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Abstract: This work establishes some new inequalities to find error bounds for Maclaurin’s formulas
in the framework of g-calculus. For this, we first prove an integral identity involving g-integral and
g-derivative. Then, we use this new identity to prove some g-integral inequalities for g-differentiable
convex functions. The inequalities proved here are very important in the literature because, with
their help, we can find error bounds for Maclaurin’s formula in both g and classical calculus.
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1. Introduction

From the following Simpson’s rules, many inequalities of Simpson’s type were estab-
lished:
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® Now, we mention the inequalities linked to the above formulas to recall the literature.
The Simpson’s inequality linked to the Simpson’s 1/3 formula is given as:

Copyright: © 2023 by the authors. . . . . .
Licensee MDPI Basel. Switzerland.  Theorem 1 ([1]). For a four times differentiable and continuous function Y : [A1, Ap] — R. The

This article is an open access article f OllOZUll’lg mequalzty holds

distributed under the terms and

A
conditions of the Creative Commons ’ 1 |:Y(A1) +4Y (MAZ> + Y(Az):| _ # / 2 Y(T)dT
Attribution (CC BY) license (https:// 6 2 Ay — A1 Sy
creativecommons.org/licenses /by / 1 (4) ‘ 4
< _—— su YW(T)| (A — A1),
40)). = 2880 F (D](82 = 41)

TE(A1,02)

Fractal Fract. 2023, 7, 572. https:/ /doi.org/10.3390/ fractalfract7080572 https:/ /www.mdpi.com/journal/fractalfract


https://doi.org/10.3390/fractalfract7080572
https://doi.org/10.3390/fractalfract7080572
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com
https://orcid.org/0000-0002-8455-1402
https://orcid.org/0000-0001-5341-4926
https://orcid.org/0000-0001-8843-955X
https://doi.org/10.3390/fractalfract7080572
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com/article/10.3390/fractalfract7080572?type=check_update&version=1

Fractal Fract. 2023, 7, 572

20f13

IN

IN

’é [Y(Al) +3Y<2A1+A2) +3Y<A1+2A2) -I—Y(Aﬁ} -

1
6480

Rl

sy |

where  sup ’Y(4)(T)’<OO.
TE(A1,02)

The Simpson’s inequality linked to the Simpson’s 3/8 formula is given as:

Theorem 2 ([1]). For a four times differentiable and continuous function Y : [A1, Ap] — R. The
following inequality holds

/AZ Y(7)dt

Ny — A1 Sy

3 3

"Y(4)“w(A2 - a1)%,

where  sup ’Y(4)(T)’<OO.
T€(A1,02)

The Simpson’s inequality linked to the dual Simpson’s 3/8 formula is given as:

Theorem 3 ([1]). For a four times differentiable and continuous function Y : [A1, Ap] — R. The
following inequality holds

5AM1 4+ A A+ Ap A1 +5 Ay 1 /A2
- 2Y[ ——= Y — Y
6 ) " ( 2 ) 3 ( 6 >} Dy — A (v)dr

@] (a2 = s1)*,

where  sup ‘Y(4)(T)‘<oo.
TE(A],Az)

Many authors have concentrated on obtaining new bounds for these quadrature
formulas in recent years using a variety of justifications, including fractional integrals and
convexities. For some of them, please refer to [2-8]. Several studies have been conducted
on the subject of g-integral inequalities for various convexities. As an illustration, new
inequalities of the Hermite-Hadamard, midpoint and trapezoidal type for g-integrals and g-
differentiable convex functions were established in [9-13]. In order to prove Simpson’s type
inequality for g-differentiable convex and generic convex functions, the authors of [14-16]
used g-integral. One can refer to [17-22] for more recent g-calculus inequalities.

The aim of this paper is to establish new inequalities that can be utilized to determine
error bounds for Maclaurin’s formulas within the framework of g-calculus. To achieve this
objective, we begin by demonstrating an integral identity that incorporates both g-integral
and g-derivative. Subsequently, we employ this novel identity to establish a series of
g-integral inequalities specifically designed for g-differentiable convex functions. These
inequalities hold significant importance in the existing literature since they enable us to
determine error bounds for Maclaurin’s formula in both g-calculus and classical calculus.
By developing these new inequalities, this work contributes to the advancement and
understanding of error estimation techniques in mathematical analysis.

2. g-Calculus

To the better understanding about g-calculus, we gave some concepts of g-calculus
here (see, [23]) and g is a real number in (0, 1):

1
[n], = T =1+q+¢+..+q" L
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Definition 1 ([22]). The left quantum or q,,-derivative of Y : [A1, Ap] — Rat T € [Aq, £p) is
expressed as:
Y(r) = Y(qr + (1 —q) &)
D,Y(t) = , T#D7 . 1
q ( ) (1*ﬂ)(T*A1) 7é 1 ()

Definition 2 ([10]). The right quantum or q*2-derivative of Y : [A1, Ap] — Rat T € [Aq1, Ag] is
expressed as:

_Y(gt+ (1—9q) 82) = Y(7)
(1-q)(22 —7)

Definition 3 ([22]). The left quantum or q,,-integral of Y : [A1, Ap] — Rat T € [Aq, o] is
defined as:

22D,Y(1) , T#N .

[ Y00 sax = (- e o) T (e (1) o)

Definition 4 ([10]). The right quantum or g®2-integral of Y : [A1, Ap] — Rat T € [Aq, Ag] is
defined as:

(0]

/Y(%) dyre = (1—q)(0y —T 2 g (" T+ (1— ") Aa).

The following lemma will be used in our main results:
Lemma 1 ([16]). For continuous functions Y, g : [A1, A2] — R, the following equality is true:

/ch(%) s DY (52 8 +(1 = 5) £1)dgoe

g(3)Y (5 g +(1 = 32) A7) | B 1
Ny — Aq o D2— DN

/OC Dyg(52)Y (g2 g +(1 — q3¢) 1)dgoe

3. Main Results

In this section, we first obtain an identity for g-differentiable functions. Then, by using
this equality, we establish some new Maclaurin’s type inequalities in g-calculus.

Lemma 2. Let Y : [A1, Ao] — R be a g-differentiable function. If 5, D,Y is g-integrable function,
then we have the following equality:

A
7/ "Y(1) ydyT— & [3Y<5A1+A2) +2Y(A1+A2> +3Y<A1+5A2>]
A 8 6 2 6

(82— A1) ¢
36 Z Iy @
j=1
where
1 1—
11 = /0 (1—q%) AquY< 6%A1 +5_'6—%A2>dq%,

2 342

173 3 —
L = /0 (2 _4‘7%) A]DLIY( 6 A1+ 6 Az) dq%’

1/5 5-2 142
L = /<4qz) 2, DgY ad +2x

0o \2

1

A+ 6 Az) dq%,
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Proof. By applying Lemma 1, we have:

1 54 s 1— 2
11 = /0 (1 —q%) AquY(6 A2 +T Al)dq%

1 A1 454
= /0(1—11%) AquY(%Az +(1—%)12>dq%

6

. 6 B B 6 A1 45 Ay
= (e - oy ()

6 1 A1 +5 A
—l—iq/o Y(q%Az —I—(l—q%)l_zz)dq%

. 6 B B 6 A1 45 Ay
= (e -ty (2

_|_L (1 _ 11) Z q”Y(q”+1 Ay _|_(1 _qn+1)
L n=0

- 6 B B 6 A1 +5 Ay
= Y (e) - oy (A2

+—(1- "Y("A +(1—4"
55 | q)n;q q" 8y +(1—q") =

6 6 Y(Al +5A2>

= & A1(1*Q)Y(A1)* Ay — B G

o)

+ (1-9) Zq”Y(q” Ay +(1—q") =

A2 — A1 [ n=0

A1 45 Ay

A1 +5 Ap
6

A1 +5 A2>‘|

) (1 )Y ()

6(1— d A1 +5 A 6 A +5 A
o q>zan(an2+(1_qn) 6 2)_A2—A1Y( 6 2)'

Ly — L1y

By Definition 3, we can write:

. 36 82 6 A1 45 Ap
11 = M/A125A2 Y(T) A1+65A2 qu_ Az — AlY( 6 > (3)
Similarly, by Lemma 1 and Definition 3, one can obtain
173 3—2x 3+ 25
L = /0 (2 —4(]%) AquY< 6 A+ 6 Az)dq% (4)
A1+589
36 %6 15 Ay 45 Ap
= — = Y S VA et S B3

175 5—2x 1423
I = ./o (2 —4(]%) AquY< 6 A+ 6 Az) dg (5)
A +Do
B 36 2 9 A+ Ao
(b — )P ¥(©) %%dﬂ 2(82 — Al)Y( 2 )

and

(6)



Fractal Fract. 2023, 7, 572 50f 13

36 Haze2 6 5A; 4 A
L N Y y(2A1t L2
(Ap — Al)z A Ny — A1 6

Thus, we achieve the required equality by the adding equalities (3)—(6). O

Theorem 4. Let all the conditions of Lemma 2 be hold. If | 5, D, Y| is a convex functions, then the
following inequality holds

1 B2 1 5 A1+ Ao A1+ Ap A1 +5 Ap
_ Y d,t—-|13Y| ——= 2Y | —= Y| ——=
L Y s g (PR ) oy (R ) 6

Ny — Aq 1 1
< ——— || = + 2 (541(9) +3A2(q) +3A3(9) + As(q)) | |5, DgY(12)|
36 2], "6
1
+ (éi] + 2 (A1(9) +3A2(q) +3A3(q) + 5A4<q>>) |1 DgY (1),
q
where
3-59—5¢2 3
A1(q) /1 ; 4q¢|2edg e 22,131, 7 0<q<%
1 = 2 1= ) 16042+1609—69 3
012 ~ep,E, 0 8 <g<l,
3q+3q275q3 3
Ax(a) /1 3 4q5e| (1 = 2)d, 27[2]"[3]3 ’ 0<g<g
2 - 2 TR T 16043 2497 —249+45 3
012 —anE, g <g<l1
5-3¢2—3q 5
As(q) = /1 §_4q% sy = 2021, 3], 7 0<7<5%
96424+964—35 5
012 ~emE, 8 <g<l1
5¢+5¢>—34> 5
1 5 W, 0< q < s
Agq) = /o > —4qs|(1 = x)dg = 964314042 +40g+75 5 1
~eppE, - 8 <q<*t
Proof. By taking modulus in Lemma 2, we have:
L/AZY(T) d, @)
Ay — A1 oy ISRt
1 5 A1+ Ao A1+ Ap A1 45 Ay
s e (B (20
Ny — A
< ]+ k| + 1] + L))
36
Since f AquY| is convex, we obtain:
1 54 x 1— s
1 A1 +5 A
= /0 (1—gx) [ AquY<% Ay +(1— %)1+62) quz

IN

/01(1 —qx) {% |2, DgY(82)| + (1= 5)
= |aDg¥(22)] (/01 (1 - q52) dq%>

NG ) | AR Ry

A1 +5 Ag
Alpqy(6 )qu%

+
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5
s DY(2g)] 9D (252)
[2],13], 3]
q( |A1 DqY(A1)|+ 5|A1 DqY(A2)| )
o lnDyY(a2) G
= T @,B, 3,
2:DgY(A1)] | 9(]a, DgY (1) + 5[4, DgY(42)])
21,7, 673],
5q2+5q+6> | q
= —_ DY(A)|+7|ADY(A)|.
AN Pg 2 q 1
( 6[2],(3], 6[3], "™
Similarly, one can establish
113 342 3—2x
|L| < /O 5—417% AquY( 6 Ny + 6 A1) dq% 9)
113 A1 45 Ap A+ A
o Lo (2522 0 Lo (252 o
A +5A A+ A
— ) Dy (2 2)\+Az<q> 5Dy ( L)
DY (A1) + 5|a,DgY(A DY (A1) + DY (A
< Al(‘]) |A1 q 1 | . |A1 q 2)| +A2(q) |A1 q ( 1)| 5 }Al q ( 2)|]
5A +3A A +3A
= [ 1(9) 6 2 q)] |aDgY(22)] + [1(17) G 2(‘7)} |a, DgY(21)],
115 142 5—-2s
|| < /0 §—4q% AzDqY( 5 Dy + z >dq% (10)
115 A+ A 5M1+ A
< /0 2—4q%H% AquY( 12 2>’+(1—%) AquY<162>Hd%
A+ A 5A1 4 A
A DaY (A1) |+ (A DY (A7) 5(pDgY(21)| + |a,DgY(A2)
§A3(q)|1q ‘2‘17 |+A4(q)|1q ‘6|1‘7 |
3A + A 3A +5A
|: 3(@)6 4<q):| |A1DqY<A2)’+|: 3(‘7) c 4(q):| !AquY(A1)|
and
1 > 6 —
L] < /q% A2DqY — DAy +——— Aq ) |dg (11)
0 6 6
1 5M + A
< |/ q%[ )| s DgY A1)|+%A1DqY<162>H
5
PloDyY(on)| 1] DiY(2522)

21,081, 3],
Pl rGen] [ua0eY

(81)] + IAquYMz)!)]

21,131, 6[3],
64° + 54> + 5q q
W ’AquY(A1)| + @‘AquY(Az)’.
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Thus, by using (8)-(11) in (7), we obtain the resultant inequality. [

Example 1. Let consider the function Y : [1,2] — R, Y(3¢) = »° with g = 3. Since

1'3—<4T+l>

3 4 37 5 1
DY(T)= {Dat® = — " */ _ .2, - -
1 DY (T) =1 3T %(T—l) 16T +8T+16’

then | o, DgY| is convex on [1,2]. Therefore, Theorem 4 can be applied for the function Y (5) = »°.
By Definition 3,

B2 2 1 & /3\" 3\ " 3
JYC) sy = /”31%%‘42(4) ( 4> “)
A1 1

1

i

On the other hand,

1. /7\2 1\ /11\°
= — — 27 -
8[3(6) +2(3) +(%)
1207
864

Thus, the left hand side of Theorem 4 reduces

1 B2 1 5A1+ A A1+ Ap A1 45 Ay
— Y d,T— = [3Y[ ——= 2Y[ ——= Y(——=
‘AZ—Al/Al () audyT 8[3 < 6 >+ ( 2 +3 6

20943 1207
~ 6475 864
>~ 1.8375.

On the other hand, for q = %, we have

a1+ (1+3+(3)°) 2

(3) 160(3)* +1603 —69 141
Al 1

m(3) - By —ms g
4 a1+ (1+3+ () 2
A (3> 96(2)* + 963 — 35 13
sl7) = _13
4 s41+3)(1+3+(3)°) ¥
A4(3> 96(3)° +40(3)" +403 +75 _ 24
4 64(1+%)(1+%+(%)2> 37
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Moreover, since

37 5 1
mDY(T) = er +3TH 1
we obtain
633
DX (82)] = [1D3X(2)| =
DX (81)] = |iD; ‘:

Consequently, we can calculate the right hand side of Theorem 4 as

Ny — Aq

36

<[21] +2(541(0) +3A2(q) +3As(q) + AM))) o Dg¥(22)]
q

+<[2q} %(Alw) +342(q) +345(q) +5A4<q>>> |41 DgY (41)]
q

1 4 1/_141 81 3 24
= 36[3<7 <5259+3z59+3 37>>

+@ 3 Lol g8l 13, 24
16 \7 " 6\250 V259 7737 7737

B 57 T 5697
- 36 56

293

96
= 3.052.

Since 1.8375 < 3.052, it is clear that Theorem 4 is valid for the function Y (5c) = 5.

Remark 1. If we set limit as g — 17 in Theorem 4, then we obtain the following inequality:

1 5A1 4+ A A1+ A A1 +5 Ay 1 /A2
—13Y[ —= 2Y| ———= Y — Y
‘8{3 ( 6 >+ ( 2 >+3 ( 6 ﬂ Ay = A1 Jay ()

< B0 vy

This inequality can be found as a special case of [7].

Theorem 5. Let all the conditions of Lemma 2 be hold. If | o, DgY ", r > 1is a convex function,

then the following inequality holds

1 82 1 5714+ Ao A1+ Ap A1 +5 Ay
_ Y d;t— = [3Y| ——= 2Y[ ——= Y(——=
‘A2A1A1 (1) a,dg 8[3 < 6 >+ ( 2 2

< Ny — Aq 1 o
= 36 2,

}' 54> +5q+6 . g )
((m) ‘AquY(A2)| + TB][] ‘AquY(Al)’ >
(q9)

o)}

=

+<A5<q>>1—1([5A1 8] ), Dy () + [0 34200 ] |A1DqY<A1>IV)}

1

’Aqu A2)|r + [31‘13(‘1) 25A4(q)] |A1DqY(A1)|r) ’

1-1 1
(] 64 +5 +5 r ay
Zi 2o T ”’ T s DgY ()| + = DY (82)[ ) |,
8l

|:3A3 )+ A4lg :|
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where A1(q) — A4(q) are same as defined in the Theorem 4 and

3—5g 3

As(q) = 2%)[2],,3’ s
-3 3

S[qz]q , 3<q<1,

5-3g 5

As(g) = 3§[2]2"0, sy
—209 5

S[Z]qq’ 2<g<l.

Proof. By using power mean inequality in (7), we obtain:

A
‘1/ Zy(T) pydgT — 1 [3y<5A1+A2> +2y<A1+A2) +3y<

Ny — Aq 6 2

Aq 8
Ap

— A\q
—  ||I I I )
T3 (1] + || + [I3] + |14]]

IA

54 x 1—

% [(/(;1(1 - q%)dq%)lr ((/01(1 —qx)
(lfs-serer) (L2
(L) (£

(et ([oron( 52 )

2
6 6
By using the convexity of |A1 DgY

AIDQY( 6 Ap +

3

342 3—2x

AquY< 6 By + 6

g—4q%

1+ 25 5—2x
A]DqY< 3 Ay + 6

r 1
dq%> ] .

,
, we have:

1 A2 1 5A1+ Ay A1+ Ap
_ Y d,T — = [3Y| ——= 2Y( —= Y
‘A2A1/A1 (T) o1dgT 8[3 < 6 >+ ( 2 +3

1-1
Ay — A 1 "( (54> +59+6 ry 4 '
2o () () moweor + g o)

IN

5A1(q) +3A42(q) A1(q) +3A2(g)

+<A5<q>>1—1(

|
+(Ae(q)' ( {W} |2, DgY(22)]" + [3A3(‘7) * 5A4(‘7)] |A1DqY(A1)|r> '

6 6

64° +5¢° + 59
6[2],[3]

i\
&) |

Thus, the proof is completed. [

’1[‘7

6

|A1DqY<A1>|’+6["3]q|A1DqY<A2>|V) :

A1 45 Ap

6

.

A1 45 Ay

(o)}

=

s LDl + | AR Loyl )

.
dq%)

o\
dq%>
O\
dg %)

)]

==

)]

1

1

Remark 2. If we set the limit as g — 1~ in Theorem 5, then we have the following inequality:

1 5 A1+ A A1+ Ag A1 +5 Ay 1
s () e (B ) e (B0

36 2 9 9

_Az—Al

< S H <8|Y’<A1>lr+ |Y/(A2)|r)1 + <|Y’(A1)|r+8|Y’(Az)r>1}

Y(7)dt
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1 1
17 | (1726]Y'(a1)|" + 722 (22)]\ " 7221Y (A1) +1726]Y (22)|"\
+ig 3 + 9 .

This inequality can be found as a special case of [7].

Theorem 6. Let all the conditions of Lemma 2 be hold. If | 5, DgY ", 7 > 1is a convex function,

then the following inequality holds

1 B2 5A1 4+ A A1+ Ap A1 45 Ap
‘AZ_Al /A1 Y(®) agT = 8[3Y< 6 >+2Y( 2 >+3Y< 6 )H
1 1
A=A | (1= =g\ [ [6+5g roq A
< - -1 _T
TS {( g(s +1) 6[2], | Dy (22)[ + 6[2], oDy (21)]

Haolas >>1<(56[+2]3"> aDy X0+ g o DpY(en)f )
q
+(As(q,s ))1<(2[+q> |21 DgY (22)|" + +5q ‘Al A1)’>

2],

¢ \*((6+5 . g N\
+<(S+1)) ((6[%1) |A1D¢]Y(A1)| +@ |A1DqY(A2)|> ],

where r 1 +s71 = rsand

351 —(3—8¢)°+! 3
) TEEey 0 0<a<s3

A7(q/ 5) = 3t1_(85-3)°*1 3
BEE ORI

r

5S+1*(5*8q)5+1 5

Ag(g,s) = ) Ty 0 V<9<3
S(qls) - 55+1_(8q_5)s+1 5

S gs1d) 8 <g<1

Proof. Taking modulus in (2) and using Holder’s inequality, we have:

1 B2 1 5 A1+ Ao A1+ Ap A1 +5 Ay
_ Y d,t— = [3Y[ ——= Y| ——= Y[ —=
‘AZ—Al/Al () a1y 8[ ( 6 )+ ( 2 + 6

N> — A

222G+ | L] + || + | L]
N
d,ﬂt)

36

2| (faerae) ([

IN

IN

54 1—

1 1

113 s s/l 3423 3 -2 4 r
—|—</O §—4q% dq%> </0 AquY< 5 Ay + 3 1) dq%)
1 1

115 s s/l 1+ 25 5—2s r r
(5 sfae) (o2 2 ) )

1 1
1 s 1 P 6 — i r r
e([ra) ([ ao(Z o257 o0 age) }

Now from convexity, we have
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1 5A1+ Ay A1+ Ao A1 +5 Ay 1 /AZ A
—13Y| —= 2Y[ ———= Y — Y 24
‘8{3 ( 6 >+ ( 2 >+3 ( 6 ﬂ Dy — Ay Jay (7) gt

< A23_6A1 [(1_51((;2;5*1) : <[21]q lAquY(A2)|’+[2"]q AquY(Al—ESAZ) r)%
¢\’ ([2‘115, | DgY(81)| + [21] A]qu<5 A16+ A2> r)i]

IN

+(As(q,5))* ((H) |0, DY ()] + 3’6?2]5‘7 |A1DqY<A1>|’)
q q

7\ ((61+5 L1 N’
+(S+1) (( o, ) |4, DgY(A1)] 5 |4, DyY(42)] ) ]

Thus, the proof is completed. [

Remark 3. If we set the limit as g — 1~ in Theorem 6, then we have the following inequality:
A
Llay(281 82  py(f1td2) gy (l1H522)) 1 /ZY(r)dT
8 6 2 6 Ny — A1 Jpy
1 1 1
Ao = by | (LN (Y (a)] +[Y(a2)[T\ 7 (Y (apl + 1Y (8) [N
- 36 s+1 12 12

+§(3“§5“){ (2enl’s |Y’<Az>f)1 . <|Y'<A1>|fgz|Y'<Az>r)1}_

This inequality can be found as a special case of [7].

4. Conclusions

In this paper, we used the left g-derivative and integral to prove some new Maclaurin’s
formula type inequalities for g-differentiable convex functions. It is also shown that the
newly established inequalities are extensions of some existing inequalities in the literature.
The inequalities presented in this work are very important because, with the help of these
inequalities, we can find error bounds for Maclaurin’s formula in classical and g-calculus.
It is a very interesting and novel problem, and it is hoped that future researchers will be
able to establish similar inequalities for co-ordinated convex functions.
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