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Abstract: This work establishes some new inequalities to find error bounds for Maclaurin’s formulas
in the framework of q-calculus. For this, we first prove an integral identity involving q-integral and
q-derivative. Then, we use this new identity to prove some q-integral inequalities for q-differentiable
convex functions. The inequalities proved here are very important in the literature because, with
their help, we can find error bounds for Maclaurin’s formula in both q and classical calculus.
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1. Introduction

From the following Simpson’s rules, many inequalities of Simpson’s type were estab-
lished:

(i.) Simpson’s 1/3 rule:

∫ M2

M1

Υ(τ)dτ ≈ M2 − M1

6

[
Υ(M1) + 4Υ

(
M1 + M2

2

)
+ Υ(M2)

]
.

(ii.) Simpson’s 3/8 rule (cf. [1])):

∫ M2

M1

Υ(τ)dτ ≈ M2 − M1

8

[
Υ(M1) + 3Υ

(
2 M1 + M2

3

)
+ 3Υ

(
M1 +2 M2

3

)
+ Υ(M2)

]
.

(iii.) Dual Simpson’s 3/8 rule (cf. [1]):

∫ M2

M1

Υ(τ)dτ ≈ M2 − M1

8

[
3Υ
(

5 M1 + M2

6

)
+ 2Υ

(
M1 + M2

2

)
+ 3Υ

(
M1 +5 M2

6

)]
.

Now, we mention the inequalities linked to the above formulas to recall the literature.
The Simpson’s inequality linked to the Simpson’s 1/3 formula is given as:

Theorem 1 ([1]). For a four times differentiable and continuous function Υ : [M1,M2]→ R. The
following inequality holds∣∣∣∣16

[
Υ(M1) + 4Υ

(
M1 + M2

2

)
+ Υ(M2)

]
− 1

M2 − M1

∫ M2

M1

Υ(τ)dτ

∣∣∣∣
≤ 1

2880
sup

τ∈(M1,M2)

∣∣∣Υ(4)(τ)
∣∣∣(M2 − M1)

4,
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where sup
τ∈(M1,M2)

∣∣∣Υ(4)(τ)
∣∣∣ < ∞.

The Simpson’s inequality linked to the Simpson’s 3/8 formula is given as:

Theorem 2 ([1]). For a four times differentiable and continuous function Υ : [M1,M2]→ R. The
following inequality holds∣∣∣∣18

[
Υ(M1) + 3Υ

(
2 M1 + M2

3

)
+ 3Υ

(
M1 +2 M2

3

)
+ Υ(M2)

]
− 1

M2 − M1

∫ M2

M1

Υ(τ)dτ

∣∣∣∣
≤ 1

6480

∥∥∥Υ(4)
∥∥∥

∞
(M2 − M1)

4,

where sup
τ∈(M1,M2)

∣∣∣Υ(4)(τ)
∣∣∣ < ∞.

The Simpson’s inequality linked to the dual Simpson’s 3/8 formula is given as:

Theorem 3 ([1]). For a four times differentiable and continuous function Υ : [M1,M2]→ R. The
following inequality holds∣∣∣∣18

[
3Υ
(

5 M1 + M2

6

)
+ 2Υ

(
M1 + M2

2

)
+ 3Υ

(
M1 +5 M2

6

)]
− 1

M2 − M1

∫ M2

M1

Υ(τ)dτ

∣∣∣∣
≤ 7

51840

∥∥∥Υ(4)
∥∥∥

∞
(M2 − M1)

4,

where sup
τ∈(M1,M2)

∣∣∣Υ(4)(τ)
∣∣∣ < ∞.

Many authors have concentrated on obtaining new bounds for these quadrature
formulas in recent years using a variety of justifications, including fractional integrals and
convexities. For some of them, please refer to [2–8]. Several studies have been conducted
on the subject of q-integral inequalities for various convexities. As an illustration, new
inequalities of the Hermite–Hadamard, midpoint and trapezoidal type for q-integrals and q-
differentiable convex functions were established in [9–13]. In order to prove Simpson’s type
inequality for q-differentiable convex and generic convex functions, the authors of [14–16]
used q-integral. One can refer to [17–22] for more recent q-calculus inequalities.

The aim of this paper is to establish new inequalities that can be utilized to determine
error bounds for Maclaurin’s formulas within the framework of q-calculus. To achieve this
objective, we begin by demonstrating an integral identity that incorporates both q-integral
and q-derivative. Subsequently, we employ this novel identity to establish a series of
q-integral inequalities specifically designed for q-differentiable convex functions. These
inequalities hold significant importance in the existing literature since they enable us to
determine error bounds for Maclaurin’s formula in both q-calculus and classical calculus.
By developing these new inequalities, this work contributes to the advancement and
understanding of error estimation techniques in mathematical analysis.

2. q-Calculus

To the better understanding about q-calculus, we gave some concepts of q-calculus
here (see, [23]) and q is a real number in (0, 1):

[n]q =
1− qn

1− q
= 1 + q + q2 + ... + qn−1.
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Definition 1 ([22]). The left quantum or qM1-derivative of Υ : [M1,M2] → R at τ ∈ [M1,M2] is
expressed as:

M1 DqΥ(τ) =
Υ(τ)− Υ(qτ + (1− q) M1)

(1− q)(τ− M1)
, τ 6=M1 . (1)

Definition 2 ([10]). The right quantum or qM2 -derivative of Υ : [M1,M2]→ R at τ ∈ [M1,M2] is
expressed as:

M2 DqΥ(τ) =
Υ(qτ + (1− q) M2)− Υ(τ)

(1− q)(M2 −τ)
, τ 6=M2 .

Definition 3 ([22]). The left quantum or qM1-integral of Υ : [M1,M2] → R at τ ∈ [M1,M2] is
defined as:

τ∫
M1

Υ(κ) M1 dqκ = (1− q)(τ− M1)
∞

∑
n=0

qnΥ(qnτ + (1− qn) M1).

Definition 4 ([10]). The right quantum or qM2-integral of Υ : [M1,M2] → R at τ ∈ [M1,M2] is
defined as:

M2∫
τ

Υ(κ) M2 dqκ = (1− q)(M2 −τ)
∞

∑
n=0

qnΥ(qnτ + (1− qn) M2).

The following lemma will be used in our main results:

Lemma 1 ([16]). For continuous functions Υ, g : [M1,M2]→ R, the following equality is true:∫ c

0
g(κ) M1 DqΥ(κ M2 +(1−κ) M1)dqκ

=
g(κ)Υ(κ M2 +(1−κ) M1)

M2 − M1

∣∣∣∣c
0
− 1

M2 − M1

∫ c

0
Dqg(κ)Υ(qκ M2 +(1− qκ) M1)dqκ.

3. Main Results

In this section, we first obtain an identity for q-differentiable functions. Then, by using
this equality, we establish some new Maclaurin’s type inequalities in q-calculus.

Lemma 2. Let Υ : [M1,M2]→ R be a q-differentiable function. If M1 DqΥ is q-integrable function,
then we have the following equality:

1
M2 − M1

∫ M2

M1

Υ(τ) M1 dqτ − 1
8

[
3Υ
(

5 M1 + M2

6

)
+ 2Υ

(
M1 + M2

2

)
+ 3Υ

(
M1 +5 M2

6

)]
=

(M2 − M1)

36

4

∑
j=1

Ij, (2)

where

I1 =
∫ 1

0
(1− qκ) M1 DqΥ

(
1−κ

6
M1 +

5 +κ
6

M2

)
dqκ,

I2 =
∫ 1

0

(
3
2
− 4qκ

)
M1 DqΥ

(
3− 2κ

6
M1 +

3 + 2κ
6

M2

)
dqκ,

I3 =
∫ 1

0

(
5
2
− 4qκ

)
M1 DqΥ

(
5− 2κ

6
M1 +

1 + 2κ
6

M2

)
dqκ,

I4 =
∫ 1

0
(−qκ) M1 DqΥ

(
6−κ

6
M1 +

κ
6
M2

)
dqκ.
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Proof. By applying Lemma 1, we have:

I1 =
∫ 1

0
(1− qκ) M1 DqΥ

(
5 +κ

6
M2 +

1−κ
6

M1

)
dqκ

=
∫ 1

0
(1− qκ) M1 DqΥ

(
κ M2 +(1−κ)M1 +5 M2

6

)
dqκ

=
6

M2 − M1
(1− q)Υ(M2)−

6
M2 − M1

Υ
(
M1 +5 M2

6

)
+

6q
M2 − M1

∫ 1

0
Υ
(

qκ M2 +(1− qκ)M1 +5 M2

6

)
dqκ

=
6

M2 − M1
(1− q)Υ(M2)−

6
M2 − M1

Υ
(
M1 +5 M2

6

)
+

6q
M2 − M1

[
(1− q)

∞

∑
n=0

qnΥ
(

qn+1 M2 +
(

1− qn+1
)M1 +5 M2

6

)]

=
6

M2 − M1
(1− q)Υ(M2)−

6
M2 − M1

Υ
(
M1 +5 M2

6

)
+

6
M2 − M1

[
(1− q)

∞

∑
n=1

qnΥ
(

qn M2 +(1− qn)
M1 +5 M2

6

)]

=
6

M2 − M1
(1− q)Υ(M1)−

6
M2 − M1

Υ
(
M1 +5 M2

6

)
+

6
M2 − M1

[
(1− q)

∞

∑
n=0

qnΥ
(

qn M2 +(1− qn)
M1 +5 M2

6

)
− (1− q)Υ(M2)

]

=
6(1− q)
M2 − M1

∞

∑
n=0

qnΥ
(

qn M2 +(1− qn)
M1 +5 M2

6

)
− 6

M2 − M1
Υ
(
M1 +5 M2

6

)
.

By Definition 3, we can write:

I1 =
36

(M2 − M1)
2

∫ M2

M1+5M2
6

Υ(τ) M1+5M2
6

dqτ − 6
M2 − M1

Υ
(
M1 +5 M2

6

)
. (3)

Similarly, by Lemma 1 and Definition 3, one can obtain

I2 =
∫ 1

0

(
3
2
− 4qκ

)
M1 DqΥ

(
3− 2κ

6
M1 +

3 + 2κ
6

M2

)
dqκ (4)

=
36

(M2 − M1)
2

∫ M1+5M2
6

M1+M2
2

Υ(τ) M1+M2
2

dqτ − 15
2

Υ
(
M1 +5 M2

6

)
− 9

2(M2 − M1)
Υ
(
M1 + M2

2

)
,

I3 =
∫ 1

0

(
5
2
− 4qκ

)
M1 DqΥ

(
5− 2κ

6
M1 +

1 + 2κ
6

M2

)
dqκ (5)

=
36

(M2 − M1)
2

∫ M1+M2
2

5M1+M2
6

Υ(τ) 5M1+M2
6

dqτ − 9
2(M2 − M1)

Υ
(
M1 + M2

2

)
− 15

2(M2 − M1)
Υ
(

5 M1 + M2

6

)
and

I4 =
∫ 1

0
(−qκ) M1 DqΥ

(
6−κ

6
M1 +

κ
6
M2

)
dqκ (6)
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=
36

(M2 − M1)
2

∫ 5M1+M2
6

M1

Υ(τ) M1 dqτ − 6
M2 − M1

Υ
(

5 M1 + M2

6

)
.

Thus, we achieve the required equality by the adding equalities (3)–(6).

Theorem 4. Let all the conditions of Lemma 2 be hold. If
∣∣M1 DqΥ

∣∣ is a convex functions, then the
following inequality holds∣∣∣∣ 1

M2 − M1

∫ M2

M1

Υ(τ) M1 dqτ − 1
8

[
3Υ
(

5 M1 + M2

6

)
+ 2Υ

(
M1 + M2

2

)
+ 3Υ

(
M1 +5 M2

6

)]∣∣∣∣
≤ M2 − M1

36

[(
1
[2]q

+
1
6
(5A1(q) + 3A2(q) + 3A3(q) + A4(q))

) ∣∣M1 DqΥ(M2)
∣∣

+

(
q

[2]q
+

1
6
(A1(q) + 3A2(q) + 3A3(q) + 5A4(q))

) ∣∣M1 DqΥ(M1)
∣∣,

where

A1(q) =
∫ 1

0

∣∣∣∣32 − 4qκ
∣∣∣∣κdqκ =


3−5q−5q2

2[2]q [3]q
, 0 < q < 3

8
160q2+160q−69

64[2]q [3]q
, 3

8 < q < 1,

A2(q) =
∫ 1

0

∣∣∣∣32 − 4qκ
∣∣∣∣(1−κ)dqκ =


3q+3q2−5q3

2[2]q [3]q
, 0 < q < 3

8
160q3−24q2−24q+45

64[2]q [3]q
, 3

8 < q < 1

A3(q) =
∫ 1

0

∣∣∣∣52 − 4qκ
∣∣∣∣κdqκ =


5−3q2−3q
2[2]q [3]q

, 0 < q < 5
8

96q2+96q−35
64[2]q [3]q

, 5
8 < q < 1

A4(q) =
∫ 1

0

∣∣∣∣52 − 4qκ
∣∣∣∣(1−κ)dqκ =


5q+5q2−3q2

2[2]q [3]q
, 0 < q < 5

8
96q3+40q2+40q+75

64[2]q [3]q
, 5

8 < q < 1.

Proof. By taking modulus in Lemma 2, we have:∣∣∣∣ 1
M2 − M1

∫ M2

M1

Υ(τ) M1 dqτ (7)

−1
8

[
3Υ
(

5 M1 + M2

6

)
+ 2Υ

(
M1 + M2

2

)
+ 3Υ

(
M1 +5 M2

6

)]∣∣∣∣
≤ M2 − M1

36
[|I1|+ |I2|+ |I3|+ |I4|].

Since
∣∣M1 DqΥ

∣∣ is convex, we obtain:

|I1| ≤
∫ 1

0
(1− qκ)

∣∣∣∣M1 DqΥ
(

5 +κ
6

M2 +
1−κ

6
M1

)∣∣∣∣dqκ (8)

=
∫ 1

0
(1− qκ)

[∣∣∣∣M1 DqΥ
(
κ M2 +(1−κ)M1 +5 M2

6

)∣∣∣∣]dqκ

≤
∫ 1

0
(1− qκ)

[
κ
∣∣M1 DqΥ(M2)

∣∣+ (1−κ)
∣∣∣∣M1 DqΥ

(
M1 +5 M2

6

)∣∣∣∣]dqκ

=
∣∣M1 DqΥ(M2)

∣∣(∫ 1

0
κ(1− qκ) dqκ

)
+

∣∣∣∣M1 DqΥ
(
M1 +5 M2

6

)∣∣∣∣(∫ 1

0
(1−κ)(1− qκ)dqκ

)
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=

∣∣M1 DqΥ(M2)
∣∣

[2]q[3]q
+

q
∣∣∣M1 DqΥ

(
M1+5M2

6

)∣∣∣
[3]q

≤
∣∣M1 DqΥ(M2)

∣∣
[2]q[3]q

+

q
(
|M1 DqΥ(M1)|+ 5|M1 DqΥ(M2)|

6

)
[3]q

=

∣∣M1 DqΥ(M1)
∣∣

[2]q[3]q
+

q
(∣∣M1 DqΥ(M1)

∣∣+ 5
∣∣M1 DqΥ(M2)

∣∣)
6[3]q

=

(
5q2 + 5q + 6

6[2]q[3]q

) ∣∣M1 DqΥ(M2)
∣∣+ q

6[3]q

∣∣M1 DqΥ(M1)
∣∣.

Similarly, one can establish

|I2| ≤
∫ 1

0

∣∣∣∣32 − 4qκ
∣∣∣∣ ∣∣∣∣M2 DqΥ

(
3 + 2κ

6
M2 +

3− 2κ
6

M1

)∣∣∣∣dqκ (9)

≤
∫ 1

0

∣∣∣∣32 − 4qκ
∣∣∣∣[κ ∣∣∣∣M1 DqΥ

(
M1 +5 M2

6

)∣∣∣∣+ (1−κ)
∣∣∣∣M1 DqΥ

(
M1 + M2

2

)∣∣∣∣]dqκ

= A1(q)
∣∣∣∣M1 DqΥ

(
M1 +5 M2

6

)∣∣∣∣+ A2(q)
∣∣∣∣M1 DqΥ

(
M1 + M2

2

)∣∣∣∣
≤ A1(q)

[ ∣∣M1 DqΥ(M1)
∣∣+ 5

∣∣M1 DqΥ(M2)
∣∣

6

]
+ A2(q)

[ ∣∣M1 DqΥ(M1)
∣∣+ ∣∣M1 DqΥ(M2)

∣∣
2

]

=

[
5A1(q) + 3A2(q)

6

] ∣∣M1 DqΥ(M2)
∣∣+ [A1(q) + 3A2(q)

6

] ∣∣M1 DqΥ(M1)
∣∣,

|I3| ≤
∫ 1

0

∣∣∣∣52 − 4qκ
∣∣∣∣ ∣∣∣∣M2 DqΥ

(
1 + 2κ

6
M2 +

5− 2κ
6

M1

)∣∣∣∣dqκ (10)

≤
∫ 1

0

∣∣∣∣52 − 4qκ
∣∣∣∣[κ ∣∣∣∣M1 DqΥ

(
M1 + M2

2

)∣∣∣∣+ (1−κ)
∣∣∣∣M1 DqΥ

(
5 M1 + M2

6

)∣∣∣∣]dκ

= A3(q)
∣∣∣∣M1 DqΥ

(
M1 + M2

2

)∣∣∣∣+ A4(q)
∣∣∣∣M1 DqΥ

(
5 M1 + M2

6

)∣∣∣∣
≤ A3(q)

[ ∣∣M1 DqΥ(M1)
∣∣+ ∣∣M1 DqΥ(M2)

∣∣
2

]
+ A4(q)

[
5
∣∣M1 DqΥ(M1)

∣∣+ ∣∣M1 DqΥ(M2)
∣∣

6

]

=

[
3A3(q) + A4(q)

6

] ∣∣M1 DqΥ(M2)
∣∣+ [3A3(q) + 5A4(q)

6

] ∣∣M1 DqΥ(M1)
∣∣

and

|I4| ≤
∫ 1

0
qκ
∣∣∣∣M2 DqΥ

(
κ
6
M2 +

6−κ
6

M1

)∣∣∣∣dqκ (11)

≤
∫ 1

0
qκ
[
(1−κ)

∣∣M1 DqΥ(M1)
∣∣+κ

∣∣∣∣M1 DqΥ
(

5 M1 + M2

6

)∣∣∣∣]

=
q3
∣∣M1 DqΥ(M1)

∣∣
[2]q[3]q

+
q
∣∣∣M1 DqΥ

(
5M1+M2

6

)∣∣∣
[3]q

≤
q3
∣∣M1 DqΥ(M1)

∣∣
[2]q[3]q

+

[
q
(
5
∣∣M1 DqΥ(M1)

∣∣+ ∣∣M1 DqΥ(M2)
∣∣)

6[3]q

]

=

[
6q3 + 5q2 + 5q

6[2]q[3]q

] ∣∣M1 DqΥ(M1)
∣∣+ q

6[3]q

∣∣M1 DqΥ(M2)
∣∣.
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Thus, by using (8)–(11) in (7), we obtain the resultant inequality.

Example 1. Let consider the function Υ : [1, 2]→ R, Υ(κ) = κ3 with q = 3
4 . Since

M1 DqΥ(τ) = 1D 3
4
τ3 =

τ3 −
(

4
3 τ + 1

4

)
1
4 (τ − 1)

=
37
16

τ2 +
5
8

τ +
1

16
,

then
∣∣M1 DqΥ

∣∣ is convex on [1, 2]. Therefore, Theorem 4 can be applied for the function Υ(κ) = κ3.
By Definition 3,

M2∫
M1

Υ(κ) M1 dqκ =

2∫
1

κ3
1d 3

4
κ =

1
4

∞

∑
n=0

(
3
4

)n((3
4

)n
+ 1
)3

=
1
4

∞

∑
n=0

(
3
4

)n
((

3
4

)3n
+ 3
(

3
4

)2n
+ 3
(

3
4

)n
+ 1

)

=
1
4

[
1

1− 81
256

+
3

1− 27
64

+
1

1− 9
16

+
1

1− 3
4

]

=
20943
6475

.

On the other hand,

1
8

[
3Υ
(

5 M1 + M2

6

)
+ 2Υ

(
M1 + M2

2

)
+ 3Υ

(
M1 +5 M2

6

)]
=

1
8

[
3
(

7
6

)3
+ 2
(

1
2

)3
+

(
11
6

)3
]

=
1207
864

.

Thus, the left hand side of Theorem 4 reduces∣∣∣∣ 1
M2 − M1

∫ M2

M1

Υ(τ) M1 dqτ − 1
8

[
3Υ
(

5 M1 + M2

6

)
+ 2Υ

(
M1 + M2

2

)
+ 3Υ

(
M1 +5 M2

6

)]∣∣∣∣
=

∣∣∣∣20943
6475

− 1207
864

∣∣∣∣
∼= 1.8375.

On the other hand, for q = 3
4 , we have

A1

(
3
4

)
=

160
( 3

4
)2

+ 160 3
4 − 69

64
(
1 + 3

4
)(

1 + 3
4 +

( 3
4
)2
) =

141
259

A2

(
3
4

)
=

160
( 3

4
)3 − 24

( 3
4
)2 − 24 3

4 + 45

64
(
1 + 3

4
)(

1 + 3
4 +

( 3
4
)2
) =

81
259

A3

(
3
4

)
=

96
( 3

4
)2

+ 96 3
4 − 35

64
(
1 + 3

4
)(

1 + 3
4 +

( 3
4
)2
) =

13
37

A4

(
3
4

)
=

96
( 3

4
)3

+ 40
( 3

4
)2

+ 40 3
4 + 75

64
(
1 + 3

4
)(

1 + 3
4 +

( 3
4
)2
) =

24
37

.
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Moreover, since

M1 DqΥ(τ) =
37
16

τ2 +
5
8

τ +
1

16
,

we obtain ∣∣M1 DqΥ(M2)
∣∣ =

∣∣∣1D 3
4
Υ(2)

∣∣∣ = 633
16∣∣M1 DqΥ(M1)

∣∣ =
∣∣∣1D 3

4
Υ(1)

∣∣∣ = 3.

Consequently, we can calculate the right hand side of Theorem 4 as

M2 − M1

36

[(
1
[2]q

+
1
6
(5A1(q) + 3A2(q) + 3A3(q) + A4(q))

) ∣∣M1 DqΥ(M2)
∣∣

+

(
q

[2]q
+

1
6
(A1(q) + 3A2(q) + 3A3(q) + 5A4(q))

) ∣∣M1 DqΥ(M1)
∣∣]

=
1

36

[
3
(

4
7
+

1
6

(
5

141
259

+ 3
81

259
+ 3

13
37

+
24
37

))
+

633
16

(
3
7
+

1
6

(
141
259

+ 3
81
259

+ 3
13
37

+ 5
24
37

))]
=

1
36

(
57
7

+
5697

56

)
=

293
96

∼= 3.052.

Since 1.8375 ≤ 3.052, it is clear that Theorem 4 is valid for the function Υ(κ) = κ3.

Remark 1. If we set limit as q→ 1− in Theorem 4, then we obtain the following inequality:∣∣∣∣18
[

3Υ
(

5 M1 + M2

6

)
+ 2Υ

(
M1 + M2

2

)
+ 3Υ

(
M1 +5 M2

6

)]
− 1

M2 − M1

∫ M2

M1

Υ(τ)dτ

∣∣∣∣
≤ 25(M2 − M1)

576
[∣∣Υ′(M1)

∣∣+ ∣∣Υ′(M2)
∣∣].

This inequality can be found as a special case of [7].

Theorem 5. Let all the conditions of Lemma 2 be hold. If
∣∣M1 DqΥ

∣∣r, r ≥ 1 is a convex function,
then the following inequality holds∣∣∣∣ 1

M2 − M1

∫ M2

M1

Υ(τ) M1 dqτ − 1
8

[
3Υ
(

5 M1 + M2

6

)
+ 2Υ

(
M1 + M2

2

)
+ 3Υ

(
M1 +5 M2

6

)]∣∣∣∣
≤ M2 − M1

36

( 1
[2]q

)1− 1
r
((

5q2 + 5q + 6
6[2]q[3]q

) ∣∣M1 DqΥ(M2)
∣∣r + q

6[3]q

∣∣M1 DqΥ(M1)
∣∣r) 1

r

+(A5(q))
1− 1

r

([
5A1(q) + 3A2(q)

6

] ∣∣M1 DqΥ(M2)
∣∣r + [A1(q) + 3A2(q)

6

] ∣∣M1 DqΥ(M1)
∣∣r) 1

r

+(A6(q))
1− 1

r

([
3A3(q) + A4(q)

6

] ∣∣M1 DqΥ(M2)
∣∣r + [3A3(q) + 5A4(q)

6

] ∣∣M1 DqΥ(M1)
∣∣r) 1

r

+

(
q

[2]q

)1− 1
r
([

6q3 + 5q2 + 5q
6[2]q[3]q

] ∣∣M1 DqΥ(M1)
∣∣r + q

6[3]q

∣∣M1 DqΥ(M2)
∣∣r) 1

r
,
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where A1(q)− A4(q) are same as defined in the Theorem 4 and

A5(q) =


3−5q
2[2]q

, 0 < q < 3
8

20q−3
8[2]q

, 3
8 < q < 1,

A6(q) =


5−3q
2[2]q

, 0 < q < 5
8

37−20q
8[2]q

, 5
8 < q < 1.

Proof. By using power mean inequality in (7), we obtain:∣∣∣∣ 1
M2 − M1

∫ M2

M1

Υ(τ) M1 dqτ − 1
8

[
3Υ
(

5 M1 + M2

6

)
+ 2Υ

(
M1 + M2

2

)
+ 3Υ

(
M1 +5 M2

6

)]∣∣∣∣
≤ M2 − M1

36
[|I1|+ |I2|+ |I3|+ |I4|]

≤ M2 − M1

36

(∫ 1

0
(1− qκ)dqκ

)1− 1
r
(∫ 1

0
(1− qκ)

∣∣∣∣M1 DqΥ
(

5 +κ
6

M2 +
1−κ

6
M1

)∣∣∣∣rdqκ
) 1

r

+

(∫ 1

0

∣∣∣∣32 − 4qκ
∣∣∣∣dqκ

)1− 1
r
(∫ 1

0

∣∣∣∣32 − 4qκ
∣∣∣∣ ∣∣∣∣M1 DqΥ

(
3 + 2κ

6
M2 +

3− 2κ
6

M1

)∣∣∣∣rdqκ
) 1

r

+

(∫ 1

0

∣∣∣∣52 − 4qκ
∣∣∣∣ dqκ

)1− 1
r
(∫ 1

0

∣∣∣∣52 − 4qκ
∣∣∣∣ ∣∣∣∣M1 DqΥ

(
1 + 2κ

6
M2 +

5− 2κ
6

M1

)∣∣∣∣rdqκ
) 1

r

+

(∫ 1

0
qκ dqκ

)1− 1
r
(∫ 1

0
qκ
∣∣∣∣M1 DqΥ

(
κ
6
M2 +

6−κ
6

M1

)∣∣∣∣rdqκ
) 1

r

.

By using the convexity of
∣∣M1 DqΥ

∣∣r, we have:∣∣∣∣ 1
M2 − M1

∫ M2

M1

Υ(τ) M1 dqτ − 1
8

[
3Υ
(

5 M1 + M2

6

)
+ 2Υ

(
M1 + M2

2

)
+ 3Υ

(
M1 +5 M2

6

)]∣∣∣∣
≤ M2 − M1

36

( 1
[2]q

)1− 1
r
((

5q2 + 5q + 6
6[2]q[3]q

) ∣∣M1 DqΥ(M2)
∣∣r + q

6[3]q

∣∣M1 DqΥ(M1)
∣∣r) 1

r

+(A5(q))
1− 1

r

([
5A1(q) + 3A2(q)

6

] ∣∣M1 DqΥ(M2)
∣∣r + [A1(q) + 3A2(q)

6

] ∣∣M1 DqΥ(M1)
∣∣r) 1

r

+(A6(q))
1− 1

r

([
3A3(q) + A4(q)

6

] ∣∣M1 DqΥ(M2)
∣∣r + [3A3(q) + 5A4(q)

6

] ∣∣M1 DqΥ(M1)
∣∣r) 1

r

+

(
q

[2]q

)1− 1
r
([

6q3 + 5q2 + 5q
6[2]q[3]q

] ∣∣M1 DqΥ(M1)
∣∣r + q

6[3]q

∣∣M1 DqΥ(M2)
∣∣r) 1

r
.

Thus, the proof is completed.

Remark 2. If we set the limit as q→ 1− in Theorem 5, then we have the following inequality:∣∣∣∣18
[

3Υ
(

5 M1 + M2

6

)
+ 2Υ

(
M1 + M2

2

)
+ 3Υ

(
M1 +5 M2

6

)]
− 1

M2 − M1

∫ M2

M1

Υ(τ)dτ

∣∣∣∣
≤ M2 − M1

36

1
2


(

8|Υ′(M1)|r + |Υ′(M2)|r

9

) 1
r

+

(
|Υ′(M1)|r + 8|Υ′(M2)|r

9

) 1
r


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+
17
16


(

1726|Υ′(M1)|r + 722|Υ′(M2)|r

9

) 1
r

+

(
722|Υ′(M1)|r + 1726|Υ′(M2)|r

9

) 1
r

.

This inequality can be found as a special case of [7].

Theorem 6. Let all the conditions of Lemma 2 be hold. If
∣∣M1 DqΥ

∣∣r, r > 1 is a convex function,
then the following inequality holds∣∣∣∣ 1

M2 − M1

∫ M2

M1

Υ(τ) M1 dqτ − 1
8

[
3Υ
(

5 M1 + M2

6

)
+ 2Υ

(
M1 + M2

2

)
+ 3Υ

(
M1 +5 M2

6

)]∣∣∣∣
≤ M2 − M1

36

(1− (1− q)s+1

q(s + 1)

) 1
s
((

6 + 5q
6[2]q

) ∣∣M1 DqΥ(M2)
∣∣r + q

6[2]q

∣∣M1 DqΥ(M1)
∣∣r) 1

r

+(A7(q, s))
1
s

((
5 + 3q
6[2]q

) ∣∣M1 DqΥ(M2)
∣∣r + 1 + 3q

6[2]q

∣∣M1 DqΥ(M1)
∣∣r) 1

r

+(A8(q, s))
1
s

((
3 + q
6[2]q

) ∣∣M1 DqΥ(M2)
∣∣r + 3 + 5q

6[2]q

∣∣M1 DqΥ(M1)
∣∣r) 1

r

+

(
qs

(s + 1)

) 1
s
((

6 + 5q
6[2]q

) ∣∣M1 DqΥ(M1)
∣∣r + q

6[2]q

∣∣M1 DqΥ(M2)
∣∣r) 1

r
,

where r−1 + s−1 = rs and

A7(q, s) =


3s+1−(3−8q)s+1

2s+3q(s+1) , 0 < q < 3
8

3s+1−(8q−3)s+1

2s+3q(s+1) , 3
8 < q < 1,

A8(q, s) =


5s+1−(5−8q)s+1

2s+3q(s+1) , 0 < q < 5
8

5s+1−(8q−5)s+1

2s+3q(s+1) , 5
8 < q < 1.

Proof. Taking modulus in (2) and using Hölder’s inequality, we have:∣∣∣∣ 1
M2 − M1

∫ M2

M1

Υ(τ) M1 dqτ − 1
8

[
3Υ
(

5 M1 + M2

6

)
+ 2Υ

(
M1 + M2

2

)
+ 3Υ

(
M1 +5 M2

6

)]∣∣∣∣
≤ M2 − M1

36
[|I1|+ |I2|+ |I3|+ |I4|]

≤ M2 − M1

36

(∫ 1

0
(1− qκ)sdqκ

) 1
s
(∫ 1

0

∣∣∣∣M1 DqΥ
(

5 +κ
6

M2 +
1−κ

6
M1

)∣∣∣∣rdqκ
) 1

r

+

(∫ 1

0

∣∣∣∣32 − 4qκ
∣∣∣∣sdqκ

) 1
s
(∫ 1

0

∣∣∣∣M1 DqΥ
(

3 + 2κ
6

M2 +
3− 2κ

6
M1

)∣∣∣∣rdqκ
) 1

r

+

(∫ 1

0

∣∣∣∣52 − 4qκ
∣∣∣∣sdqκ

) 1
s
(∫ 1

0

∣∣∣∣M1 DqΥ
(

1 + 2κ
6

M2 +
5− 2κ

6
M1

)∣∣∣∣rdqκ
) 1

r

+

(∫ 1

0
(qκ)sdqκ

) 1
s
(∫ 1

0

∣∣∣∣M1 DqΥ
(
κ
6
M2 +

6−κ
6

M1

)∣∣∣∣rdqκ
) 1

r

.

Now from convexity, we have



Fractal Fract. 2023, 7, 572 11 of 13

∣∣∣∣18
[

3Υ
(

5 M1 + M2

6

)
+ 2Υ

(
M1 + M2

2

)
+ 3Υ

(
M1 +5 M2

6

)]
− 1

M2 − M1

∫ M2

M1

Υ(τ) M2 dqτ

∣∣∣∣
≤ M2 − M1

36

(1− (1− q)s+1

q(s + 1)

) 1
s
(

1
[2]q

∣∣M1 DqΥ(M2)
∣∣r + q

[2]q

∣∣∣∣M1 DqΥ
(
M1 +5 M2

6

)∣∣∣∣r
) 1

r

+(A7(q, s))
1
s

(
1
[2]q

∣∣∣∣M1 DqΥ
(
M1 +5 M2

6

)∣∣∣∣r + q
[2]q

∣∣∣∣M1 DqΥ
(
M1 + M2

2

)∣∣∣∣r
) 1

r

+(A8(q, s))
1
s

(
1
[2]q

∣∣∣∣M1 DqΥ
(
M1 + M2

2

)∣∣∣∣r + q
[2]q

∣∣∣∣M1 DqΥ
(

5 M1 + M2

6

)∣∣∣∣r
) 1

r

+

(
qs

s + 1

) 1
s
(

q
[2]q

∣∣M1 DqΥ(M1)
∣∣r + 1

[2]q

∣∣∣∣M1 DqΥ
(

5 M1 + M2

6

)∣∣∣∣r
) 1

r


≤ M2 − M1

36

(1− (1− q)s+1

q(s + 1)

) 1
s
((

6 + 5q
6[2]q

) ∣∣M1 DqΥ(M2)
∣∣r + q

6[2]q

∣∣M1 DqΥ(M1)
∣∣r) 1

r

+(A7(q, s))
1
s

((
5 + 3q
6[2]q

) ∣∣M1 DqΥ(M2)
∣∣r + 1 + 3q

6[2]q

∣∣M1 DqΥ(M1)
∣∣r) 1

r

+(A8(q, s))
1
s

((
3 + q
6[2]q

) ∣∣M1 DqΥ(M2)
∣∣r + 3 + 5q

6[2]q

∣∣M1 DqΥ(M1)
∣∣r) 1

r

+

(
qs

s + 1

) 1
s
((

6q + 5
6[2]q

) ∣∣M1 DqΥ(M1)
∣∣r + 1

6[2]q

∣∣M1 DqΥ(M2)
∣∣r) 1

r
.

Thus, the proof is completed.

Remark 3. If we set the limit as q→ 1− in Theorem 6, then we have the following inequality:∣∣∣∣18
[

3Υ
(

5 M1 + M2

6

)
+ 2Υ

(
M1 + M2

2

)
+ 3Υ

(
M1 +5 M2

6

)]
− 1

M2 − M1

∫ M2

M1

Υ(τ)dτ

∣∣∣∣
≤ M2 − M1

36

( 1
s + 1

) 1
s


(

11|Υ′(M1)|r + |Υ′(M2)|r

12

) 1
r

+

(
|Υ′(M1)|r + 11|Υ′(M2)|r

12

) 1
r


+

1
2

(
3s+1 + 5s+1

8

) 1
s


(

2|Υ′(M1)|r + |Υ′(M2)|r

3

) 1
r

+

(
|Υ′(M1)|r + 2|Υ′(M2)|r

3

) 1
r

.

This inequality can be found as a special case of [7].

4. Conclusions

In this paper, we used the left q-derivative and integral to prove some new Maclaurin’s
formula type inequalities for q-differentiable convex functions. It is also shown that the
newly established inequalities are extensions of some existing inequalities in the literature.
The inequalities presented in this work are very important because, with the help of these
inequalities, we can find error bounds for Maclaurin’s formula in classical and q-calculus.
It is a very interesting and novel problem, and it is hoped that future researchers will be
able to establish similar inequalities for co-ordinated convex functions.
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