defined by:

Ha,j] = {fe’H(A):f(w):a+ianw" +... }

n=j

Furthermore, suppose that #[1, j] = H;.

For two functions f,¢ € H(A), the function f(w) is called subordinate to g(w),
denoted by f(w) < g(w), if there exists a Schwarz function ¢(w), which is analytic in
unit disk A with 9(0) = 0 and |¢(w)| < 1(w € A), satisfies f(w) = g(¢(w)) for all w € A.
Moreover, if the function g is a univalent function in A, then f(w) < g(w) if and only if
f(0) = g(0) and f(A) C g(A) (see [1-3]).

Let ¢(r,s,t,u;w) : C*x A — Cand h(w) be univalent in unit disk A. Furthermore, if
g(w) is analytic in A satisfies:

9 (8(w), wg' (@), W (@), W (w);w) < h(w), M)

then g¢(w) is a solution of the above differential subordination (1). The univalent function
o(w) is said to be a dominant of the solutions of (1) if g(w) is subordinate to o(w) for all
g(w) satisfying (1). A univalent dominant 4 such that satisfies § < ¢ for all dominants of (1)
is called the best dominant (see [4]).

Furthermore, let ) (p, j) be the family of functions f(w) of the form:

flw)=wF+ i‘anw”*p (p.jeN={1,2,...}), )

n=j
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which are analytic and also p—valent in the punctured disk A* = A\{0} and set

(L1 =%
For functions f given by (2) and g € Y(p, j) given by

glw)=w P+ i by P (w €AY, 3)

n=j

the Hadamard product (or convolution) of two functions f and g is defined by

(F8)(@) =P+ T anbu? = (g % f) ().

n=j

The Mittag-Leffler function E, (w)(w € C) is defined as (see [5,6]):

2 (an +1 (x € C,R{a} > 0). (4)

Srivastava and Tomovski [7] introduced the generalized Mittag-Leffler function Ezg (w)
(with j = 1) in the form (see also [8]):

vk o (Ve @"
F /5( Z:: zxn—l—ﬁ ) n!’ ©®)

where B,y € C, R{a} > max{0; R{k} —1};R{k} >0, R{a} =0at R{k} =1withf #0
and (7),, is the Pochhammer symbol defined as:

CT(y+m) (1, if m=0,
(’Y)m—r(,Y)_{7(7—|—1)...('y+m—1), if meN.

We now define the function BZ({: 8 (w) by

vk
Bpaﬁ

(@) = w PT(B)EY5(w). (6)

Corresponding to the function Bﬁ’f/ /3(“’) defined by (6), Aouf and Seoudy [9] intro-

duced a linear operator 7?»4 X :Y(p,j) = X(p,j) by

TIEF(w) = B ((w) * f(w) = w p+z [mn) 0", "

(R{a} > max{0; R{k} —1}; R{k} > 0, R{a} = 0at R{k} = 1 with p #0).

We note that
Thopf(@) = f(@) and TZ,f(w) = wf (@) + (p+1)f(w).

Furthermore, it is easily verified from (7) that

ko (T F(@)) = AT (@) — (7 + PO T (@) ®
and /
ww (T 1 f(@)) = BTIE () = (B+ po) Tl fl@). )

To obtain our results, we will use the following definitions and lemmas.



Fractal Fract. 2023, 7,175

30f12

Definition 1 ([4], p. 441). Let Q be the set of all functions ¢ that are analytic and univalent on
A\E(0) where

E(e) = {¢ € 24 lim o(w) =0},

and are such that min|o’({)| = p > 0 for { € 0A\E(0). Further, let Q(a) denote the subclass of
Q consisting of functions ¢ for which ¢(0) = a and Q(1) = Q;.

Definition 2 ([4], Theorem 1, p. 449). If Q C C, ¢ € Qand j > 2. Let Y;[Q, 0] be the family
of admissible functions consisting of functions ¢ : C* x A — C, which satisfy the condition of
admissibility as:

Y(r,s,t,u;w) ¢ Q

whenever

r=o(0)s = mée’(é»%‘r{: + 1} > mg’?{l - %(g)}

and

(2} ()

where w € A, { € 0A\E(0) and m > j.

Lemma 1 ([4], Theorem 1, p. 449). Let g € H|a, j| with j > 2. Furthermore, let 0 € Q(a) and
satisfy the following conditions:

(55} 20 [585 o

where w € A, { € IA\E(¢) and m > j. If Qisaset in C, ¢ € ¥;[Q), o] and

p(g(w), wg' (w), w?g" (W), w’g" (w);w) € O
then g(w) < o(w).

Several authors have obtained many important results involving various opera-
tors related by differential subordination and differential superordination (for example,
see [10-19]).

In the present paper, by making use of the third-order differential subordination
theorems of Antonino and Miller [4] (see also the recent works by Tang et al. [20-22]), we
determine the sufficient conditions for certain appropriate classes of admissible functions
so that

WP T f(w) < g(w)

p
and

WP T af (@) < a(w),

where ¢(w) is given univalent functions in A with ¢ € Q1 N H;. In addition, we obtain some
special cases of these classes of admissible functions. Our results derived in the present
paper and, together with other papers that appeared in recent years, will pave the way for
further study in the direction of the third-order subordination theory.

2. Third-Order Differential Subordination Results with 7?;%

Unless otherwise mentioned, we assume throughout this paper that f € Y (p, ), k # 0,
v #0,—-1,-2,0 € 0A\E(0),0 € [0,27) and w € A.
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Definition 3. If O C Cand ¢ € Q1 NH,;. Let $1[Q, ¢] be the family of admissible functions
consists of functions ¢ : C* x A — C that satisfy the condition of admissibility:

¢(a,b,c,d;w) ¢ Q,

whenever L .
0= (0)b = o() + L),
c(y+1)—b@2y+1)b+7a 20" (@)
%{ k(b —a) } > mR{1+ 58 |
and

d(y+1)[(7+2)=3(y+k+1)c]+[372+3(2k+1) y+2k2+3k+1]b— (y?>+3ky+2k* )a 20n [ 220" (0)
%{ ) = iR S,
where w € A, { € 0A\E(0), and m > j > 2.

Theorem 1. If O C Cand ¢ € O1[Q,0]. If f € Y.(p,j) and 0 € Qq satisfy the following
conditions:

%{gQN(C) } >0 and ‘w(w”mfﬁf(w)),‘ <ml'(Z)], (10)

o'(¢)

then

(¢ (WP T f (@), P T f () P T f (@), P T f(w)iw) sweabca (1)

which implies
k
WP F(w) < o).
Proof. Define ¢(w) in unit disk A by

WPTTf (@) = g(w) (w € A). (12)

Differentiating (12) with respect to w and using the recurrence relation (8), we have

WP Flw) = g(w) + :wg’(a)). 13)

Differentiating (13) with respect to w and also using the recurrence relation (8),
we obtain

k2y+k+1) K2 5

s @) et @) a4)

WP TR f(w) = g(w) + e

poap
Further computations show that

k[3v*+3(k+2)y + k> + 3k + 2]

WP T fw) = g(w) + At R i )
3k2(’)/ +k+ 1) " KB "
RSV CE AR e e ) 05)
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Let
a=r,
— k
b=r+ S
(16)
o kCytk+1) K2
C=r+ e ST anmh
J—r k[372+37(k+2)+k>+3k+2] B2 (y+k+1) 4 | % "
B T(r+1)(r+2) 1 +D)(+2)" T (D +2)
we now define the transformation (7, s, t, u;w) : C* x A — Cby
l/)(r/ S/ t/ 1/[; w) - 4)(a/ b/ C/ d/ (U)
k k(2y +k+1) k2
=¢(rr+ —sr+ s t,
¢( 7 r(r+1) r(r+1)
k[37% 437 (k+2) +k7+3k+2] 3K (7-+k+1) i3 )
R CAeV e B TOE [ Ca L TcasV e L B 17)

Then, using relations (12)-(15), we have

9 (g(w) g (@), 0% (@), @ (@);w)

= ¢ (W TR (@), WP T F (@), @ T (@), P T fw)iw). 18)

p pa,p
Note that
E—i—l _c(y+1)—=b2y+1)+a
s k(b —a)

and
U d(y+1)[(y+2) =3c(y-+k+1)]+ [3y2+3(2k+1) y+2k243k+1]b— ( y?+3ky+2k? )a

s k2 (b—a)

Further note that the condition of admissibility for function ¢ € ®1[(), o] of Definition 3
is equivalent to the condition of admissibility for the function ¢ € ¥,,[(Q, 0], which is given
in Definition 2. Thus, the proof of Theorem 1 follows from Lemma 1. [

The following result will be an extension of Theorem 1 when the behavior of the
function ¢(w) on 9A is unknown.

Corollary 1. If O C C and ¢ is a univalent in A with ¢ € Qq. Let ¢ € ®1[Q, 0] for some
p € (0,1), where gp(w) = o(pw). If f € Y- and o,, satisfy the following conditions:

%{ggip((;))} >0 and ‘w(wPT’Zo’fﬁf(w)>/‘ <m Q;)(g) , (19)

then

pap pp pap

{¢(wr’7;j;jjﬁ Fw), P TV (), wP T2 (), wP T3k f(w);w) ‘we A} cq,

which implies
WP T f(w) < g(w).
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Proof. From Theorem 1 we have aﬂ"TV ﬁf( ) < 0p(w) and since gp(w) < o(w), we
conclude that wpm‘;,ﬁf(w) < o(w). D

If O3 # C is a simply connected domain, therefore, we have a conformal mapping
h from A into the domain Q) such that #(A) is equal to Q). Then, we denote the class
®1[1(A), 0] by ®1[h, 0]. The next two corollaries are immediate consequences of Theorem 1
and Corollary 1.

Corollary 2. If h is univalent function in A and let ¢ € P1[h, 0|, also suppose that 0 € Qq
satisfies (10). Then

0 (T (@), P T (@), @ T (@), P T S (@)iw) < hlw),  (@0)

which implies

WPTTEF (@) < o(w).

Corollary 3. If ¢ is univalent function in A with ¢ € Q1 and ¢ € P1[h, 0] for some p € (0,1),
where 0p(w) = o(pw). If op satisfies the conditions in (19), then the subordination relation (20)
implies that

WPTTEF (@) < olw).

The following corollary shows the connection between the best dominant of a third
order differential subordination and the solution of the corresponding third-order differen-
tial equation.

Corollary 4. If h is univalent function in A and  is given by (18) where ¢ € P1[h, 0]. If the
differential equation

9 (0(w) e (@), 02" (@), " (@);w) = h(w)
has a solution ¢ with ¢ € Q that satisfies the conditions (10), then subordination (20) implies that
k
Tk f(w) < olw),
and g is the best dominant of (20).

Proof. Since

p (WM T F (@), P T (@), T (@), P T Fw) )

P pap P

= ¢(3(w),wg' (@), g (@), g (@);w) < h(w), @D

then g(w) is a solution of (21), and from Corollary 2 we obtain that g(w) < o(w), that s,
0 is a dominant of (21). Furthermore,

§ (WP T (@), P T Fl), P T F (), P T f(w)iw)

= 9 (g(w), wg' (@), " (@), W g ()i @) < h(w)
= 9 (o(w), we (@), " (@), " (W) w),

which means that ¢ is the best dominant of (21). O
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Theorem 1 will be applied when ¢(w) =1+ Mw, M > 0. By Definition 3, the family
of admissible functions ®4[(), ¢], denoted now by ®1[2, M] as follows:

Definition 4. If Q) C C and let M > 0. The family of admissible functions ®1[Q), M] consists of
the functions ¢ : C* x A — C, which satisfy the following admissibility condition

i0 (y+kn) Me® k2L+[km(27+k+l)+7('y+1)]Me’9
¢(1+M€ A y oL v(r+1)

1+

K3N+3K? (y+k+1) L+ { km 372 +3 (k+2) +k2+3k+2] +7 (v+1) (1+2) }Me’9 ¢ 0
r(r+1)(r+2)

whenever w € A, R{Le "} > m(m —1)M and R{Ne "} > 0 for every 0 € (0,27 and
m>j>2.

Using the definition of the family of admissible functions, from the result in Theorem 1,
we have the following result.

Corollary 5. If Q C Cand ¢ € ®1[Q, M]. If

\ (! Ty f (w ))’ m, 22)
then

o (WP TIEf(@) T (@), P T (@), P T F(w)iw) €0 (w e ),

pwﬁ P pap

which implies
wpﬂaﬁf( w) <14+ Mw.

3. Further Results Involving 74

In this section, using the recurrence relation (9), we obtain interesting results of
differential subordination associated with ﬁ&kﬁ f(w). The proofs of our results presented
in this section are similar to the previous section and will be omitted.

Definition 5. If O C Cand ¢ € Q1 NH;. Let $2[Q), 0] e the family of admissible functions,
consisting of functions ¢ : C* x A — C that satisfy the condition of admissibility:

¢(a,b,c,d;w) ¢ Q,

whenever ,
a=0(0),b=0()+ w
C(ﬁ+1)—b(2ﬁ+3)+a(ﬁ+2) "
%{ a(b—a) } > m{1+ |
and

— ® c 2 o« a2+9x —[B2 3 a2 +6n a Y4
éR{ (B+1)[Bd—3(B+a-+1)c|+[3B2+3(2 +3i§(:iu)+9 +7]b— B2+ (3a+4) B+202 +6a-+4] } > mzé}%{gzgg(g()é)}

where w € A, { € 0A\E(0), and m > j > 2.



Fractal Fract. 2023, 7,175

8of 12

Theorem 2. If O C Cand ¢ € [0, 0]. If f € Y.(p,j) and 0 € Qq satisfy the following
conditions:

L E > 0 and [w(wr Tt af@) ] < me@l @)

o'(¢) P
then

{qb(wﬁ;z’fﬁﬁf(w),wp p,;;fz (w),wp’nzzgflf(w),wpng’kf(w);w> tw e A} cQ, (24

which implies

WP T af (@) < a(w).

The following result will be an extension of Theorem 2 when the behavior of the
function ¢(w) on dA is unknown.

Corollary 6. If O C C and ¢ is univalent in A with ¢ € Qy. Let ¢ € D[, 0,] for some
p € (0,1), where gp(w) = o(pw). If f € Y-(p, ]) and o, satisfy the following conditions:

§R{ iip((g)) } >0 and ‘w<wp72&lfﬁ+3f(w)>/ < m|gy(8)), @)

then
{4)(wl’n?&’fmsf(w),w”ﬂ&’fﬁzf(w),wpm&’,‘ﬁﬂf(w),wpﬁyfﬁf(w);w) twE A} cQ

which implies
Jk
WTIE o f (@) < o).

If O # Cis a simply connected domain, therefore, we have a conformal mapping
h from A into the domain Q) such that #(A) is equal to Q). Then, we denote the class
D, [h(A), 0] by @, [h, 0]. The next two corollaries are immediate consequences of Theorem 2
and Corollary 6.

Corollary 7. If h is univalent function in A and let ¢ € D;[h, 0|, also suppose that ¢ € Qq
satisfies conditions (10). Then

# (T apaf (@ P T fl@), T f (@) P T fl@)iw) < hw), (26

which implies
k
wa“lya’ﬁ%f(w) < o(w).

Corollary 8. If ¢ is univalent function in A with ¢ € Q1 and ¢ € Py [h, 0] for some p € (0,1),
where gp(w) = 0(pw). If o, satisfies conditions (25), then the subordination (26) implies that

WP T 3 (@) < o(w).

The following corollary shows the connection between the best dominant of a third-
order differential subordination and the solution of the corresponding third-order differen-
tial equation.

Corollary 9. If h is univalent function in A and  is given by (18) where ¢ € Dy[h, 0]. If the
differential equation

9 (0(w) we' (@), 02" (@), e (@);w) = h(w)
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has a solution ¢ with ¢ € Qq that satisfies conditions (23), then subordination (26) implies that

WPT s af (@) < a(w),

and ¢ is the best dominant of (26).

Theorem 2 will be applied when o(w) =1+ Mw, M > 0. By Definition 5, the family
of admissible functions ®;[(), ¢], denoted now by ®,[2, M] as follows:

Definition 6. If O C C and let M > 0. The family of admissible functions ®,[Q), M] consists of
the functions ¢ : C* x A — C, which satisfy the following admissibility condition

maMe'?
p+2 "’

a=1+Me%b=1+ Me? +

i0 (B4-24-am)Me® 2L+ [am(2B+a+43)+(B+1) (B+2)| Me?
(14 M, 1 NS, 1 LB ~

3 N+3(B+a+1)a?L+ [am (362 +3(a+2) f+a>+3a+2)+B(B+1)(B+2)| Me® ¢ 0
BB+ (B+2) '

whenever w € A, R{Le "} > m(m —1)M and R{Ne "} > 0 for every 6 € (0,27 and
m>j>2.

1+

Using the definition of the family of admissible functions, from the result in Theorem 2,
we have the following result.

Corollary 10. If QO C Cand ¢ € D[Q), M]. If we suppose that
/
‘w(wpm&’fﬁ%f(w)) ' < mM, (27)
then
k k k k
‘P(“JPT;DC,;HQ,J[(W)/Wp,ﬁza,ﬁJrzf(w)fwpma,ﬁJrlf(w)rpr;;,ya,ﬁf(w);w) € (wed),
which implies

k
WP Tl g af (W) <1+ M.

4. Some Applications

If we take Q = {x € C: |[x — 1| < M}, and ®1[Q), M] is simply denoted by &, [M]
and Corollary 5 reduces to the next corollary.

Corollary 11. Let ¢ € O1[M)] and suppose that

‘w(wpm&lfﬁf(w))/ < mM, (28)

then

’([)(wl"];%ﬁf(w),wp’]?;g'k (w),wm?;;k (w),wpm;g’kf(w);w> —1‘ <M (weAh), (29)

which implies

W T f(w) < 1+ Maw. (30)
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Corollary 12. Suppose that
k '
‘w(wpma,ﬁf(w)) ’ < mM, (31)
then x
‘ WP TR ( fw)—1‘<M (w € A), (32)
which implies
wPTYa of (W) =1+ M. (33)
Proof. The result follows from Corollary 11 by putting ¢(a,b,¢,d;w) =b. O
Putting v = k = 1 and & = 0 in Corollary 12, and noting that
T f(@) = f(@) and TXf(w) = wf' (@) + (p+ 1 () (34)
we obtain the following result :
Example 1. If f € Y (p, ) satisfies the following conditions
w(w!f(w))| < mm (35)
and
WP (@) + (p+ 1P flw) =1| < M, (36)
then
|w? fw) — 1| < M. (37)

Furthermore, putting v = k = 1 and « = 0 in Corollary 12 and p = j = 1, we obtain
the following result:

Example 2. If f € ) satisfies the following inequalities

(WPf (@) + wf ()| < mM (38)

and
‘wa’( ) +2wf(w —1‘<M (39)

then
lwf(w) —1] < M. (40)

Putting O = {x € C: |[x — 1| < M}, as special case and ®,[(), M] is simply denoted
by ®,[M] and Corollary 10 reduces to the next corollary.

Corollary 13. Let ¢ € Oo[M)] and suppose that

‘w(w?’mfﬂ s f(w))/ < mM, (41)

then
[ (P Ty s (@), P T fl@) P T fl@), P T f(w)iw) = 1| < M (w € B), (42)

which implies
w? aﬁ%f( w) <14+ Mw. (43)
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5. Conclusions

In our present investigation, we have determined the sufficient conditions for classes
P10, 0] and P, [Q), 0] of admissible functions to obtain some interesting results of third-
order differential subordination for meromorphically multivalent functions that include a
linear operator T; 0’; 8 associated with the generalized Mittag-Leffler function. Furthermore,
some special cases of these classes of admissible functions and some important inequalities
have been derived. Our results are connected with those in several earlier works, which
are related to the theory of differential subordination and superordination of Geometric
Function Theory.
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