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1. Introduction

We consider in this paper the system of nonlinear Caputo fractional differential equa-
tions containing sequential derivatives:{

(cDα + λ cDα−1)x(t) = f(t, x(t), y(t), Ip1
0+x(t), Ip2

0+y(t)), t ∈ (0, 1),
(cDβ + µ cDβ−1)y(t) = g(t, x(t), y(t), Iq1

0+x(t), Iq2
0+y(t)), t ∈ (0, 1),

(1)

supplemented with the general coupled integral boundary conditions{
x(0) = x′(0) = 0, x′(1) = 0, x(1) =

∫ 1
0 x(s) dH1(s) +

∫ 1
0 y(s) dH2(s),

y(0) = y′(0) = 0, y′(1) = 0, y(1) =
∫ 1

0 x(s) dK1(s) +
∫ 1

0 y(s) dK2(s).
(2)

Here, α, β ∈ (3, 4], λ, µ > 0, p1, q1, p2, q2 > 0, cDκ represents the Caputo frac-
tional derivative of order θ (for θ = α, β, α − 1, β − 1), f, g : [0, 1] × R4 → R are con-
tinuous functions, I j

0+ denotes the fractional Riemann–Liouville integral of order ν (for
ν = p1, q1, p2, q2), and in the last conditions of (2), we have the Riemann–Stieltjes integrals
with bounded variation functions H1, K1, H2, K2.

If the functions f and g satisfy some assumptions, we will prove that problem (1) and (2)
has at least one solution. We will present next some papers connected with our prob-
lem. The notion of sequential fractional derivative Dkα

a+, k = 1, 2, . . ., is presented in the
monograph of Miller and Ross [1] (page 209). The relation between the sequential frac-
tional derivatives and the non sequential Riemann-Liouville derivatives is described in
the papers [2,3]. In [2], the authors investigated the existence of a minimal solution and
a maximal solution, and the uniqueness of solution to an initial value fractional problem
with Riemann-Liouville sequential fractional derivative D2α

0+, α ∈ (0, 1]. They used the
upper and lower solutions method and the associated monotone iterative method. In [3],
the authors studied the existence of solution for a periodic boundary value fractional prob-
lem with a sequential Riemann-Liouville fractional derivative D2α

0+, α ∈ (0, 1], by applying
the upper and lower solutions method and the Schauder fixed point theorem. In [4] the
author showed the existence of solutions for a nonlinear impulsive fractional differential
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equation with Riemann-Liouville sequential fractional derivative subject to periodic bound-
ary conditions by using the monotone iterative method. The nonexistence of solutions
in Lp((1, ∞),R) for an initial value problem with linear sequential fractional differential
equations involving a Riemann-Liouville derivative and a classical first order derivative is
investigated in [5]. By using the contraction principle, Klimek proved in [6] the existence
and uniqueness of the solution of a class of nonlinear Hadamard sequential fractional
differential equations supplemented with a set of initial conditions involving fractional
derivatives. In our paper the sense of the word sequential is that the operator cDα + λcDα−1

can be written as a composition of the operators cDα−1(D + λ), where D is the ordinary
derivative. This kind of operator was introduced by Ahmad and Nieto in [7], where they
studied the existence of solutions and the uniqueness of solutions for the Caputo sequential
fractional differential equation{ cDα(D + λ)x(t) = f(t, x(t)), 0 < t < 1, α ∈ (1, 2],

x(0) = 0, x′(0) = 0, x(1) = βx(η), η ∈ (0, 1).
(3)

The authors applied in [7] the contraction Banach mapping principle and the fixed point
theorem of Krasnosel’skii for sums of two operators. For α = 2, problem (3) arises in the
study of Cauchy problems for nano boundary layer fluid flows, hyperbolic conservation
laws, and physical phenomena in fluctuating environments (see [7] and its references).
In [8], by using some tools from the fixed point theory, the authors proved the existence of
solutions for the sequential integrodifferential equation

(cDα + kcDα−1)u(t) = pf(t, u(t)) + qIβg(t, u(t)), t ∈ (0, 1),

where α ∈ (1, 2], β ∈ (0, 1), subject to the conditions u(0) = 0, u(1) = 0, or u′(0) + ku(0) =
a, u(1) = b, a, b ∈ R, or u(0) = a, u′(0) = u′(1), a ∈ R, and Iβ is the fractional integral
of Riemann-Liouville type with order β. In [9] the authors investigated the existence of
solutions of the sequential Caputo fractional differential equation with boundary conditions
which contain a fractional integral of Riemann-Liouville type{

(cDα + kcDα−1)x(t) = f(t, x(t)), t ∈ (0, 1), α ∈ (2, 3],
x(0) = 0, x′(0) = 0, x(ζ) = aIβx(η),

where β > 0, 0 < η < ζ < 1, and k, a > 0. In [10], the authors proved the existence of
solutions of the sequential fractional differential inclusion of Caputo type, with boundary
conditions containing a fractional integral of Riemann-Liouville type{

(cDα + kcDα−1)x(t) ∈ F(t, x(t)), t ∈ (0, 1),
x(0) = 0, x′(0) = 0, x(ς) = aIβx(η),

where α ∈ (2, 3], 0 < η < ς < 1, F : [0, 1]×R→ P(R) is a multivalued map, P(R) denoted
the set of all nonempty subsets of R, and k, a, β are positive numbers. By using some
theorems from the fixed point theory, they studied the convex case and the non-convex
case of multivalued maps. In [11] the authors obtained several existence and uniqueness
results for the Caputo type sequential fractional differential equation

(cDγ + kcDγ−1)u(t) = f(t, u(t)), t ∈ (0, T),

where γ ∈ (1, 2], k > 0, with the anti-periodic boundary conditions

α1u(0) + ρ1u(T) = β1, α2u
′(0) + ρ2u

′(T) = β2,

or to the anti-periodic boundary conditions with integral terms

α1u(0) + ρ1u(T) = λ1

∫ η

0
u(s) ds + λ2, α2u

′(0) + ρ2u
′(T) = µ1

∫ T

ξ
u(s) ds + µ2,
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where 0 < η < ξ < T, α1, β1, α2, β2, ρ1, λ1, µ1, ρ2, λ2, µ2 ∈ R, α1 + ρ1 6= 0, and α2 +
ρ2e−kT 6= 0. In [12] the authors proved the existence of solutions for the fractional sequential
differential equation with nonlocal boundary conditions

(cDq + kcDq−1)u(t) = f(t, u(t)), t ∈ (0, T), q ∈ (2, 3],
α1u(0) + ∑m

i=1 aiu(ηi) + γ1u(T) = β1,
α2u
′(0) + ∑m

i=1 biu
′(ηi) + γ2u

′(T) = β2,
α3u
′′(0) + ∑m

i=1 ciu
′′(ηi) + γ3u

′′(T) = β3,

where q, αk, βk, γk ∈ R, k = 1, . . . , 3, aj, bj, cj ∈ R, j = 1, . . . , m, and k > 0. In [13] the
authors obtained existence results for the solutions of Caputo fractional sequential integro-
differential equation and inclusion

(cDα + µcDα−1)u(t) = f(t, u(t),c Dpu(t), Iqu(t)), t ∈ (0, 1), (4)

(cDα + µcDα−1)u(t) ∈ F(t, u(t), Iqu(t)), t ∈ (0, 1), (5)

with the boundary conditions

u(0) = h(u), u′(0) = u′′(0) = 0, aIβu(ξ) =
∫ 1

0
u(s) dH(s), (6)

where α ∈ (3, 4], ξ ∈ (0, 1], q > 0, p ∈ (0, 1), µ > 0, a ∈ R, β > 0. In the proof of the
main results for (4) and (6), they applied the fixed point theorem of Krasnosel’skii for the
sum of two operators and the contraction mapping principle, and in the proof of the main
theorems obtained for (5) and (6) they used the Covitz-Nadler fixed point theorem and the
nonlinear alternative of Leray-Schauder type for Kakutani maps. Relying on some fixed
point theorems, in [14], the authors proved the existence of solutions for sequential Caputo
fractional differential equation and inclusion

(cDq + µcDq−1)u(t) = f(t, u(t),c Dδu(t), Iγu(t)), t ∈ [0, 1],
(cDq + µcDq−1)u(t) ∈ F(t, u(t),c Dδu(t), Iγu(t)), t ∈ [0, 1],

with the semi-periodic and integral-multipoint boundary conditions

u(0) = u(1), u′(0) = 0,
m

∑
i=1

aiu(ζi) = λIβu(η),

where 0 < η < ζ1 < · · · < ζm < 1, q ∈ (2, 3], µ > 0, δ, γ ∈ (0, 1), and β > 0.
The coupled systems of fractional differential equations appear in many problems of

applied nature, mainly in biosciences (see [15] and its references). We will mention below
some of these fractional systems related to our problem (1) and (2). By using the Banach
contraction mapping principle and the Leray-Schauder alternative, in [15], the authors
obtained existence and uniqueness results for the solutions of the nonlinear system of
sequential Caputo fractional differential equations{

(cDq + µcDq−1)u(t) = f(t, u(t), v(t)), t ∈ [0, 1],
(cDp + µcDp−1)v(t) = g(t, u(t), v(t)), t ∈ [0, 1],

supplemented with the integral boundary conditions

u(0) = u′(0) = 0, u(ζ) = aIβu(η), v(0) = v′(0) = 0, v(z) = bIγv(θ),
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where p, q ∈ (2, 3], µ > 0, β, γ > 0, 0 < θ < z < 1, 0 < η < ζ < 1. In [16], the authors
proved the existence and uniqueness results for the solutions of the system of Hadamard
type fractional sequential differential equations subject to nonlocal coupled strip conditions

(HDq + µHDq−1)u(t) = f(t, u(t), v(t),H Dαv(t)), t ∈ (1, e),
(HDp + µHDp−1)v(t) = g(t, u(t),H Dδu(t), v(t)), t ∈ (1, e),
u(1) = 0, u(e) =H Iγv(η), v(1) = 0, v(e) =H Iβu(ζ),

where µ > 0, q ∈ (1, 2], α ∈ (0, 1), p ∈ (1, 2], δ ∈ (0, 1), γ > 0, η ∈ (1, e), β > 0, ζ ∈
(1, e), HD(·) is the Hadamard fractional derivative and HI(·) is Hadamard fractional inte-
gral. In [17], the authors investigated the system of sequential Caputo fractional integro-
differential equations{

(cDq + µcDq−1)u(t) = f(t, u(t), v(t),cDαv(t), Iα1v(t)), t ∈ [0, 1],
(cDp + µcDp−1)v(t) = g(t, u(t),cDδu(t), Iδ1u(t), v(t)), t ∈ [0, 1],

with the coupled Riemann-Liouville integral boundary conditions{
u(0) = 0, u′(0) = 0, a1u(1) + a2u(ζ) = aIβv(η),
v(0) = 0, v′(0) = 0, b1v(1) + b2v(z) = bIγu(θ),

where µ > 0, p, q ∈ (2, 3], α, α1 ∈ (0, 1), δ, δ1 ∈ (0, 1), β, γ > 0, z, θ, ζ, η ∈ (0, 1),
and a, ai, b, bi ∈ R, i = 1, 2. Our problem (1) and (2) generalizes the problem investigated
in [18]. In the paper [18] the authors obtained existence results for the solutions of the
system of Caputo fractional differential equations{

(cDq+1 +c Dq)x(t) = f(t, x(t), y(t)), t ∈ (0, 1),
(cDp+1 +c Dp)y(t) = g(t, x(t), y(t)), t ∈ (0, 1),

(7)

with the coupled integral boundary conditions
x(0) = x′(0) = 0, x′(1) = 0,
x(1) = k

∫ ρ
0 y(s) dA(s) + ∑n−2

i=1 αiy(σi) + k1
∫ 1

ν y(s) dA(s),
y(0) = y′(0) = 0, y′(1) = 0,
y(1) = h

∫ ρ
0 x(s) dA(s) + ∑n−2

i=1 βix(σi) + h1
∫ 1

ν x(s) dA(s),

(8)

where p, q ∈ (2, 3], 0 < ρ < σi < ν < 1, k, k1, h, h1, αi, βi ∈ R, i = 1, 2, . . . , n − 2, f, g :
[0, 1] × R2 → R are continuous functions, and the function A has bounded variation.
The condition from the second line of (8) can be written as x(1) =

∫ 1
0 y(s) dÃ(s), where Ã

is given by

Ã(s) =



kA(s), s ∈ [0, ρ],
0, s ∈ (ρ, σ1],
α1, s ∈ (σ1, σ2],
α1 + α2, s ∈ (σ2, σ3],
...

α1 + · · ·+ αn−3, s ∈ (σn−3, σn−2],
α1 + · · ·+ αn−2, s ∈ (σn−2, ν),
k1 A(s), s ∈ [ν, 1].
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In a similar way, the last condition from (8) can be written as y(1) =
∫ 1

0 x(s) dB̃(s), where B̃
is given by

B̃(s) =



hA(s), s ∈ [0, ρ],
0, s ∈ (ρ, σ1],
β1, s ∈ (σ1, σ2],
β1 + β2, s ∈ (σ2, σ3],
...

β1 + · · ·+ βn−3, s ∈ (σn−3, σn−2],
β1 + · · ·+ βn−2, s ∈ (σn−2, ν),
h1 A(s), s ∈ [ν, 1].

So we see that in the boundary conditions (8), x in the point 1 is dependent only of function
y, and y in the point 1 is dependent only of function x. In our boundary conditions (2),
x(1) and y(1) are dependent on both the functions x and y. In addition, in our system
(1) the nonlinearities f and g are dependent on some integral terms, and in (7) there is
no such dependence. We also have in (1) two parameters λ and µ, and in (7) there are
no parameters. Another paper connected with our problem (1) and (2) is [19]. In [19]
the authors investigated the system of nonlinear Caputo fractional integro-differential
equations{

(cDα + λ cDα−1)x(t) = f(t, x(t), y(t),cDp1 y(t), Iq1
0+y(t)), t ∈ (0, 1),

(cDβ + µ cDβ−1)y(t) = g(t, x(t),cDp2 x(t), Iq2
0+x(t), y(t)), t ∈ (0, 1),

(9)

with the coupled boundary conditions{
x(0) = x′(0) = x′′(0) = 0, x(1) =

∫ 1
0 x(s) dH1(s) +

∫ 1
0 y(s) dH2(s),

y(0) = y′(0) = y′′(0) = 0, y(1) =
∫ 1

0 x(s) dK1(s) +
∫ 1

0 y(s) dK2(s),
(10)

where p1, p2 ∈ (0, 1), q1, q2 > 0, α, β ∈ (3, 4], λ, µ > 0. We see that there are differences be-
tween our problem (1) and (2) and the above problem (9) and (10) related to the dependence
of the nonlinearities f and g on various fractional derivatives and integrals. Another impor-
tant difference between these two problems is given by the conditions x′(1) = y′(1) = 0 in
(2), and x′′(0) = y′′(0) = 0 in (10), which conducts us to differences between the associated
integral operators. So the novelty of our problem (1) and (2) is given by the existence of
the integral terms and different positive parameters in the system (1), and by the general
coupled integral boundary conditions (2). For new results obtained in recent years and for
the applications of fractional calculus and fractional differential equations in varied fields,
we recall the books [20–30] and their references.

The paper is arranged as follows. In Section 2 we investigate a linear fractional
boundary value problem which is associated to our problem (1) and (2). Section 3 is
concerned with the main existence results for (1) and (2), and in Section 4 we present two
examples illustrating our results. Finally, in Section 5 we give the conclusions of our paper.

2. Auxiliary Results

In this section we study the system of linear fractional differential equations{
(cDα + λ cDα−1)x(t) = h(t), t ∈ (0, 1),
(cDβ + µ cDβ−1)y(t) = k(t), t ∈ (0, 1),

(11)
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supplemented with the boundary conditions (2), with h, k ∈ C[0, 1]. We denote by

A1 =
1
λ
(1− e−λ), A2 =

1
λ2 (2λ− 2 + 2e−λ),

A3 =
1
µ
(1− e−µ), A4 =

1
µ2 (2µ− 2 + 2e−µ),

A5 =
1

λ2 (λ− 1 + e−λ)− 1
λ2

∫ 1

0
(λs− 1 + e−λs) dH1(s),

A6 =
1

λ3 (λ
2 − 2λ + 2− 2e−λ)− 1

λ3

∫ 1

0
(λ2s2 − 2λs + 2− 2e−λs) dH1(s),

A7 =
1

µ2

∫ 1

0
(µs− 1 + e−µs) dH2(s),

A8 =
1

µ3

∫ 1

0
(µ2s2 − 2µs + 2− 2e−µs) dH2(s),

A9 =
1

λ2

∫ 1

0
(λs− 1− e−λs) dK1(s),

A10 =
1

λ3

∫ 1

0
(λ2s2 − 2λs + 2− 2e−λs) dK1(s),

A11 =
1

µ2 (µ− 1 + e−µ)− 1
µ2

∫ 1

0
(µs− 1 + e−µs) dK2(s),

A12 =
1

µ3 (µ
2 − 2µ + 2− 2e−µ)− 1

µ3

∫ 1

0
(µ2s2 − 2µs + 2− 2e−µs) dK2(s),

(12)

and

E1 = λ
∫ 1

0
e−λ(1−s) Iα−1

0+ h(s) ds− Iα−1
0+ h(1),

E2 = µ
∫ 1

0
e−µ(1−s) Iβ−1

0+ k(s) ds− Iβ−1
0+ k(1),

E3 = −
∫ 1

0
e−λ(1−s) Iα−1

0+ h(s) ds +
∫ 1

0

(∫ s

0
e−λ(s−ζ) Iα−1

0+ h(ζ) dζ

)
dH1(s)

+
∫ 1

0

(∫ s

0
e−µ(s−ζ) Iβ−1

0+ k(ζ) dζ

)
dH2(s),

E4 = −
∫ 1

0
e−µ(1−s) Iβ−1

0+ k(s) ds +
∫ 1

0

(∫ s

0
e−λ(s−ζ) Iα−1

0+ h(ζ) dζ

)
dK1(s)

+
∫ 1

0

(∫ s

0
e−µ(s−ζ) Iβ−1

0+ k(ζ) dζ

)
dK2(s),

∆1 = (A2 A5 − A1 A6)(A4 A11 − A3 A12)− (A2 A9 − A1 A10)(A4 A7 − A3 A8),
∆ = A2 A4∆1.

(13)

Lemma 1. If ∆1 6= 0, then the solution (x, y) ∈ (C4[0, 1])2 of the boundary value problem (11)
and (2) is given by

x(t) =
∫ t

0
e−λ(t−ζ) Iα−1

0+ h(ζ) dζ +
4

∑
i=1

Si(t)Ei, t ∈ [0, 1],

y(t) =
∫ t

0
e−µ(t−ζ) Iβ−1

0+ k(ζ) dζ +
4

∑
i=1

Ti(t)Ei, t ∈ [0, 1],
(14)

where

Si(t) = Λi
1

λ2 (λt− 1 + e−λt) + Θi
1

λ3 (λ
2t2 − 2λt+ 2− 2e−λt), i = 1, . . . , 4,

Ti(t) = Ξi
1

µ2 (µt− 1 + e−µt) + Υi
1

µ3 (µ
2t2 − 2µt+ 2− 2e−µt), i = 1, . . . , 4,

(15)

and
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Λ1 =
1

∆1
[−A6(A4 A11 − A3 A12) + A10(A4 A7 − A3 A8)], Λ2 =

A2

∆1
(A8 A11 − A7 A12),

Λ3 =
A2

∆1
(A4 A11 − A3 A12), Λ4 =

A2

∆1
(A4 A7 − A3 A8),

Θ1 =
1

∆1
[A5(A4 A11 − A3 A12)− A9(A4 A7 − A3 A8)], Θ2 =

A1

∆1
(−A8 A11 + A7 A12),

Θ3 =
A1

∆1
(A3 A12 − A4 A11), Θ4 =

A1

∆1
(A3 A8 − A4 A7),

Ξ1 =
A4

∆1
(A5 A10 − A6 A9), Ξ2 =

1
∆1

[−A12(A2 A5 − A1 A6) + A8(A2 A9 − A1 A10)],

Ξ3 =
A4

∆1
(A2 A9 − A1 A10), Ξ4 =

A4

∆1
(A2 A5 − A1 A6),

Υ1 =
A3

∆1
(A6 A9 − A5 A10), Υ2 =

1
∆1

[A11(A2 A5 − A1 A6)− A7(A2 A9 − A1 A10)],

Υ3 =
A3

∆1
(A1 A10 − A2 A9), Υ4 =

A3

∆1
(A1 A6 − A2 A5).

(16)

Proof. The system (11) can be equivalently written as the following system{ cDα(x(t) + λ cD−1x(t)) = h(t), t ∈ (0, 1),
cDβ(y(t) + µ cD−1)y(t) = k(t), t ∈ (0, 1),

(17)

where c D−1 is the integral operator I. The general solution of system (17) is
x(t) + λc D−1x(t) =

1
Γ(α)

∫ t

0
(t− ζ)α−1h(ζ) dζ + a0 + a1t+ a2t

2 + a3t
3, t ∈ [0, 1],

y(t) + µc D−1y(t) =
1

Γ(β)

∫ t

0
(t− ζ)β−1k(ζ) dζ + b0 + b1t+ b2t

2 + b3t
3, t ∈ [0, 1],

or equivalently
x(t) = −λ

∫ t

0
x(ζ) dζ +

1
Γ(α)

∫ t

0
(t− ζ)α−1h(ζ) dζ + a0 + a1t+ a2t

2 + a3t
3, t ∈ [0, 1],

y(t) = −µ
∫ t

0
y(ζ) dζ +

1
Γ(β)

∫ t

0
(t− ζ)β−1k(ζ) dζ + b0 + b1t+ b2t

2 + b3t
3 t ∈ [0, 1],

with ai, bi ∈ R, i = 0, . . . , 3. We differentiate the above relations and we find
x′(t) = −λx(t) +

1
Γ(α− 1)

∫ t

0
(t− ζ)α−2h(ζ) dζ + a1 + 2a2t+ 3a3t

2,

y′(t) = −µy(t) +
1

Γ(β− 1)

∫ t

0
(t− ζ)β−2k(ζ) dζ + b1 + 2b2t+ 3b3t

2,

and then
(eλtx(t))′ =

eλt

Γ(α− 1)

∫ t

0
(t− s)α−2h(s) ds + a1eλt + 2a2teλt + 3a3t

2eλt,

(eµty(t))′ =
eµt

Γ(β− 1)

∫ t

0
(t− s)β−2k(s) ds + b1eµt + 2b2teµt + 3b3t

2eµt.
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We integrate now the above relations and we obtain

x(t) = c0e−λt +
c1

λ
(−e−λt + 1) +

c2

λ2 (−1 + λt+ e−λt)

+
c3

λ3 (λ
2t2 − 2λt+ 2− 2e−λt) + e−λt

∫ t

0
eλs Iα−1

0+ h(s) ds,

y(t) = d0e−µt +
d1

µ
(−e−µt + 1) +

d2

µ2 (−1 + µt+ e−µt)

+
d3

µ3 (µ
2t2 − 2µt+ 2− 2e−µt) + e−µt

∫ t

0
eµs Iβ−1

0+ k(s) ds,

with c0 = x(0), c1 = a1, c2 = 2a2, c3 = 3a3, d0 = y(0), d1 = b1, d2 = 2b2, d3 = 3b3.
Using the boundary conditions x(0) = x′(0) = 0, y(0) = y′(0) = 0 from (2), we

deduce that c0 = c1 = 0 and d0 = d1 = 0. So we conclude
x(t) =

c2

λ2 (λt− 1 + e−λt) +
c3

λ3 (λ
2t2 − 2λt+ 2− 2e−λt) +

∫ t

0
e−λ(t−s) Iα−1

0+ h(s) ds,

y(t) =
d2

µ2 (µt− 1 + e−µt) +
d3

µ3 (µ
2t2 − 2µt+ 2− 2e−µt) +

∫ t

0
e−µ(t−s) Iβ−1

0+ k(s) ds.
(18)

We differentiate the system (18) and we find

x′(t) =
c2

λ2 (λ− λe−λt) +
c3

λ3 (2λ2t− 2λ + 2λe−λt)

−λ
∫ t

0
e−λ(t−s) Iα−1

0+ h(s) ds + Iα−1
0+ h(t),

y′(t) =
d2

µ2 (µ− µe−µt) +
d3

µ3 (2µ2t− 2µ + 2µe−µt)

−µ
∫ t

0
e−µ(t−s) Iβ−1

0+ k(s) ds + Iβ−1
0+ k(t).

By imposing the conditions x′(1) = y′(1) = 0 (from (2)), we obtain
c2

λ
(1− e−λ) +

c3

λ2 (2λ− 2 + 2e−λ) = λ
∫ 1

0
e−λ(1−s) Iα−1

0+ h(s) ds− Iα−1
0+ h(1),

d2

µ
(1− e−µ) +

d3

µ2 (2µ− 2 + 2e−µ) = µ
∫ 1

0
e−µ(1−s) Iβ−1

0+ k(s) ds− Iβ−1
0+ k(1).

(19)

Now using the last boundary conditions from (2), namely x(1) =
∫ 1

0 x(s) dH1(s)+
∫ 1

0 y(s) dH2(s)
and y(1) =

∫ 1
0 x(s) dK1(s) +

∫ 1
0 y(s) dK2(s), by (18) we deduce

c2

[
1

λ2 (λ− 1 + e−λ)− 1
λ2

∫ 1

0
(λs− 1 + e−λs) dH1(s)

]
+c3

[
1

λ3 (λ
2 − 2λ + 2− 2e−λ)− 1

λ3

∫ 1

0
(λ2s2 − 2λs + 2− 2e−λs) dH1(s)

]
−d2

1
µ2

∫ 1

0
(µs− 1 + e−µs) dH2(s)

−d3
1

µ3

∫ 1

0
(µ2s2 − 2µs + 2− 2e−µs) dH2(s)

= −
∫ 1

0
e−λ(1−s) Iα−1

0+ h(s) ds +
∫ 1

0

(∫ s

0
e−λ(s−ζ) Iα−1

0+ h(ζ) dζ

)
dH1(s)

+
∫ 1

0

(∫ s

0
e−µ(s−ζ) Iβ−1

0+ k(ζ) dζ

)
dH2(s),
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−c2
1

λ2

∫ 1

0
(λs− 1− e−λs) dK1(s)

−c3
1

λ3

∫ 1

0
(λ2s2 − 2λs + 2− 2e−λs) dK1(s)

+d2

[
1

µ2 (µ− 1 + e−µ)− 1
µ2

∫ 1

0
(µs− 1 + e−µs) dK2(s)

]
+d3

[
1

µ3 (µ
2 − 2µ + 2− 2e−µ)− 1

µ3

∫ 1

0
(µ2s2 − 2µs− 2e−µs + 2) dK2(s)

]
= −

∫ 1

0
e−µ(1−s) Iβ−1

0+ k(s) ds +
∫ 1

0

(∫ s

0
e−λ(s−ζ) Iα−1

0+ h(ζ) dζ

)
dK1(s)

+
∫ 1

0

(∫ s

0
e−µ(s−ζ) Iβ−1

0+ k(ζ) dζ

)
dK2(s).

(20)

Therefore by (19), (20), (12) and (13) we find the system in the unknowns c2, c3, d2 and d3:
A1c2 + A2c3 = E1,
A3d2 + A4d3 = E2,
A5c2 + A6c3 − A7d2 − A8d3 = E3,
−A9c2 − A10c3 + A11d2 + A12d3 = E4.

(21)

By the first two equations of (21) we find c3 = E1−A1c2
A2

and d3 = E2−A3d2
A4

, (A2, A4 > 0).
Introducing these values of c3 and d3 in the last two equations of (21) we deduce the system
in the unknowns c2 and d2:{

c2 A4(A2 A5 − A1 A6)− d2 A2(A4 A7 − A3 A8) = A2 A4E3 − A4 A6E1 + A2 A8E2,
−c2 A4(A2 A9 − A1 A10) + d2 A2(A4 A11 − A3 A12) = A2 A4E4 + A4 A10E1 − A2 A12E2.

(22)

The determinant of the system (22) is ∆ = A2 A4∆1, where ∆1 is given by (13). By as-
sumption of this lemma, ∆1 6= 0, and then ∆ 6= 0. Therefore the solution of system (22) is

c2 =
A2

∆
{E1[−A4 A6(A4 A11 − A3 A12) + A4 A10(A4 A7 − A3 A8)]

+E2[A2 A8(A4 A11 − A3 A12)− A2 A12(A4 A7 − A3 A8)]
+E3 A2 A4(A4 A11 − A3 A12) + E4 A2 A4(A4 A7 − A3 A8)}

= Λ1E1 + Λ2E2 + Λ3E3 + Λ4E4,

d2 =
A4

∆
{E1[A4 A10(A2 A5 − A1 A6)− A4 A6(A2 A9 − A1 A10)]

+E2[−A2 A12(A2 A5 − A1 A6) + A2 A8(A2 A9 − A1 A10)]
+E3 A2 A4(A2 A9 − A1 A10) + E4 A2 A4(A2 A5 − A1 A6)}

= Ξ1E1 + Ξ2E2 + Ξ3E3 + Ξ4E4,

where Λi, Ξi, i = 1, . . . , 4 are given by (16). Therefore for the constants c3 and d3 we obtain

c3 =
1

A2∆
{E1 A2 A4[(A2 A5 − A1 A6)(A4 A11 − A3 A12)

−(A2 A9 − A1 A10)(A4 A7 − A3 A8)]
−E1 A1 A2[−A4 A6(A4 A11 − A3 A12) + A4 A10(A4 A7 − A3 A8)]
−A1 A2E2[A2 A8(A4 A11 − A3 A12)− A2 A12(A4 A7 − A3 A8)]
−E3 A1 A2

2 A4(A4 A11 − A3 A12)− E4 A1 A2
2 A4(A4 A7 − A3 A8)

}
= Θ1E1 + Θ2E2 + Θ3E3 + Θ4E4,

d3 =
1

A4∆
{−E1 A3 A4[A4 A10(A2 A5 − A1 A6)− A4 A6(A2 A9 − A1 A10)]

+E2 A2 A4[(A2 A5 − A1 A6)(A4 A11 − A3 A12)− (A2 A9 − A1 A10)(A4 A7 − A3 A8)]
−E2 A3 A4[−A2 A12(A2 A5 − A1 A6) + A2 A8(A2 A9 − A1 A10)]
−E3 A2 A3 A2

4(A2 A9 − A1 A10)− E4 A2 A3 A2
4(A2 A5 − A1 A6)

}
= Υ1E1 + Υ2E2 + Υ3E3 + Υ4E4,
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where Θi, Υi, i = 1, . . . , 4 are given by (16).
By replacing the above constants c2, d2, c3 and d3 in the system (18), we find the

solution of problem (11) and (2), namely

x(t) =
∫ t

0
e−λ(t−ζ) Iα−1

0+ h(ζ) dζ +
4

∑
i=1

[
Λi

1
λ2 (−1 + λt+ e−λt)

+Θi
1

λ3 (λ
2t2 − 2λt− 2e−λt + 2)

]
Ei

=
∫ t

0
e−λ(t−ζ) Iα−1

0+ h(ζ) dζ +
4

∑
i=1

Si(t)Ei,

y(t) =
∫ t

0
e−µ(t−ζ) Iβ−1

0+ k(ζ) dζ +
4

∑
i=1

[
Ξi

1
µ2 (−1 + µt+ e−µt)

+Υi
1

µ3 (µ
2t2 − 2µt− 2e−µt + 2)

]
Ei

=
∫ t

0
e−µ(t−ζ) Iβ−1

0+ k(ζ) dζ +
4

∑
i=1

Ti(t)Ei,

where Si, Ti, i = 1, . . . , 4 are given by (15). The converse of this result is obtained by direct
computations. �

Lemma 2. ([19]) For h, k ∈ C[0, 1] with ‖h‖ = supζ∈[0,1] |h(ζ)| and ‖k‖ = supζ∈[0,1] |k(ζ)|,
the following inequalities hold:

(a) |Iα−1
0+ h(t)| ≤ 1

Γ(α)
tα−1‖h‖ ≤ ‖h‖

Γ(α)
, ∀ t ∈ [0, 1];

(b) |Iβ−1
0+ k(t)| ≤ 1

Γ(β)
tβ−1‖k‖ ≤ ‖k‖

Γ(β)
, ∀ t ∈ [0, 1];

(c)
∣∣∣∣∫ 1

0
e−λ(1−ζ) Iα−1

0+ h(ζ) dζ

∣∣∣∣ ≤ 1
λΓ(α)

(1− e−λ)‖h‖;

(d)
∣∣∣∣∫ 1

0
e−µ(1−ζ) Iβ−1

0+ k(ζ) dζ

∣∣∣∣ ≤ 1
µΓ(β)

(1− e−µ)‖k‖;

(e)
∣∣∣∣∫ t

0
e−λ(t−ζ) Iα−1

0+ h(ζ) dζ

∣∣∣∣ ≤ 1
λΓ(α)

(1− e−λ)‖h‖, ∀ t ∈ [0, 1];

(f)
∣∣∣∣∫ t

0
e−µ(t−ζ) Iβ−1

0+ k(ζ) dζ

∣∣∣∣ ≤ 1
µΓ(β)

(1− e−µ)‖k‖, ∀ t ∈ [0, 1];

(g)
∣∣∣∣∫ 1

0

(∫ s

0
e−λ(s−ζ) Iα−1

0+ h(ζ) dζ

)
dH1(s)

∣∣∣∣ ≤ ‖h‖
λΓ(α)

∣∣∣∣∫ 1

0
sα−1(1− e−λs)dH1(s)

∣∣∣∣;
(h)
∣∣∣∣∫ 1

0

(∫ s

0
e−λ(s−ζ) Iα−1

0+ h(ζ) dζ

)
dK1(s)

∣∣∣∣ ≤ ‖h‖
λΓ(α)

∣∣∣∣∫ 1

0
sα−1(1− e−λs)dK1(s)

∣∣∣∣;
(i)
∣∣∣∣∫ 1

0

(∫ s

0
e−µ(s−ζ) Iβ−1

0+ k(ζ) dζ

)
dH2(s)

∣∣∣∣ ≤ ‖k‖
µΓ(β)

∣∣∣∣∫ 1

0
sβ−1(1− e−µs)dH2(s)

∣∣∣∣;
(j)
∣∣∣∣∫ 1

0

(∫ s

0
e−µ(s−ζ) Iβ−1

0+ k(ζ) dζ

)
dK2(s)

∣∣∣∣ ≤ ‖k‖
µΓ(β)

∣∣∣∣∫ 1

0
sβ−1(1− e−µs)dK2(s)

∣∣∣∣.
3. Main Results

We introduce the Banach space X = C[0, 1] equipped with the supremum norm
‖u‖ = supζ∈[0,1] |u(ζ)|, for u ∈ X , and Y = X ×X with the norm ‖(u, v)‖Y = ‖u‖+ ‖v‖
for (u, v) ∈ Y .
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By using Lemma 1, we define the operatorA : Y → Y byA(x, y) = (A1(x, y),A2(x, y)),
where the operators A1 : Y → X and A2 : Y → X are given by

A1(x, y)(t) =
∫ t

0
e−λ(t−ζ) Iα−1

0+ f
p1,p2
x,y (ζ) dζ

+S1(t)

[
λ
∫ 1

0
e−λ(1−ζ) Iα−1

0+ f
p1,p2
x,y (ζ) dζ − Iα−1

0+ f
p1,p2
x,y (1)

]
+S2(t)

[
µ
∫ 1

0
e−µ(1−ζ) Iβ−1

0+ g
q1,q2
x,y (ζ) dζ − Iβ−1

0+ g
q1,q2
x,y (1)

]
+S3(t)

[
−
∫ 1

0
e−λ(1−ζ) Iα−1

0+ f
p1,p2
x,y (ζ) dζ

+
∫ 1

0

(∫ s

0
e−λ(s−ζ) Iα−1

0+ f
p1,p2
x,y (ζ) dζ

)
dH1(s)

+
∫ 1

0

(∫ s

0
e−µ(s−ζ) Iβ−1

0+ g
q1,q2
x,y (ζ) dζ

)
dH2(s)

]
+S4(t)

[
−
∫ 1

0
e−µ(1−ζ) Iβ−1

0+ g
q1,q2
x,y (ζ) dζ

+
∫ 1

0

(∫ s

0
e−λ(s−ζ) Iα−1

0+ f
p1,p2
x,y (ζ) dζ

)
dK1(s)

+
∫ 1

0

(∫ s

0
e−µ(s−ζ) Iβ−1

0+ g
q1,q2
x,y (ζ) dζ

)
dK2(s)

]
, t ∈ [0, 1],

A2(x, y)(t) =
∫ t

0
e−µ(t−ζ) Iβ−1

0+ g
q1,q2
x,y (ζ) dζ

+T1(t)

[
λ
∫ 1

0
e−λ(1−ζ) Iα−1

0+ f
p1,p2
x,y (ζ) dζ − Iα−1

0+ f
p1,p2
x,y (1)

]
+T2(t)

[
µ
∫ 1

0
e−µ(1−ζ) Iβ−1

0+ g
q1,q2
x,y (ζ) dζ − Iβ−1

0+ g
q1,q2
x,y (1)

]
+T3(t)

[
−
∫ 1

0
e−λ(1−ζ) Iα−1

0+ f
p1,p2
x,y (ζ) dζ

+
∫ 1

0

(∫ s

0
e−λ(s−ζ) Iα−1

0+ f
p1,p2
x,y (ζ) dζ

)
dH1(s)

+
∫ 1

0

(∫ s

0
e−µ(s−ζ) Iβ−1

0+ g
q1,q2
x,y (ζ) dζ

)
dH2(s)

]
+T4(t)

[
−
∫ 1

0
e−µ(1−ζ) Iβ−1

0+ g
q1,q2
x,y (ζ) dζ

+
∫ 1

0

(∫ s

0
e−λ(s−ζ) Iα−1

0+ f
p1,p2
x,y (ζ) dζ

)
dK1(s)

+
∫ 1

0

(∫ s

0
e−µ(s−ζ) Iβ−1

0+ g
q1,q2
x,y (ζ) dζ

)
dK2(s)

]
, t ∈ [0, 1],

for (x, y) ∈ Y , with f
p1,p2
x,y (s) = f(s, x(s), y(s), Ip1

0+x(s), Ip2
0+y(s)) and g

q1,q2
x,y (s) = g(s, x(s),

y(s), Iq1
0+x(s), Iq2

0+y(s)) for s ∈ [0, 1], and Si, Ti, i = 1, . . . , 4 are given in (15).

We give now the assumptions we will use in this section.

(H1) α, β ∈ (3, 4], λ, µ > 0, p1, q1, p2, q2 > 0, ∆1 6= 0 (given by (13)), and the functions
H1,H2,K1,K2 : [0, 1]→ R have bounded variations.

(H2) f, g : [0, 1]×R3 → R are continuous functions, and there exist the constants a0 > 0,
b0 > 0 and ai, bi ≥ 0, i = 1, ..., 4 such that

|f(t, u1, u2, u3, u4)| ≤ a0 +
4

∑
i=1

ai|ui|, |g(t, u1, u2, u3, u4)| ≤ b0 +
4

∑
i=1

bi|ui|,

for all t ∈ [0, 1] and uj ∈ R, j = 1, . . . , 4.
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(H3) f, g : [0, 1]×R3 → R are continuous functions, and there exist the constants c0 > 0
and d0 > 0 such that

|f(t, u1, u2, u3, u4)− f(t, v1, v2, v3, v4)| ≤ c0

4

∑
i=1
|ui − vi|,

|g(t, u1, u2, u3, u4)− g(t, v1, v2, v3, v4)| ≤ d0

4

∑
i=1
|ui − vi|,

for all t ∈ [0, 1] and uj, vj ∈ R, j = 1, . . . , 4.

We denote by S̃i = supζ∈[0,1] |Si(ζ)|, T̃i = supζ∈[0,1] |Ti(ζ)|, for i = 1, . . . , 4,

U1 =
1

λΓ(α)
(1− e−λ) + S̃1

1
Γ(α)

(2− e−λ) + S̃3

[
1

λΓ(α)
(1− e−λ)

+
1

λΓ(α)

∣∣∣∣∫ 1

0
ζα−1(1− e−λζ) dH1(ζ)

∣∣∣∣]
+S̃4

1
λΓ(α)

∣∣∣∣∫ 1

0
ζα−1(1− e−λζ) dK1(ζ)

∣∣∣∣,
U2 = S̃2

1
Γ(β)

(2− e−µ) + S̃3
1

µΓ(β)

∣∣∣∣∫ 1

0
ζβ−1(1− e−µζ) dH2(ζ)

∣∣∣∣
+S̃4

[
1

µΓ(β)
(1− e−µ) +

1
µΓ(β)

∣∣∣∣∫ 1

0
ζβ−1(1− e−µζ) dK2(ζ)

∣∣∣∣],

V1 = T̃1
1

Γ(α)
(2− e−λ) + T̃3

1
λΓ(α)

[
(1− e−λ) +

∣∣∣∣∫ 1

0
ζα−1(1− e−λζ) dH1(ζ)

∣∣∣∣]
+T̃4

1
λΓ(α)

∣∣∣∣∫ 1

0
ζα−1(1− e−λζ) dK1(ζ)

∣∣∣∣,
V2 =

1
µΓ(β)

(1− e−µ) + T̃2
1

Γ(β)
(2− e−µ)

+T̃3
1

µΓ(β)

∣∣∣∣∫ 1

0
ζβ−1(1− e−µζ) dH2(ζ)

∣∣∣∣
+T̃4

1
µΓ(β)

[
(1− e−µ) +

∣∣∣∣∫ 1

0
ζβ−1(1− e−µζ) dK2(ζ)

∣∣∣∣],

(23)

and
Ψ0 = (U1 + V1)a0 + (U2 + V2)b0,

Ψ1 = (U1 + V1)

(
a1 +

a3

Γ(p1 + 1)

)
+ (U2 + V2)

(
b1 +

b3

Γ(q1 + 1)

)
,

Ψ2 = (U1 + V1)

(
a2 +

a4

Γ(p2 + 1)

)
+ (U2 + V2)

(
b2 +

b4

Γ(q2 + 1)

)
.

(24)

Our first main result is the theorem below which gives us the existence of solutions
for our problem (1) and (2), based on the Leray-Schauder alternative theorem.

Theorem 1. We suppose that (H1) and (H2) hold. If

max{Ψ1, Ψ2} < 1, (25)

then the boundary value problem (1) and (2) has at least one solution (x(t), y(t)), t ∈ [0, 1].

Proof. We show firstly that A : Y → Y is a completely continuous operator. Because f and
g are continuous functions, we conclude that A1 and A2 are continuous operators, and so
the operator A is also continuous.
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We prove now that A is uniformly bounded. Let D ⊂ Y be a bounded set. Then
there exists a positive constant r0 such that ‖(x, y)‖Y ≤ r0 for all (x, y) ∈ D. So ‖x‖ ≤ r0,
‖y‖ ≤ r0, and by Lemma 2 we find

|Ip1
0+x(t)| ≤ r0

Γ(p1 + 1)
, |Ip2

0+y(t)| ≤ r0

Γ(p2 + 1)
, ∀ t ∈ [0, 1],

|Iq1
0+x(t)| ≤ r0

Γ(q1 + 1)
, |Iq2

0+y(t)| ≤ r0

Γ(q2 + 1)
, ∀ t ∈ [0, 1].

Hence there exist positive constants C1 and C2 such that

|f(t, x(t), y(t), Ip1
0+x(t), Ip2

0+y(t))| ≤ C1, |g(t, x(t), y(t), Iq1
0+x(t), Iq2

0+y(t)| ≤ C2, (26)

for all t ∈ [0, 1] and (x, y) ∈ D.
Therefore by using (26) and Lemma 2, for any (x, y) ∈ D and t ∈ [0, 1] we obtain

|A1(x, y)(t)| ≤
∫ t

0
e−λ(t−s) Iα−1

0+ |f
p1,p2
x,y |(s) ds

+|S1(t)|
[

λ
∫ 1

0
e−λ(1−s) Iα−1

0+ |f
p1,p2
x,y |(s) ds + Iα−1

0+ |f
p1,p2
x,y |(1)

]
+|S2(t)|

[
µ
∫ 1

0
e−µ(1−s) Iβ−1

0+ |g
q1,q2
x,y |(s) ds + Iβ−1

0+ |g
q1,q2
x,y |(1)

]
+|S3(t)|

[∫ 1

0
e−λ(1−s) Iα−1

0+ |f
p1,p2
x,y |(s) ds

+

∣∣∣∣∫ 1

0

(∫ s

0
e−λ(s−ζ) Iα−1

0+ |f
p1,p2
x,y |(ζ) dζ

)
dH1(s)

∣∣∣∣
+

∣∣∣∣∫ 1

0

(∫ s

0
e−µ(s−ζ) Iβ−1

0+ |g
q1,q2
x,y |(ζ) dζ

)
dH2(s)

∣∣∣∣]
+|S4(t)|

[∫ 1

0
e−µ(1−ζ) Iβ−1

0+ |g
q1,q2
x,y |(ζ) dζ

+

∣∣∣∣∫ 1

0

(∫ s

0
e−λ(s−ζ) Iα−1

0+ |f
p1,p2
x,y |(ζ) dζ

)
dK1(s)

∣∣∣∣
+

∣∣∣∣∫ 1

0

(∫ s

0
e−µ(s−ζ) Iβ−1

0+ |g
q1,q2
x,y |(ζ) dζ

)
dK2(s)

∣∣∣∣]
≤ C1

λΓ(α)
(1− e−λ) + S̃1

C1

Γ(α)
(2− e−λ) + S̃2

C2

Γ(β)
(2− e−µ)

+S̃3

[
C1

1
λΓ(α)

(1− e−λ) + C1
1

λΓ(α)

∣∣∣∣∫ 1

0
ζα−1(1− e−λζ) dH1(ζ)

∣∣∣∣
+C2

1
µΓ(β)

∣∣∣∣∫ 1

0
ζβ−1(1− e−µζ) dH2(ζ)

∣∣∣∣]
+S̃4

[
C2

1
µΓ(β)

(1− e−µ) + C1
1

λΓ(α)

∣∣∣∣∫ 1

0
ζα−1(1− e−λζ) dK1(ζ)

∣∣∣∣
+C2

1
µΓ(β)

∣∣∣∣∫ 1

0
ζβ−1(1− e−µζ) dK2(ζ)

∣∣∣∣]
= C1

{
1

λΓ(α)
(1− e−λ) + S̃1

1
Γ(α)

(2− e−λ) + S̃3

[
1

λΓ(α)
(1− e−λ)

+
1

λΓ(α)

∣∣∣∣∫ 1

0
ζα−1(1− e−λζ) dH1(ζ)

∣∣∣∣]
+ S̃4

1
λΓ(α)

∣∣∣∣∫ 1

0
ζα−1(1− e−λζ) dK1(ζ)

∣∣∣∣}
+C2

{
S̃2

1
Γ(β)

(2− e−µ) + S̃3
1

µΓ(β)

∣∣∣∣∫ 1

0
ζβ−1(1− e−µζ) dH2(ζ)

∣∣∣∣
+ S̃4

[
1

µΓ(β)
(1− e−µ) +

1
µΓ(β)

∣∣∣∣∫ 1

0
ζβ−1(1− e−µζ) dK2(ζ)

∣∣∣∣]}
= C1U1 + C2U2,

where U1 and U2 are defined by (23).
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Then we conclude

‖A1(x, y)‖ ≤ C1U1 + C2U2, ∀ (x, y) ∈ D. (27)

In a similar manner, for any (x, y) ∈ D and t ∈ [0, 1], we find

|A2(x, y)(t)| ≤
∫ t

0
e−µ(t−s) Iβ−1

0+ |g
q1,q2
x,y |(s) ds

+|T1(t)|
[

λ
∫ 1

0
e−λ(1−s) Iα−1

0+ |f
p1,p2
x,y |(s) ds + Iα−1

0+ |f
p1,p2
x,y |(1)

]
+|T2(t)|

[
µ
∫ 1

0
e−µ(1−s) Iβ−1

0+ |g
q1,q2
x,y |(s) ds + Iβ−1

0+ |g
q1,q2
x,y |(1)

]
+|T3(t)|

[∫ 1

0
e−λ(1−s) Iα−1

0+ |f
p1,p2
x,y |(s) ds

+

∣∣∣∣∫ 1

0

(∫ s

0
e−λ(s−ζ) Iα−1

0+ |f
p1,p2
x,y |(ζ) dζ

)
dH1(s)

∣∣∣∣
+

∣∣∣∣∫ 1

0

(∫ s

0
e−µ(s−ζ) Iβ−1

0+ |g
q1,q2
x,y |(ζ) dζ

)
dH2(s)

∣∣∣∣]
+|T4(t)|

[∫ 1

0
e−µ(1−ζ) Iβ−1

0+ |g
q1,q2
x,y |(ζ) dζ

+

∣∣∣∣∫ 1

0

(∫ s

0
e−λ(s−ζ) Iα−1

0+ |f
p1,p2
x,y |(ζ) dζ

)
dK1(s)

∣∣∣∣
+

∣∣∣∣∫ 1

0

(∫ s

0
e−µ(s−ζ) Iβ−1

0+ |g
q1,q2
x,y |(ζ) dζ

)
dK2(s)

∣∣∣∣]
≤ C2

1
µΓ(β)

(1− e−µ) + T̃1
C1

Γ(α)
(2− e−λ) + T̃2

C2

Γ(β)
(2− e−µ)

+T̃3

[
C1

1
λΓ(α)

(1− e−λ) + C1
1

λΓ(α)

∣∣∣∣∫ 1

0
ζα−1(1− e−λζ) dH1(ζ)

∣∣∣∣
+C2

1
µΓ(β)

∣∣∣∣∫ 1

0
ζβ−1(1− e−µζ) dH2(ζ)

∣∣∣∣]
+T̃4

[
C2

1
µΓ(β)

(1− e−µ) + C1
1

λΓ(α)

∣∣∣∣∫ 1

0
ζα−1(1− e−λζ) dK1(ζ)

∣∣∣∣
+C2

1
µΓ(β)

∣∣∣∣∫ 1

0
ζβ−1(1− e−µζ) dK2(ζ)

∣∣∣∣]
= C1

{
T̃1

1
Γ(α)

(2− e−λ) + T̃3
1

Γ(α)

[
1
λ
(1− e−λ) +

1
λ

∣∣∣∣∫ 1

0
ζα−1(1− e−λζ) dH1(ζ)

∣∣∣∣]
+ T̃4

1
λΓ(α)

∣∣∣∣∫ 1

0
ζα−1(1− e−λζ) dK1(ζ)

∣∣∣∣}
+C2

{
1

µΓ(β)
(1− e−µ) + T̃2

1
Γ(β)

(2− e−µ)

+T̃3
1

µΓ(β)

∣∣∣∣∫ 1

0
ζβ−1(1− e−µζ) dH2(ζ)

∣∣∣∣
+ T̃4

1
µΓ(β)

[
(1− e−µ) +

∣∣∣∣∫ 1

0
ζβ−1(1− e−µζ) dK2(ζ)

∣∣∣∣]}
= C1V1 + C2V2,

where V1 and V2 are defined by (23).
Hence we obtain

‖A2(x, y)‖ ≤ C1V1 + C2V2, ∀ (x, y) ∈ D. (28)

From the inequalities (27) and (28) we deduce that A1 and A2 are uniformly bounded,
and then

‖A(x, y)‖Y = ‖A1(x, y)‖+ ‖A2(x, y)‖ ≤ C1(U1 + V1) + C2(U2 + V2), ∀ (x, y) ∈ D,

that is the operator A is uniformly bounded.
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Next we will establish that A is an equicontinuous operator. Let (x, y) ∈ D and
t1, t2 ∈ [0, 1], t1 < t2. Therefore we find

|A1(x, y)(t2)−A1(x, y)(t1)|

≤
∣∣∣∣∫ t1

0

[
e−λ(t2−s) − e−λ(t1−s)

]
Iα−1
0+ f

p1,p2
x,y (s) ds

∣∣∣∣
+

∣∣∣∣∫ t2

t1

e−λ(t2−s)f
p1,p2
x,y (s) ds

∣∣∣∣
+|S1(t2)− S1(t1)|

[∣∣∣∣λ ∫ 1

0
e−λ(1−s) Iα−1

0+ f
p1,p2
x,y (s) ds

∣∣∣∣+ ∣∣∣Iα−1
0+ f

p1,p2
x,y (1)

∣∣∣]
+|S2(t2)− S2(t1)|

[∣∣∣∣µ ∫ 1

0
e−µ(1−s) Iβ−1

0+ g
q1,q2
x,y (s) ds

∣∣∣∣+ ∣∣∣Iβ−1
0+ g

q1,q2
x,y (1)

∣∣∣]
+|S3(t2)− S3(t1)|

[∣∣∣∣∫ 1

0
e−λ(1−s) Iα−1

0+ f
p1,p2
x,y (s) ds

∣∣∣∣
+

∣∣∣∣∫ 1

0

(∫ s

0
e−λ(s−τ) Iα−1

0+ f
p1,p2
x,y (τ) dτ

)
dH1(s)

∣∣∣∣
+

∣∣∣∣∫ 1

0

(∫ s

0
e−µ(s−τ) Iβ−1

0+ g
q1,q2
x,y (τ) dτ

)
dH2(s)

∣∣∣∣]
+|S4(t2)− S4(t1)|

[∣∣∣∣∫ 1

0
e−µ(1−s) Iβ−1

0+ g
q1,q2
x,y (s) ds

∣∣∣∣
+

∣∣∣∣∫ 1

0

(∫ s

0
e−λ(s−τ) Iα−1

0+ f
p1,p2
x,y (τ) dτ

)
dK1(s)

∣∣∣∣
+

∣∣∣∣∫ 1

0

(∫ s

0
e−µ(s−τ) Iβ−1

0+ g
q1,q2
x,y (τ) dτ

)
dK2(s)

∣∣∣∣]
≤ C1

λΓ(α)

(
1− e−λt1)(1− e−λ(t2−t1)

)
+

C1

λ

(
1− e−λ(t2−t1)

)
+|S1(t2)− S1(t1)|

C1

Γ(α)
(2− e−λ) + |S2(t2)− S2(t1)|

C2

Γ(β)
(2− e−µ)

+|S3(t2)− S3(t1)|
[

C1

λΓ(α)
(1− e−λ) +

C1

λΓ(α)

∣∣∣∣∫ 1

0
ζα−1(1− e−λζ) dH1(ζ)

∣∣∣∣
+

C2

µΓ(β)

∣∣∣∣∫ 1

0
sβ−1(1− e−µs) dH2(s)

∣∣∣∣]
+|S4(t2)− S4(t1)|

[
C2

µΓ(β)
(1− e−µ) +

C1

λΓ(α)

∣∣∣∣∫ 1

0
ζα−1(1− e−λζ) dK1(ζ)

∣∣∣∣
+

C2

µΓ(β)

∣∣∣∣∫ 1

0
sβ−1(1− e−µs) dK2(s)

∣∣∣∣].

Because

|Si(t2)− Si(t1)| =
∣∣∣∣ 1
λ2 (λt2 − 1 + e−λt2)Λi +

1
λ3 (λ

2t22 − 2λt2 + 2− 2e−λt2)Θi

− 1
λ2 (λt1 − 1 + e−λt1)Λi −

1
λ3 (λ

2t21 − 2λt1 + 2− 2e−λt1)Θi

∣∣∣∣
≤ 1

λ2 |Λi|
∣∣∣λ(t2 − t1)− e−λt1 + e−λt2

∣∣∣
+

1
λ3 |Θi|

∣∣∣λ2(t22 − t21)− 2(e−λt2 − e−λt1)− 2λ(t2 − t1)
∣∣∣→ 0, as t2 → t1, i = 1, . . . , 4,

we deduce that |A1(x, y)(t2)−A1(x, y)(t1)| → 0 as t2 → t1.
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In a similar manner we obtain

|A2(x, y)(t2)−A2(x, y)(t1)|

≤
∣∣∣∣∫ t1

0

(
e−µ(t2−s) − e−µ(t1−s)

)
Iβ−1
0+ g

q1,q2
x,y (s) ds

∣∣∣∣
+

∣∣∣∣∫ t2

t1

e−µ(t2−s) Iβ−1
0+ g

q1,q2
x,y (s) ds

∣∣∣∣
+|T1(t2)− T1(t1)|

[∣∣∣∣λ ∫ 1

0
e−λ(1−s) Iα−1

0+ f
p1,p2
x,y (s) ds

∣∣∣∣+ ∣∣∣Iα−1
0+ f

p1,p2
x,y (1)

∣∣∣]
+|T2(t2)− T2(t1)|

[∣∣∣∣µ ∫ 1

0
e−µ(1−s) Iβ−1

0+ g
q1,q2
x,y (s) ds

∣∣∣∣+ ∣∣∣Iβ−1
0+ g

q1,q2
x,y (1)

∣∣∣]
+|T3(t2)− T3(t1)|

[∣∣∣∣∫ 1

0
e−λ(1−s) Iα−1

0+ f
p1,p2
x,y (s) ds

∣∣∣∣
+

∣∣∣∣∫ 1

0

(∫ s

0
e−λ(s−τ) Iα−1

0+ f
p1,p2
x,y (τ) dτ

)
dH1(s)

∣∣∣∣
+

∣∣∣∣∫ 1

0

(∫ s

0
e−µ(s−τ) Iβ−1

0+ g
q1,q2
x,y (τ) dτ

)
dH2(s)

∣∣∣∣]
+|T4(t2)− T4(t1)|

[∣∣∣∣∫ 1

0
e−µ(1−ζ) Iβ−1

0+ g
q1,q2
x,y (ζ) dζ

∣∣∣∣
+

∣∣∣∣∫ 1

0

(∫ s

0
e−λ(s−τ) Iα−1

0+ f
p1,p2
x,y (τ) dτ

)
dK1(s)

∣∣∣∣
+

∣∣∣∣∫ 1

0

(∫ s

0
e−µ(s−τ) Iβ−1

0+ g
q1,q2
x,y (τ) dτ

)
dK2(s)

∣∣∣∣]
≤ C2

µΓ(β)

(
1− e−µt1

)(
1− e−µ(t2−t1)

)
+

C2

µΓ(β)

(
1− e−µ(t2−t1)

)
+|T1(t2)− T1(t1)|

C1

Γ(α)
(2− e−λ) + |T2(t2)− T2(t1)|

C2

Γ(β)
(2− e−µ)

+|T3(t2)− T3(t1)|
[

C1

λΓ(α)
(1− e−λ) +

C1

λΓ(α)

∣∣∣∣∫ 1

0
ζα−1(1− e−λζ) dH1(ζ)

∣∣∣∣
+

C2

µΓ(β)

∣∣∣∣∫ 1

0
sβ−1(1− e−µs) dH2(s)

∣∣∣∣]
+|T4(t2)− T4(t1)|

[
C2

µΓ(β)
(1− e−µ) +

C1

λΓ(α)

∣∣∣∣∫ 1

0
ζα−1(1− e−λζ) dK1(ζ)

∣∣∣∣
+

C2

µΓ(β)

∣∣∣∣∫ 1

0
sβ−1(1− e−µs) dK2(s)

∣∣∣∣].

Because

|Ti(t2)− Ti(t1)| =
∣∣∣∣ 1
µ2 (µt2 − 1 + e−µt2)Ξi +

1
µ3 (µ

2t22 − 2µt2 + 2− 2e−µt2)Υi

− 1
µ2 (µt1 − 1 + e−µt1)Ξi −

1
µ3 (µ

2t21 − 2µt1 + 2− 2e−µt1)Υi

∣∣∣∣
≤ 1

µ2 |Ξi|
∣∣µ(t2 − t1) + e−µt2 − e−µt1

∣∣
+

1
µ3 |Υi|

∣∣∣µ2(t22 − t21)− 2(e−µt2 − e−µt1)− 2µ(t2 − t1)
∣∣∣→ 0, as t2 → t1, i = 1, . . . , 4,

we conclude that |A2(x, y)(t2)−A2(x, y)(t1)| → 0 as t2 → t1.
We deduce that A1 and A2 are equicontinuous operators, and so the operator A is

also equicontinuous. Therefore, by Arzela-Ascoli theorem, we deduce that A is compact,
and hence A is completely continuous.

Next we will prove that the set F = {(x, y) ∈ Y , (x, y) = ζA(x, y), 0 < ζ < 1} is
bounded. For this, let (x, y) ∈ F , then (x, y) = ζA(x, y) for some ζ ∈ (0, 1). Hence for any
t ∈ [0, 1], we have x(t) = ζA1(x, y)(t), y(t) = ζA2(x, y)(t), and so |x(t)| ≤ |A1(x, y)(t)|,
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|y(t)| ≤ |A2(x, y)(t)| for all t ∈ [0, 1]. Using some inequalities proved at the beginning of
the proof, we find

|x(t)| ≤ |A1(x, y)(t)| ≤ U1

(
a0 + a1‖x‖+ a2‖y‖+

a3

Γ(p1 + 1)
‖x‖+ a4

Γ(p2 + 1)
‖y‖

)
+U2

(
b0 + b1‖x‖+ b2‖y‖+

b3

Γ(q1 + 1)
‖x‖+ b4

Γ(q2 + 1)
‖y‖

)
, ∀ t ∈ [0, 1],

and so

‖x‖ ≤ U1

[
a0 +

(
a1 +

a3

Γ(p1 + 1)

)
‖x‖+

(
a2 +

a4

Γ(p2 + 1)

)
‖y‖

]
+U2

[
b0 +

(
b1 +

b3

Γ(q1 + 1)

)
‖x‖+

(
b2 +

b4

Γ(q2 + 1)

)
‖y‖

]
.

(29)

In a similar manner we deduce

|y(t)| ≤ |A2(x, y)(t)| ≤ V1

(
a0 + a1‖x‖+ a2‖y‖+

a3

Γ(p1 + 1)
‖x‖+ a4

Γ(p2 + 1)
‖y‖

)
+V2

(
b0 + b1‖x‖+ b2‖y‖+

b3

Γ(q1 + 1)
‖x‖+ b4

Γ(q2 + 1)
‖y‖

)
, ∀ t ∈ [0, 1],

and then

‖y‖ ≤ V1

[
a0 +

(
a1 +

a3

Γ(p1 + 1)

)
‖x‖+

(
a2 +

a4

Γ(p2 + 1)

)
‖y‖

]
+V2

[
b0 +

(
b1 +

b3

Γ(q1 + 1)

)
‖x‖+

(
b2 +

b4

Γ(q2 + 1)

)
‖y‖

]
.

(30)

Therefore by (29) and (30) we conclude that

‖(x, y)‖Y = ‖x‖+ ‖y‖ ≤ (U1 + V1)a0 + (U2 + V2)b0

+‖x‖
[
(U1 + V1)

(
a1 +

a3

Γ(p1 + 1)

)
+ (U2 + V2)

(
b1 +

b3

Γ(q1 + 1)

)]
+‖y‖

[
(U1 + V1)

(
a2 +

a4

Γ(p2 + 1)

)
+ (U2 + V2)

(
b2 +

b4

Γ(q2 + 1)

)]
= Ψ0 + Ψ1‖x‖+ Ψ2‖y‖ ≤ Ψ0 + max{Ψ1, Ψ2}‖(x, y)‖Y ,

where Ψi, i = 0, 1, 2 are given by (24). By (25) we deduce that

‖(x, y)‖Y ≤
Ψ0

1−max{Ψ1, Ψ2}
,

which means that the set F is bounded. By applying the Leray-Schauder alternative, we
deduce that operator A has at least one fixed point (x, y). So there exists at least one
solution (x(t), y(t)), t ∈ [0, 1] of problem (1) and (2).

Now we introduce the constants

f0 = sup
t∈[0,1]

|f(t, 0, 0, 0, 0)|, g0 = sup
t∈[0,1]

|g(t, 0, 0, 0, 0)|,

ρ1 = max
{

1 +
1

Γ(p1 + 1)
, 1 +

1
Γ(p2 + 1)

}
,

ρ2 = max
{

1 +
1

Γ(q1 + 1)
, 1 +

1
Γ(q2 + 1)

}
,

D1 = c0ρ1U1 + d0ρ2U2, D2 = c0ρ1V1 + d0ρ2V2,
G1 = f0U1 + g0U2, G2 = f0V1 + g0V2,

(31)

where U1, U2, V1, V2 are given by (23).
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In the second result will prove give the existence and uniqueness of solution of problem
(1) and (2) and it relies on the Banach contraction mapping principle.

Theorem 2. We suppose that (H1) and (H3) are satisfied, and

D1 + D2 < 1. (32)

Then problem (1) and (2) has a unique solution (x(t), y(t)), t ∈ [0, 1].

Proof. By using condition (32), we define the positive number

r =
G1 + G2

1− D1 − D2
,

where G1, G2, D1, D2 are given by (31). We will prove that A(Br) ⊂ Br, where
Br = {(x, y) ∈ Y , ‖(x, y)‖Y ≤ r}. For (x, y) ∈ Br and t ∈ [0, 1] we obtain

|f(t, x(t), y(t), Ip1
0+x(t), Ip2

0+y(t))|
≤ |f(t, x(t), y(t), Ip1

0+x(t), Ip2
0+y(t))− f(t, 0, 0, 0, 0)|+ |f(t, 0, 0, 0, 0)|

≤ c0(|x(t)|+ |y(t)|+ |I
p1
0+x(t)|+ |Ip2

0+y(t)|) + f0

≤ c0

(
‖x‖+ ‖y‖+ 1

Γ(p1 + 1)
‖x‖+ 1

Γ(p2 + 1)
‖y‖

)
+ f0

≤ c0 max
{

1 +
1

Γ(p1 + 1)
, 1 +

1
Γ(p2 + 1)

}
‖(x, y)‖Y + f0

≤ c0 max
{

1 +
1

Γ(p1 + 1)
, 1 +

1
Γ(p2 + 1)

}
r + f0

= c0ρ1r + f0,

and
|g(t, x(t), y(t), Iq1

0+x(t), Iq2
0+y(t))|

≤ |g(t, x(t), y(t), Iq1
0+x(t), Iq2

0+y(t))− g(t, 0, 0, 0, 0)|+ |g(t, 0, 0, 0, 0)|
≤ d0(|x(t)|+ |y(t)|+ |I

q1
0+x(t)|+ |Iq2

0+y(t)|) + g0

≤ d0

(
‖x‖+ ‖y‖+ 1

Γ(q1 + 1)
‖x‖+ 1

Γ(q2 + 1)
‖y‖

)
+ g0

≤ d0 max
{

1 +
1

Γ(q1 + 1)
, 1 +

1
Γ(q2 + 1)

}
‖(x, y)‖Y + g0

≤ d0 max
{

1 +
1

Γ(q1 + 1)
, 1 +

1
Γ(q2 + 1)

}
r + g0

= d0ρ2r + g0.

Then we deduce that

|A1(x, y)(t)| ≤ (c0ρ1r + f0)U1 + (d0ρ2r + g0)U2
= (c0ρ1U1 + d0ρ2U2)r + f0U1 + g0U2 = D1r + G1,

(33)

and
|A2(x, y)(t)| ≤ (c0ρ1r + f0)V1 + (d0ρ2r + g0)V2
= (c0ρ1V1 + d0ρ2V2)r + f0V1 + g0V2 = D2r + G2.

(34)

Therefore, by (33) and (34) and the definition of r, we conclude that

‖A(x, y)‖Y = ‖A1(x, y)‖+ ‖A2(x, y)‖ ≤ (D1 + D2)r + G1 + G2 = r, ∀ (x, y) ∈ Br,

which gives us A(Br) ⊂ Br.
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We will prove next that A is a contraction operator. By using (H3), for (xi, yi) ∈
Br, i = 1, 2, and for any t ∈ [0, 1] we find

|fp1,p2
x1,y1 (t)− f

p1,p2
x2,y2 (t)| = |f(t, x1(t), y1(t), Ip1

0+x1(t), Ip2
0+y1(t))

−f(t, x2(t), y2(t), Ip1
0+x2(t), Ip2

0+y2(t))|
≤ c0(|x1(t)− x2(t)|+ |y1(t)− y2(t)|

+|Ip1
0+x1(t)− Ip1

0+x2(t)|+ |I
p2
0+y1(t)− Ip2

0+y2(t)|
)

≤ c0

(
‖x1 − x2‖+ ‖y1 − y2‖+

1
Γ(p1 + 1)

‖x1 − x2‖+
1

Γ(p2 + 1)
‖y1 − y2‖

)
= c0

((
1 +

1
Γ(p1 + 1)

)
‖x1 − x2‖+

(
1 +

1
Γ(p2 + 1)

)
‖y1 − y2‖

)
≤ c0ρ1(‖x1 − x2‖+ ‖y1 − y2‖),

(35)

and in a similar manner

|gq1,q2
x1,y1(t)− g

q1,q2
x2,y2(t)| ≤ d0ρ2(‖x1 − x2‖+ ‖y1 − y2‖). (36)

Because ∣∣∣Iα−1
0+ f

p1,p2
x1,y1 (t)− Iα−1

0+ f
p1,p2
x2,y2 (t)

∣∣∣ ≤ 1
Γ(α)

‖fp1,p2
x1,y1 − f

p1,p2
x2,y2 ‖,∣∣∣Iβ−1

0+ g
q1,q2
x1,y1(t)− Iβ−1

0+ g
q1,q2
x2,y2(t)

∣∣∣ ≤ 1
Γ(β)

‖gq1,q2
x1,y1 − g

q1,q2
x2,y2‖,

we deduce by using (35) and (36), that

|A1(x1, y1)(t)−A1(x2, y2)(t)|

≤
∫ t

0
e−λ(t−s)

∣∣∣Iα−1
0+ f

p1,p2
x1,y1 (s)− Iα−1

0+ f
p1,p2
x2,y2 (s)

∣∣∣ ds

+|S1(t)|
[

λ
∫ 1

0
e−λ(1−s)

∣∣∣Iα−1
0+ f

p1,p2
x1,y1 (s)− Iα−1

0+ f
p1,p2
x2,y2 (s)

∣∣∣ ds

+
∣∣∣Iα−1

0+ f
p1,p2
x1,y1 (1)− Iα−1

0+ f
p1,p2
x2,y2 (1)

∣∣∣]
+|S2(t)|

[
µ
∫ 1

0
e−µ(1−s)

∣∣∣Iβ−1
0+ g

q1,q2
x1,y1(s)− Iβ−1

0+ g
q1,q2
x2,y2(s)

∣∣∣
+
∣∣∣Iβ−1

0+ g
q1,q2
x1,y1(1)− Iβ−1

0+ g
q1,q2
x2,y2(1)

∣∣∣]
+|S3(t)|

[∫ 1

0
e−λ(1−s)

∣∣∣Iα−1
0+ f

p1,p2
x1,y1 (s)− Iα−1

0+ f
p1,p2
x2,y2 (s)

∣∣∣ ds

+

∣∣∣∣∫ 1

0

(∫ s

0
e−λ(s−τ)

∣∣∣Iα−1
0+ f

p1,p2
x1,y1 (τ)− Iα−1

0+ f
p1,p2
x2,y2 (τ)

∣∣∣ dτ

)
dH1(s)

∣∣∣∣
+

∣∣∣∣∫ 1

0

(∫ s

0
e−µ(s−τ)

∣∣∣Iβ−1
0+ g

q1,q2
x1,y1(τ)− Iβ−1

0+ g
q1,q2
x2,y2(τ)

∣∣∣ dτ

)
dH2(s)

∣∣∣∣]
+|S4(t)|

[∫ 1

0
e−µ(1−s)

∣∣∣Iβ−1
0+ g

q1,q2
x1,y1(s)− Iβ−1

0+ g
q1,q2
x2,y2(s)

∣∣∣ ds

+

∣∣∣∣∫ 1

0

(∫ s

0
e−λ(s−τ)

∣∣∣Iα−1
0+ f

p1,p2
x1,y1 (τ)− Iα−1

0+ f
p1,p2
x2,y2 (τ)

∣∣∣ dτ

)
dK1(s)

∣∣∣∣
+

∣∣∣∣∫ 1

0

(∫ s

0
e−µ(s−τ)

∣∣∣Iβ−1
0+ g

q1,q2
x1,y1(τ)− Iβ−1

0+ g
q1,q2
x2,y2(τ)

∣∣∣ dτ

)
dK2(s)

∣∣∣∣]
≤ c0ρ1U1(‖x1 − x2‖+ ‖y1 − y2‖) + d0ρ2U2(‖x1 − x2‖+ ‖y1 − y2‖)
= (c0ρ1U1 + d0ρ2U2)‖(‖x1 − x2‖+ ‖y1 − y2‖) = D1(‖x1 − x2‖+ ‖y1 − y2‖),

and in a similar manner as above

|A2(x1, y1)(t)−A2(x2, y2)(t)|
≤ (c0ρ1V1 + d0ρ2V2)‖(‖x1 − x2‖+ ‖y1 − y2‖) = D2(‖x1 − x2‖+ ‖y1 − y2‖).

So we have

‖A(x1, y1)−A(x2, y2)‖Y ≤ (D1 + D2)‖(x1, y1)− (x2, y2)‖Y .
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Because D1 + D2 < 1, (by (32)), we deduce that A is a contraction operator. Then by the
Banach fixed point theorem, we deduce that problem (1) and (2) has a unique solution
(x(t), y(t)), t ∈ [0, 1].

4. Examples

Let α = 10
3 , β = 7

2 , p1 = 5
4 , p2 = 25

6 , q1 = 11
5 , q2 = 22

7 , λ = 2, µ = 3, H1(s) = 1
2 s3,

s ∈ [0, 1], H2(s) = {1, s ∈ [0, 1/2); 13/5, s ∈ [1/2, 1], K1(s) = {0, s ∈ [0, 1/5); 9/4,
s ∈ [1/5, 1], K2(s) = 1

3 s2, s ∈ [0, 1].
We consider the system of fractional differential equations{

(cD10/3 + 2 cD7/3)x(t) = f(t, x(t), y(t), I5/4
0+ x(t), I25/6

0+ y(t)), t ∈ (0, 1),
(cD7/2 + 3 cD5/2)y(t) = g(t, x(t), y(t), I11/5

0+ x(t), I22/7
0+ y(t)), t ∈ (0, 1),

(37)

with the boundary conditions
x(0) = x′(0) = 0, x′(1) = 0, x(1) =

3
2

∫ 1

0
s2x(s) ds +

8
5

y
(

1
2

)
,

y(0) = y′(0) = 0, y′(1) = 0, y(1) =
9
4

x
(

1
5

)
+

2
3

∫ 1

0
sy(s) ds.

(38)

We have here

A1 =
1
2

(
1− e−2

)
≈ 0.43233236, A2 =

1
2

(
1 + e−2

)
≈ 0.56766764,

A3 =
1
3

(
1− e−3

)
≈ 0.31673764, A4 =

2
9

(
2 + e−3

)
≈ 0.45550824,

A5 =
1
4

(
1 + e−2

)
− 3

8

∫ 1

0
s2
(

2s− 1 + e−2s
)

ds ≈ 0.19102223,

A6 =
1
4

(
1− e−2

)
− 3

8

∫ 1

0
s2
(

2s2 − 2s + 1− e−2s
)

ds ≈ 0.15897777,

A7 =
8

45

(
1
2
+ e−3/2

)
≈ 0.12855647, A8 =

8
135

(
5
4
− 2e−3/2

)
≈ 0.04762902,

A9 =
9

16

(
−3

5
+ 2e−2/5

)
≈ 0.41661005, A10 =

9
32

(
34
25
− 2e−2/5

)
≈ 0.00544497,

A11 =
1
9

(
2 + e−3

)
− 2

27

∫ 1

0

(
3s2 − s + se−3s

)
ds ≈ 0.18412571,

A12 =
1

27

(
5− 2e−3

)
− 2

81

∫ 1

0

(
9s3 − 6s2 + 2s− 2se−3s

)
ds ≈ 0.1550273,

∆1 ≈ −0.00879828 6= 0, and ∆ = A2 A4∆1 ≈ −0.00227504 6= 0. So assumption (H1)
is satisfied.

Then we obtain Λ1 ≈ 0.60132182, Λ2 ≈ 0.72004874, Λ3 ≈ −2.24322795,
Λ4 ≈ −2.80486639, Ξ1 ≈ 3.37512736, Ξ2 ≈ −0.56788972, Ξ3 ≈ −12.12209555,
Ξ4 ≈ −2.05567055, Θ1 ≈ 1.30363097, Θ2 ≈ −0.54838491, Θ3 ≈ 1.70842929,
Θ4 ≈ 2.13616985, Υ1 ≈ −2.34689474, Υ2 ≈ 2.59023208, Υ3 ≈ 8.4290989, Υ4 ≈ 1.42941047.

In addition, we find

Si(t) = Λi
1
4

(
2t− 1 + e−2t

)
+ Θi

1
4

(
2t2 − 2t+ 1− e−2t

)
, t ∈ [0, 1], i = 1, . . . , 4,

Ti(t) = Ξi
1
9

(
3t− 1 + e−3t

)
+ Υi

1
27

(
9t2 − 6t+ 2− 2e−3t

)
, t ∈ [0, 1], i = 1, . . . , 4,

S̃1 = sup
ζ∈[0,1]

|S1(ζ)| ≈ 0.45247639, S̃2 = sup
ζ∈[0,1]

|S2(ζ)| ≈ 0.08583191,

S̃3 = sup
ζ∈[0,1]

|S3(ζ)| ≈ 0.26739933, S̃4 = sup
ζ∈[0,1]

|S4(ζ)| ≈ 0.33434827,
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T̃1 = sup
ζ∈[0,1]

|T1(ζ)| ≈ 0.34274421, T̃2 = sup
ζ∈[0,1]

|T2(ζ)| ≈ 0.34078079,

T̃3 = sup
ζ∈[0,1]

|T3(ζ)| ≈ 1.23099888, T̃4 = sup
ζ∈[0,1]

|T4(ζ)| ≈ 0.20875336,

U1 =
1

2Γ(10/3)

(
1− e−2

)
+ S̃1

1
Γ(10/3)

(
2− e−2

)
+ S̃3

[
1

2Γ(10/3)

(
1− e−2

)
+

1
2Γ(10/3)

3
2

∫ 1

0
s7/3

(
1− e−2s

)
s2 ds

]
+S̃4

1
2Γ(10/3)

9
4

(
1
5

)7/3(
1− e−2/5

)
≈ 0.51289045,

U2 = S̃2
1

Γ(7/2)

(
2− e−3

)
+ S̃3

1
3Γ(7/2)

8
5

(
1
2

)5/2(
1− e−3/2

)
+S̃4

[
1

3Γ(7/2)

(
1− e−3

)
+

1
3Γ(7/2)

2
3

∫ 1

0
s5/2

(
1− e−3s

)
s ds
]
≈ 0.09261299,

V1 = T̃1
1

Γ(10/3)

(
2− e−2

)
+ T̃3

1
2Γ(10/3)

[
1− e−2 +

3
2

∫ 1

0
s7/3

(
1− e−2s

)
s2 ds

]
+T̃4

1
2Γ(10/3)

9
4

(
1
5

)7/3(
1− e−2/5

)
≈ 0.47253171,

V2 =
1

3Γ(7/2)

(
1− e−3

)
+ T̃2

1
Γ(7/2)

(
2− e−3

)
+ T̃3

1
3Γ(7/2)

8
5

(
1
2

)5/2(
1− e−3/2

)
+T̃4

1
3Γ(7/2)

[
1− e−3 +

2
3

∫ 1

0
s5/2

(
1− e−3s

)
s ds
]
≈ 0.34511088.

Example 1. We consider the functions

f(t, u1, u2, u3, u4) =
t

t3 + 1

(
2 cos t+

1
8

sin(u1 + u2)

)
− 1

9(t+ 2)2 u3 +
1
11

arctan u4,

g(t, u1, u2, u3, u4) =
1

(t+ 3)3

(
7e−t +

1
3
u1 + 4u2

)
− t+ 5

8
sin(u3 + u4),

(39)

for all t ∈ [0, 1], uj ∈ R, j = 1, . . . , 4.
We obtain the inequalities

|f(t, u1, u2, u3, u4)| ≤
2 3
√

4
3

+
3
√

4
24
|u1|+

3
√

4
24
|u2|+

1
36
|u3|+

1
11
|u4|,

|g(t, u1, u2, u3, u4)| ≤
7
27

+
1

81
|u1|+

4
27
|u2|+

5
8
|u3|+

5
8
|u4|,

for all t ∈ [0, 1] and uj ∈ R, j = 1, . . . , 4. We also have a0 = 2 3√4
3 , a1 =

3√4
24 , a2 =

3√4
24 ,

a3 = 1
36 , a4 = 1

11 , b0 = 7
27 , b1 = 1

81 , b2 = 4
27 , b3 = 5

8 , b4 = 5
8 .

We find here Ψ1 ≈ 0.20760463 and Ψ2 ≈ 0.17091827. We deduce that the condition (25),
that is max{Ψ1, Ψ2} = Ψ1 < 1 is satisfied. Then by Theorem 1 we conclude that the problem
(37) and (38) with the nonlinearities (39) has at least one solution (x(t), y(t)), t ∈ [0, 1].

Example 2. We consider the functions

f(t, u1, u2, u3, u4) =
t+ 1

3
+

1
9(t+ 2)2

(
−u1 +

|u2|
1 + |u2|

)
− 1

3
√

1 + t2
cos u3 +

t

4
arctan u4,

g(t, u1, u2, u3, u4) =
t2 + 2
t3 + 4

− 1
7
u1 +

1
8

sin u2

+
1

5
√
t+ 3

sin2 u3 − e−2t |u4|
8(1 + |u4|)

,

(40)

for all t ∈ [0, 1] and uj ∈ R, j = 1, . . . , 4.
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We obtain here the following inequalities

|f(t, u1, u2, u3, u4)− f(t, v1, v2, v3, v4)| ≤
1
36
|u1 − v1|+

1
36
|u2 − v2|

+
1
3
|u3 − v3|+

1
4
|u4 − v4| ≤

1
3

4

∑
i=1
|ui − vi|,

|g(t, u1, u2, u3, u4)− g(t, v1, v2, v3, v4)| ≤
1
7
|u1 − v1|+

1
8
|u2 − v2|

+
2

5
√

3
|u3 − v3|+

1
8
|u4 − v4| ≤

2
5
√

3

4

∑
i=1
|ui − vi|,

for all t ∈ [0, 1] and uj, vj ∈ R, j = 1, . . . , 4. So we have c0 = 1
3 and d0 = 2

5
√

3
. In addition

we find ρ1 = 1 + 1
Γ(9/4) ≈ 1.88261, ρ2 = 1 + 1

Γ(16/5) ≈ 1.41255, D1 ≈ 0.35206922 and
D2 ≈ 0.40911092. Then D1 + D2 ≈ 0.76118013 < 1, that is the condition (32) is satisfied.
Therefore by Theorem 2 we conclude that problem (37) and (38) with the nonlinearities (40)
has a unique solution (x(t), y(t)), t ∈ [0, 1].

5. Conclusions

In this paper we investigated the existence of solutions, and the existence and uniqueness
of solution for the system of fractional equations with sequential Caputo derivatives, two
positive parameters and nonlinearities which contain various integral terms (1), supplemented
with the general Riemann-Stieltjes integral nonlocal boundary conditions (2). We mention
that in these conditions the unknown functions x and y in the point 1 are dependent on
both x and y in the whole interval [0, 1]. In the proof of our main theorems we applied the
Leray-Schauder alternative theorem and the Banach contraction mapping principle.
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