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Abstract: This paper proposes a modeling and analysis method for a Caputo–Fabrizio (C-F) definition-
based fractional-order Boost converter with fractional-order inductive loads. The proposed method
analyzes the system characteristics of a fractional-order circuit with three state variables. Firstly, this
paper constructs a large signal model of a fractional-order Boost converter by taking advantage of the
state space averaging method, providing accurate analytical solutions for the quiescent operating
point and the ripple parameters of the circuit with three state variables. Secondly, this paper con-
structs a small signal model of the C-F definition-based fractional-order Boost converter by small
signal linearization, providing the transfer function of the fractional-order system with three state
variables. Finally, this paper conducts circuit-oriented simulation experiments where the steady-state
parameters and the transfer function of the circuit are obtained, and then the effect of the order of
capacitor, induced inductor, and load inductor on the quiescent operating point and ripple parameters
is analyzed. The experimental results show that the simulation results are consistent with those
obtained by the proposed mathematical model and that the three fractional orders in the fractional
model with three state variables have a significant impact on the DC component and steady-state
characteristics of the fractional-order Boost converter. In conclusion, the proposed mathematical
model can more comprehensively analyze the system characteristics of the C-F definition-based
fractional-order Boost converter with fractional-order inductive loads, benefiting the circuit design of
Boost converters.

Keywords: fractional-order boost converter; Caputo–Fabrizio fractional derivative; fractional-order
systems modeling

1. Introduction

Fractional-order calculus is a mathematical tool related to memory processes, frac-
tal geometry, and other physical phenomena [1,2]. In recent years, many studies have
studied the fractional-order models of complex circuit systems by combining fractional-
order operators with circuit system modeling [3–5]. Fractional calculus operators increase
the degrees of freedom of mathematical models. They enable a concise and accurate de-
scription of memory properties and spatial global correlations in mechanical and physical
processes [6]. The DC–DC converter, characterized as a circuit with the capability of con-
trollable transformation of DC voltage, has found extensive applications in various power
electronic equipment and systems. However, the pronounced nonlinearity inherent in DC–
DC converters poses significant challenges in the construction of their precise mathematical
models [7,8]. Studies have shown that fractional-order models are superior in character-
izing the electrical properties of components in the context of DC–DC converters [9–13].
Applying fractional-order operators to mathematical modeling of DC–DC converters can
provide a more comprehensive and accurate description of the electrical characteristics of
DC–DC converters [14,15].

Up to now, fractional-order calculus has no universally accepted definition [16]. When
studying practical systems, the Caputo definition is often used [17]. However, there is
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a bias in describing the full memory effect because of the singular kernel of the Caputo
definition [18,19]. To overcome this issue, Caputo and Fabrizio proposed the C-F defini-
tion [20]. Applying the C-F definition to system modeling can solve the singularity problem
and simplify the calculation process. Over the past few years, the C-F definition has been
widely used in various fields such as thermodynamics [21,22], medicine [23–25], and power
electronics [26–29].

With the progress of society, the industrial field has higher requirements for the accu-
racy of DC–DC converter models. Therefore, scholars have proposed various fractional-
order modeling methods to obtain fractional-order mathematical models of DC–DC con-
verters in different modes, such as the state space averaging method and equivalent small
parameter method [30,31]. Studies have shown that fractional order can affect the output
performance of circuit systems, including DC components and ripple parameters of current
and voltage. Fractional calculus not only increases the degrees of freedom in the DC–DC
converter design but also improves the accuracy of circuit system control [32–35]. However,
the above studies are mostly based on the Caputo definition. Compared with actual circuits,
traditional models based on the Caputo definition may ignore certain non-ideal discontinu-
ous characteristics of components [36,37]. Therefore, the circuit parameters such as induced
current and output voltage obtained from the analysis based on traditional fractional-order
models are continuous. Additionally, the obtained steady-state characteristics, such as
voltage ratio, are independent of component order [38,39]. These results differ from actual
circuits. To obtain a more accurate and comprehensive mathematical model, some scholars
have introduced additional components to the model. However, this approach increases
the complexity of the model and affects further analysis and control of the circuit [40,41].

To overcome these problems, the C-F definition has been applied to the modeling
of DC–DC converter circuits in recent studies. The C-F definition-based system model-
ing method can characterize the properties that Caputo definition-based fractional-order
models cannot accurately represent [42–45]. The results indicate that the C-F definition
can accurately characterize the nonlinear characteristics of capacitor voltage and induc-
tor current in DC–DC converters, simplify the circuit topology, and make the electrical
characteristics of the models closer to the actual circuits [46–48]. However, these studies
only consider the operating conditions of resistive loads. In practical applications, the
subordinate circuits carried are mostly capacitive or inductive loads, such as inductor
coils, inductor filters, and capacitor couplers. Their electrical characteristics can also be
described by fractional-order models [49–55]. Similar to integer-order models, considering
loads with energy storage characteristics during mathematical modeling can transform the
model from a fractional-order model with two state variables to a fractional-order model
with three state variables, which can provide a more comprehensive description of the
system characteristics of circuits. Therefore, this paper establishes and analyzes the C-F
definition-based mathematical model of Boost converters with fractional-order inductive
loads. Overall, this paper makes contributions as follows:

(1) A large signal model of a fractional-order Boost converter with a fractional-order
inductive load based on the C-F definition is constructed by using the state space
averaging method. The accurate analytical solutions of the quiescent operating point
and the ripple parameters of three state variables are derived. Moreover, simulation
experiments are conducted where the results are consistent with the calculation results,
verifying the correctness of the proposed model.

(2) The transfer functions of the fractional-order circuit with three state variables are
derived by performing the small-signal linearization method. Simulation experiments
are conducted where the results from frequency sweep analysis verify the correctness
of the transfer function.

(3) According to the aforementioned results, the effect of the DC component of the
state variables and ripple parameters on the order of energy storage components is
analyzed.



Fractal Fract. 2024, 8, 81 3 of 19

2. Preliminaries

The C-F fractional derivative can be defined as follows [20]:

CF
a Dα

t f (t) =
1

(1 − α)

∫ t

a

.
f (τ)e−

α(t−τ)
1−α dτ, (1)

where CF
a Dα

t denotes the α-order C-F fractional derivative. The Laplace transform is derived
as follows:

L
[

CF
a Dα

t f (t)
]
=

sL[ f (t)]− f (0)
s + α(1 − s)

. (2)

When applying the C-F definition to the electronic component modeling, the impedance
expressions for capacitors and inductors are as follows:

Z(Cα, α)=
(1 − α)s + α

sCα
=

1 − α

Cα
+

1
s Cα

α

,

Z(Lβ, β)=
sLβ

s(1 − β) + β
=

Lβ

β
s//

Lβ

1 − β
,

(3)

where α, β, Lβ, and Cα are the order, the inductance, and the capacitance of components.
// is the parallel symbol. The equivalent circuit topology of the fractional-order capacitor
and inductor based on the C-F definition are shown in Figure 1.
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As shown in Equation (2), when α and β are greater than 1, the equivalent resistance
is negative, which means that the system requires external energy injection and does not
match the actual electronic components [56]. Therefore the orders between 0 and 1 are
considered only in this paper.

3. Modeling of the C-F Definition-Based Fractional-Order Boost Converter with
Inductive Load

The fractional-order Boost converter with inductive load is shown in Figure 2. uCα
(t)

is the voltage of fractional-order capacitor Cα with order α. iLβ
(t) is the current of fractional-

order inductor Lβ with order β. iLγ(t) is the current of fractional-order inductive load Lγ

with order γ and R is purely resistive load. E(t) is the voltage of the power supply. Accord-
ing to Equation (2), the equivalent circuit parameters of the energy storage component in
the circuit can be expressed by





RC=
1 − α

Cα
, C =

Cα

α

RL=
Lβ

1 − β
, L =

Lβ

β

RLR=
Lγ

1 − γ
, LR =

Lγ

γ

, (4)
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where RC, C, RL, L, RLR, and LR are the equivalent resistance and capacitance. VT and VD
are the ideal switch and diode, assuming that the circuit operates in continuous conduction
mode, which means that iLβ

(t) never equals 0. There are two states during the operation of
the circuit. In State 1, VT is on and VD is off, for nT < t ≤ (n + d)T. In State 2, VT is off
and VD is on, for (n + d)T < t ≤ (n + 1)T. T is the switching period, d is the duty ratio,
and n is the number of switching periods.
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According to the equivalent circuits of capacitors and inductors, the equivalent circuits
of Boost converters in different states are shown in Figure 3.
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3.1. Quiescent Operating Point

To analyze the system characteristics of the circuit in stable operating conditions, it is
necessary to first solve the circuit parameters at the quiescent operating point. Normally, a
small signal analysis of the circuit is required during the solving process. However, the
fractional-order energy storage components in the circuit are based on the C-F definition,
so there are resistive components in the equivalent circuit of fractional-order energy storage
components that cannot store energy. This leads to discontinuity in the current and voltage
in fractional-order Boost converters based on the C-F definition, which makes traditional
small signal analysis methods unable to function properly. Therefore, this article sets the
equivalent output voltage, induced current, and load inductor current as state variables,
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which satisfy continuity and exhibit continuous small ripple. Therefore, a small signal
analysis of fractional-order Boost converters based on the C-F definition can be carried out.
The state vector and output vector are set as follows:





x(t) =




iL(t)
uC(t)
iLR(t)




y(t) =




iLβ
(t)

uCα
(t)

iLγ(t)




. (5)

As shown in Figure 3a, for State 1, the state equation and output equation are derived
as follows: 




L diL(t)
dt = E(t)

C duC(t)
dt = −

[
iLR(t) +

LR
RLR

diLR(t)
dt

]

LR
diLR(t)

dt = uC(t) + C duC(t)
dt (RC + R)

, (6)





iLβ
(t) = iL(t) +

E(t)
RLR

uCα(t) = −RCiLγ(t) + uC(t)

iLγ(t) = iLR(t) +
uCα (t)−RiLγ (t)

RLR

. (7)

Then, Equations (6) and (7) can be simplified as follows:





K
dx(t)

dt
= A1x(t) + B1u(t)

y(t)= C1x(t) + F1u(t)
, (8)

where

K =




L 0 0
0 C 0
0 0 LR


, A1 =




0 0 0
0 − 1

RC+R+RLR
− RLR

RC+R+RLR

0 RLR
RC+R+RLR

− RLR(RC+R)
RC+R+RLR


, B1 =




1
0
0


,

C1 =




1 0 0
0 (R+RLR)

R+RLR+RC
− RC RLR

R+RLR+RC

0 1
R+RLR+RC

RLR
R+RLR+RC


, F1 =




1
RL
0
0


, u(t) = E(t).

(9)

As shown in Figure 3b, for State 2, the state equation is derived as follows:




L diL(t)
dt = E(t)− uC(t)− C duC(t)

dt RC

C duC(t)
dt = iL(t) + L

RL

diL(t)
dt − iLR(t)− LR

RLR

diLR(t)
dt

LR
diLR(t)

dt = E − L diL(t)
dt − R

[
iLR(t) +

LR
RLR

diLR(t)
dt

] , (10)





iLβ
(t) = iL(t) +

E(t)−uCα (t)
RL

uCα(t) = RC

[
iLβ

(t)− iLγ(t)
]
+ uC(t)

iLγ(t) = iLR(t) +
uCα (t)−RiLγ (t)

RLR

. (11)

Then, Equations (10) and (11) can be simplified as follows:





K
dx(t)

dt
= A2x(t) + B2u(t)

y(t)= C2x(t) + F2u(t)
, (12)
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where

A2=



− RC RL(R+RLR)

δ − RL(R+RLR)
δ

RC RLRLR
δ

RL(R+RLR)
δ − RL+R+RLR

δ − RLRLR
δ

RC RLRLR
δ

RLRLR
δ − RLR(RRC+RC RL+RRL)

δ


, B2 =




RL(R+RLR+RC)
δ

R+RLR
δ

RC RLR
δ


,

C2=




RC RL(RLR+R)
δ

RL(RLR+R)
δ − RC RLRLR

δ
RC RL

δ
RL
δ

RLR(RL+RC)
δ

RRL+RLRLR+RC RL
δ − (RLR+R)

δ
RC RLR

δ


, F2 =




RC(RLR+R)
δ

RC
δ

R+RLR+RC
δ


,

(13)
where δ = RRL + RLRLR + RCRL + RRC + RCRLR.

Then, the steady-state converter model can be expressed as follows:





K
dx(t)

dt
= Ax(t) + Bu(t)

y(t)= Cx(t) + Fu(t)
, (14)

where 



A= dA1 + (1 − d)A2

B= dB1 + (1 − d)B2

C= dC1 + (1 − d)C2

F= dF1 + (1 − d)F2

. (15)

Considering only the DC component of the system state variable, Equation (14) can be
transformed as follows: {

0 = AX + BU
Y = CX + FU

, (16)

where 0 is null vector
[

0
0

]
.

By solving Equation (16), the quiescent operating point of the system can be obtained
as follows:





iLβ
= iL =

(RL + Rd)(RC + R + RLR) + [RCRLR − R(R + RLR)]d2

RL(1 − d){(RC + R + RLR)R + [RCRLR − R(R + RLR)]d}
E

uCα
= uC =

(RC + R + RLR)R
(RC + R + RLR)R + [RCRLR − R(R + RLR)]d

E

iLγ= iLR =
RC + R + RLR

(RC + R + RLR)R + [RCRLR − R(R + RLR)]d
E

. (17)

Substituting Equation (4) into Equation (17), the voltage ratio is derived as follows:

uCα

E
=

RCα[(1 − γ)R + Lγ] + R(1 − α)(1 − γ)

(1 − d)RCα[(1 − γ)R + Lγ] + R(1 − α)(1 − γ) + d(1 − α)Lγ
. (18)

3.2. Ripple Parameters

Ripple parameters are important in the design of DC–DC converters. In State 1, the
expression for the change in equivalent current ∆iL is derived as follows:

∆iL =
E
L

dT. (19)

The expressions for uC and iLR are




duC
dt = − 1

C(RC+R+RLR)
uC − RLR

C(RC+R+RLR)
iLR

diLR
dt = RLR

LR(RC+R+RLR)
uC − RLR(RC+R)

LR(RC+R+RLR)
iLR

. (20)
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After applying Laplace transform to Equation (20), the solution yields as follows:




uC(s) =

[
s+

RLR(RC+R)
LR(RC+R+RLR)

]
uC(0)− RLR

C(RC+R+RLR)
iLR(0)

s2+
CRLR(RC+R)+LR
LRC(RC+R+RLR)

s+ RLR
CLR(RC+R+RLR)

iLR(s) =
RLR

LR(RC+R+RLR)
uC(0)+

[
s+ 1

C(RC+R+RLR)

]
iLR(0)

s2+
CRLR(RC+R)+LR
CLR(RC+R+RLR)

s+ RLR
LRC(RC+R+RLR)

. (21)

To solve Equation (21), it is necessary to discuss the denominator characteristic roots,
and the judgment item is

ϑ =

[
CRLR(RC + R) + LR
LRC(RC + R + RLR)

]2
− 4

RLR
CLR(RC + R + RLR)

. (22)

When ϑ > 0, the solution of the denominator is




s1 = 1
2 [−

CRLR(RC+R)+LR
LRC(RC+R+RLR)

+
√

ϑ]

s2 = 1
2 [−

CRLR(RC+R)+LR
LRC(RC+R+RLR)

−
√

ϑ]
. (23)

Then, Equation (21) can be simplified as follows:





uC(s) =− s1 + a
(s2 − s1)(s − s1)

uC(0) +
s2 + a

(s2 − s1)(s − s2)
uC(0)

+
b

(s2 − s1)(s − s1)
iLR(0)−

b
(s2 − s1)(s − s2)

iLR(0)

iLR(s) =− j
(s2 − s1)(s − s1)

uC(0) +
j

(s2 − s1)(s − s2)
uC(0)

− s1 + k
(s2 − s1)(s − s1)

iLR(0) +
s2 + k

(s2 − s1)(s − s2)
iLR(0)

, (24)

where

a =
RLR(RC + R)

LR(RC + R + RLR)
, b =

RLR
C(RC + R + RLR)

,

j =
RLR

LR(RC + R + RLR)
, k =

1
C(RC + R + RLR)

.
(25)

By inverse Laplace transform, Equation (24) can be rewritten as follows:




uC(t) =
[
− s1 + a

s2 − s1
exp(s1t) +

s2 + a
s2 − s1

exp(s2t)
]

uC(0)

+

[
b

s2 − s1
exp(s1t)− b

s2 − s1
exp(s2t)

]
iLR(0)

iLR(t) =
[
− j

s2 − s1
exp(s1t) +

j
s2 − s1

exp(s2t)
]

uC(0)

+

[
− s1 + k

s2 − s1
exp(s1t) +

s2 + k
s2 − s1

exp(s2t)
]

iLR(0)

. (26)

By inputting the time parameters of State 1, Equation (26) can be rewritten as follows:
{

∆uC = uC(0)− uC(dT) = (1 + χ + aϕ)uC(0)− bϕiLR(0)
∆iLR = iLR(0)− iLR(dT) = jϕuC(0) + (1 + χ + kϕ)iLR(0)

, (27)
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where
ϕ =

1
s2 − s1

exp(s1dT)− 1
s2 − s1

exp(s2dT),

χ =
s1

s2 − s1
exp(s1dT)− s2

s2 − s1
exp(s2dT),

(28)

and {
uC(0) = uC + 1

2 ∆uC
iLR(0) = iLR + 1

2 ∆iLR
. (29)

By Equations (27) and (29), the values of ∆uC and ∆iLR can be obtained as follows:




∆uC = 2 [R(1+χ)+Raϕ−bϕ](1−χ−kϕ)−bϕ[(1+χ)+kϕ+Rjϕ]
R(1−χ−aϕ)(1−χ−kϕ)+bjRϕ2 uC

∆iLR = 2 jϕ[R(1+χ)+Raϕ−bϕ]+(1−χ−aϕ)[(1+χ)+kϕ+Rjϕ]
R(1−χ−aϕ)(1−χ−kϕ)+bjRϕ2 uC

. (30)

When ϑ = 0, the solution of the denominator is

s1 = s2 = − CRLR(RC + R) + LR
2LRC(RC + R + RLR)

. (31)

Then, Equation (21) can be simplified as follows:




uC(s) = 1
(s−s1)

uC(0) +
s1+a

(s−s1)
2 uC(0)− b

(s−s1)
2 iLR(0)

iLR(s) =
j

(s−s1)
2 uC(0) + 1

(s−s1)
iLR(0) +

s1+k
(s−s1)

2 iLR(0)
. (32)

The parameters are consistent with those in Equation (25). By inverse Laplace trans-
form, Equation (32) can be rewritten as follows:

{
uC(t) = [1 + (s1 + a)t] exp(s1t)uC(0)− bt exp(s1t)iLR(0)
iLR(t) = jt exp(s1t)uC(0) + [1 + (s1 + k)t] exp(s1t)iLR(0)

. (33)

By inputting the time parameters of State 1, Equation (33) can be rewritten as follows:

{
∆uC = uC(0)− uC(dT) = {1 − [1 + (s1 + a)dT] exp(s1dT)}uC(0) + bdT exp(s1dT)iLR(0)
∆iLR = iLR(0)− iLR(dT) = {1 − [1 + (s1 + k)dT] exp(s1dT)}iLR(0)− jdT exp(s1dT)uC(0)

. (34)

By Equations (34) and (29), the values of ∆uC and ∆iLR can be obtained as follows:




∆uC = 2
{

[R−Rδ−(aR−b)ε](1+δ+kε)+bε[1−(k+Rj)ε−δ]
R[(1+δ+aε)(1+δ+kε)+bjε2]

}
uC

∆iLR = 2
{

[1−δ−(k+Rj)ε](1+δ+aε)−jε[R−Rδ−(aR−b)ε]
R[(1+δ+aε)(1+δ+kε)+bjε2]

}
uC

, (35)

where
ε = dT exp(s1dT); δ = (1 + s1dT) exp(s1dT). (36)

When ϑ < 0, Equation (21) can be simplified as follows:




uC(s) =
s

(s + µ)2 + ω2
uC(0) +

RLR(RC + R)
LRω(RC + R + RLR)

ω

(s + µ)2 + ω2
uC(0)

− RLR
Cω(RC + R + RLR)

ω

(s + µ)2 + ω2
iLR(0)

iLR(s) =
RLR

LRω(RC + R + RLR)

ω

(s + µ)2 + ω2
uC(0) +

s

(s + µ)2 + ω2
iLR(0)

+
1

Cω(RC + R + RLR)

ω

(s + µ)2 + ω2
iLR(0)

, (37)
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where

µ =
CRLR(RC + R) + LR

2LRC(RC + R + RLR)
, ω =

√
RLR

CLR(RC + R + RLR)
− µ2. (38)

By inverse Laplace transform, Equation (38) can be rewritten as follows:





uC(t) =exp(−µt) cos(ωt)uC(0) +
RLR(RC + R)

LRω(RC + R + RLR)
exp(−µt) sin(ωt)uC(0)

− RLR
Cω(RC + R + RLR)

exp(−µt) sin(ωt)iLR(0)

iLR(t) =
RLR

LRω(RC + R + RLR)
exp(−µt) sin(ωt)uC(0) + exp(−µt) cos(ωt)iLR(0)

+
1

Cω(RC + R + RLR)
exp(−µt) sin(ωt)iLR(0)

. (39)

By inputting the time parameters of State 1, Equation (39) can be rewritten as follows:
{

∆uC = uC(0)− uC(dT) = (1 − q1)uC(0) + q2iLR(0)
∆iLR = iLR(0)− iLR(dT) = −q3uC(0) + (1 − q4)iLR(0)

, (40)

where

q1 =

[
cos(ωdT) +

RLR(RC + R)
LRω(RC + R + RLR)

sin(ωdT)
]

exp(−µdT),

q2 =
RLR

Cω(RC + R + RLR)
sin(ωdT) exp(−µdT),

q3 =
RLR

LRω(RC + R + RLR)
sin(ωdT) exp(−µdT),

q4 =

[
cos(ωdT) +

1
Cω(RC + R + RLR)

sin(ωdT)
]

exp(−µdT).

(41)

By Equations (41) and (29), the values of ∆uC and ∆iLR can be obtained as follows:





∆uC = 2 (1−q1)(1+q4)+
2
R q2−q2q3

(1+q1)(1+q4)+q2q3
uC

∆iLR = 2
1
R (1−q4)(1+q1)−2q3− 1

R q2q3
(1+q1)(1+q4)+q2q3

uC

. (42)

In summary, the extreme values of the voltages of the equivalent capacitor (uC max and
uC min) and the current of the equivalent inductances (iL max, iL min, ILR max and ILR min) are
as follows: 




uC max = uC + 1
2 ∆uC; uC min = uC − 1

2 ∆uC
iL max = iL +

E
2L dT; iL min = iL − E

2L dT
iLR max = iLR + 1

2 ∆iLR; iLR min = iLR − 1
2 ∆iLR

. (43)

According to the circuit in Figure 3, the theoretical waveforms of a fractional-order
Boost converter with inductive load based on the C-F are shown in Figure 4. Due to the short
duration of a single cycle, the output voltage change can be regarded as a linear change.

In State 1, the induced current iLβ
continuously increases. The maximum value of the

induced current iLβ max is as follows:

iLβ max = iLβ
(dT) = iL max +

E
RL

. (44)
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In State 1, the induced current iLβ
continuously increases. The maximum value of the

induced current iLβ max is as follows:

iLβ max = iLβ
(dT) = iL max +

E
RL

. (44)

There is a coupling relationship between the output voltage and the load current in
state 1. So their changing trends are variable. The load current and output voltage at the
beginning and the ending can be obtained as follows:





uCα(dT) = − RCRLR

(R + RLR + RC)
iLR min +

(R + RLR)

(R + RLR + RC)
uC min

iLγ(dT) =
RLR

(R + RLR + RC)
iLR min +

1
(R + RLR + RC)

uC min

uCα(0) = − RCRLR

(R + RLR + RC)
iLR max +

(R + RLR)

(R + RLR + RC)
uC max

iLγ(0) =
RLR

(R + RLR + RC)
iLR max +

1
(R + RLR + RC)

uC max

. (45)

From Equation (45), iLγ(dT) < iLγ(0). So, the minimum values of the load current
iLγ min and capacitor voltage uCα min are as follows:

iLγ min = iLγ(dT), uCα min = min[uCα(0), uCα(dT)]. (46)

In State 2, the induced current, output voltage, and load current are coupled, their
changing trend is not fixed. The values at the beginning and the ending can be obtained
as follows:





uCα(T) =
RL(RLR + R)

δ
uC max +

RCRL(RLR + R)
δ

iL min − RCRLRLR
δ

iLR max +
RC(RLR + R)

δ
E

iLγ(T) =
RL
δ

uC max +
RCRL

δ
iL min +

RLR(RL + RC)

δ
iLR max +

RC
δ

E

iLβ(T) = − (RLR + R)
δ

uC max +
RRL + RLRLR + RCRL

δ
iL min +

RCRLR
δ

iLR max +
R + RLR + RC

δ
E

uCα(dT) =
RL(RLR + R)

δ
uC min +

RCRL(RLR + R)
δ

iL max −
RCRLRLR

δ
iLR min +

RC(RLR + R)
δ

E

iLγ(dT) =
RL
δ
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δ
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δ

E
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δ
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δ
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δ

iLR min +
R + RLR + RC

δ
E

. (47)

Figure 4. The theoretical waveforms.

There is a coupling relationship between the output voltage and the load current in
state 1. So their changing trends are variable. The load current and output voltage at the
beginning and the ending can be obtained as follows:





uCα(dT) = − RC RLR
(R+RLR+RC)

iLR min + (R+RLR)
(R+RLR+RC)

uC min

iLγ(dT) = RLR
(R+RLR+RC)

iLR min + 1
(R+RLR+RC)

uC min

uCα(0) = − RC RLR
(R+RLR+RC)

iLR max +
(R+RLR)

(R+RLR+RC)
uC max

iLγ(0) =
RLR

(R+RLR+RC)
iLR max +

1
(R+RLR+RC)

uC max

. (45)

From Equation (45), iLγ(dT) < iLγ(0). So, the minimum values of the load current
iLγ min and capacitor voltage uCα min are as follows:

iLγ min = iLγ(dT), uCα min = min[uCα(0), uCα(dT)]. (46)

In State 2, the induced current, output voltage, and load current are coupled, their
changing trend is not fixed. The values at the beginning and the ending can be obtained as
follows:




uCα(T) =
RL(RLR+R)

δ uC max +
RC RL(RLR+R)

δ iL min − RC RLRLR
δ iLR max +

RC(RLR+R)
δ E

iLγ(T) =
RL
δ uC max +

RC RL
δ iL min + RLR(RL+RC)

δ iLR max +
RC
δ E

iLβ(T) = − (RLR+R)
δ uC max +

RRL+RLRLR+RC RL
δ iL min + RC RLR

δ iLR max +
R+RLR+RC

δ E
uCα(dT) = RL(RLR+R)

δ uC min + RC RL(RLR+R)
δ iL max − RC RLRLR

δ iLR min + RC(RLR+R)
δ E

iLγ(dT) = RL
δ uC min + RC RL

δ iL max +
RLR(RL+RC)

δ iLR min + RC
δ E

iLβ(dT) = − (RLR+R)
δ uC min + RRL+RLRLR+RC RL

δ iL max +
RC RLR

δ iLR min + R+RLR+RC
δ E

.

(47)
So, the maximum values of the load current iLγ max and output voltage uCα max, as well

as the minimum value of the induced current iLβ min are as follows:





iLβ min = min
[
iLβ(dT), iLβ(T)

]

uCα max = max[uCα(dT), uCα(T)]
iLγ max = max

[
iLγ(dT), iLγ(T)

] . (48)

3.3. Small-Signal Model

The state vector and output vector in Equation (5) are continuous with minimal ripple.
To create a small-signal AC model, the converter waveform can be linearized as follows:





⟨x(t)⟩= X + x̂(t)

⟨u(t)⟩= U + û(t)

⟨y(t)⟩= Y + ŷ(t)

⟨d(t)⟩= d + d̂(t)

. (49)
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Substitute Equation (49) into Equation (14) and set Ê to 0. Then, neglecting DC
components and second-order nonlinear terms, the small signal components in the equation
can be sorted out as follows:

{
dx̂(t)

dt = A′x̂(t) + B′d̂(t)
ŷ(t) = C′x̂(t) + D′d̂(t)

, (50)

where




A′=




A11 A12 A13
A21 A22 A23
A31 A32 A33




=




− (1−d)RC RL(R+RLR)
Lδ − (1−d)RL(R+RLR)

Lδ
RC RLRLR

Lδ (1 − d)
(1−d)RL(R+RLR)

Cδ − RL+R+RLR
Cδ + d(R+RLR)

2

Cδ(RC+R+RLR)
− RLRLR

Cδ − dRC RLR(R+RLR)
Cδ(RC+R+RLR)

(1−d)RC RLRLR
LRδ

RLRLR
LRδ + dRC RLR(R+RLR)

LR(RC+R+RLR)δ
− RLR(RRC+RC RL+RRL)

LRδ − dRC
2RLR

2

LR(RC+R+RLR)δ




B′=




B1
B2
B3


 =




E
(1−d)L

− (R+RLR)E
C(1−d){(RC+R+RLR)R+[RC RLR−R(R+RLR)]d}

− RC RLRE
LR(1−d){(RC+R+RLR)R+[RC RLR−R(R+RLR)]d}




C′=




C11 C12 C13
C21 C22 C23
C31 C32 C33




=




RRL+RLRLR+RC RL
δ + dRC(R+RLR)

δ − (1−d)(RLR+R)
δ

(1−d)RC RLR
δ

(1−d)RC RL(RLR+R)
δ

RL(RLR+R)
δ + dRC(R+RLR)(R+RLR)

(R+RLR+RC)δ
− RC RLRLR

δ − dRC
2RLR(R+RLR)

δ(R+RLR+RC)
(1−d)RC RL

δ
RL
δ + dRC(R+RLR)

δ(R+RLR+RC)
RLR(RL+RC)

δ − dRC RC RLR
δ(R+RLR+RC)




D′=




D1
D2
D3


 =




E
RL(1−d)

− RC(R+RLR)E
(1−d){(RC+R+RLR)R+[RC RLR−R(R+RLR)]d}

− RCE
(1−d){(RC+R+RLR)R+[RC RLR−R(R+RLR)]d}




. (51)

By inverse Laplace transform, Equation (50) can be rewritten as follows:

{
sx̂(s) = A′x̂(s) + B′d̂(s)
ŷ(s) = C′x̂(s) + D′d̂(s)

. (52)

According to Equation (52), the transfer function G(s) of the circuit system is as follows:

G(s) =
ŷ(s)
d̂(s)

= C′(sI − A′)−1B′ + D′. (53)

Therefore, the transfer function from duty cycle d̂ to induced current îLβ is

Gid(s) =
îLβ(s)

d̂(s)
=

D1s3 + X1s2 + X2s + X3

s3 + W1s2 + W2s + W3
, (54)

where
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



W1= −(A11 + A22 + A33)

W2= A11 A33 + A11 A22 + A22 A33 − A12 A21 − A13 A31 − A23 A32

W3= A11 A23 A32 + A22 A13 A31 + A33 A12 A21 − A11 A22 A33 − A12 A23 A31 − A13 A21 A32

X1= B1C11 + B2C12 + B3C13 − (A11 + A22 + A33)D1

X2= [A21C12 + A31C13 − (A22 + A33)C11]B1 + [A12C11 + A32C13 − (A11 + A33)C12]B2

+[A13C11 + A23C12 − (A11 + A22)C13]B3

+(A11 A33 + A11 A22 + A22 A33 − A12 A21 − A13 A31 − A23 A32)D1

X3= [(A22 A33 − A23 A32)C11 + (A23 A31 − A21 A33)C12 + (A21 A32 − A22 A31)C13]B1

+[(A13 A32 − A12 A33)C11 + (A11 A33 − A13 A31)C12 + (A12 A31 − A11 A32)C13]B2

+[(A12 A23 − A13 A22)C11 + (A13 A21 − A11 A23)C12 + (A11 A22 − A12 A21)C13]B3

+(A11 A23 A32 + A22 A13 A31 + A33 A12 A21 − A11 A22 A33 − A12 A23 A31 − A13 A21 A32)D1

. (55)

The transfer function from duty cycle d̂ to output voltage ûCα is

Gud(s) =
ûCα(s)

d̂(s)
=

D2s3 + Y1s2 + Y2s + Y3

s3 + W1s2 + W2s + W3
, (56)

where





Y1= B1C21 + B2C22 + B3C23 − (A11 + A22 + A33)D2

Y2= [A21C22 + A31C23 − (A22 + A33)C21]B1 + [A12C21 + A32C23 − (A11 + A33)C22]B2

+[A13C21 + A23C22 − (A11 + A22)C23]B3

+(A11 A33 + A11 A22 + A22 A33 − A12 A21 − A13 A31 − A23 A32)D2

Y3= [(A22 A33 − A23 A32)C21 + (A23 A31 − A21 A33)C22 + (A21 A32 − A22 A31)C23]B1

+[(A13 A32 − A12 A33)C21 + (A11 A33 − A13 A31)C22 + (A12 A31 − A11 A32)C23]B2

+[(A12 A23 − A13 A22)C21 + (A13 A21 − A11 A23)C22 + (A11 A22 − A12 A21)C23]B3

+(A11 A23 A32 + A22 A13 A31 + A33 A12 A21 − A11 A22 A33 − A12 A23 A31 − A13 A21 A32)D2

. (57)

The transfer function from duty cycle d̂ to load current îLγ is

Gird(s) =
îLγ(s)

d̂(s)
=

D3s3 + Z1s2 + Z2s + Z3

s3 + W1s2 + W2s + W3
, (58)

where





Z1= B1C31 + B2C32 + B3C33 − (A11 + A22 + A33)D3

Z2= [A21C32 + A31C33 − (A22 + A33)C31]B1 + [A12C31 + A32C33 − (A11 + A33)C32]B2

+[A13C31 + A23C32 − (A11 + A22)C33]B3

+(A11 A33 + A11 A22 + A22 A33 − A12 A21 − A13 A31 − A23 A32)D3

Z3= [(A22 A33 − A23 A32)C31 + (A23 A31 − A21 A33)C32 + (A21 A32 − A22 A31)C33]B1

+[(A13 A32 − A12 A33)C31 + (A11 A33 − A13 A31)C32 + (A12 A31 − A11 A32)C33]B2

+[(A12 A23 − A13 A22)C31 + (A13 A21 − A11 A23)C32 + (A11 A22 − A12 A21)C33]B3

+(A11 A23 A32 + A22 A13 A31 + A33 A12 A21 − A11 A22 A33 − A12 A23 A31 − A13 A21 A32)D3

. (59)

4. Simulation Experiment Results
4.1. Analysis of Circuit Parameters at the Quiescent Operating Point

To validate the correctness of derivation, the calculation values are compared with
the circuit-oriented simulation results. The simulation circuit is constructed with Multisim
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regarding Figure 2, and the C-F derivative defines the fractional-order models of capacitors
and inductors in circuit-oriented simulations. To make the simulation more convincing, the
following two sets of parameters are set in this paper.

Set 1: R= 5 Ω, d= 0.5, E= 10 V, Cα= 680 µF/s0.001, α= 0.999, Lβ= 20 mHs0.005, β= 0.995,
Lγ= 1 mHs0.05, γ= 0.95.
Set 2: R= 5 Ω, d= 0.5, E= 10 V, Cα= 3300 µF/s0.01, α= 0.99, Lβ= 5 mHs0.001, β= 0.999,
Lγ= 10 mHs0.01, γ= 0.99.

The comparison results are shown in Table 1 and the circuit-oriented simulation results
are shown in Figure 5. Due to software limitations, while ensuring data accuracy, circuit-
oriented simulation results retain four significant digits and calculation results retain six
significant digits. It can be seen from Table 1 that within the allowable error range, the
calculated results are consistent with the simulation results. The waveforms in Figure 5
conform to the changing trend of the theoretical waveforms in Figure 4. These results
demonstrate consistency between theoretical analysis and numerical simulation results.
Further verified the accuracy of the previous derivation.

Table 1. The comparison results between circuit-oriented simulation results and calculation results.

Simulation Calculation Simulation Calculation

UCα max
Set1 20.04 V 20.0447 V UCα min

Set1 12.52 V 12.5155 V
Set2 20.06 V 20.0638 V Set2 8.509 V 8.50889 V

ILβ max
Set1 11.53 A 11.5299 A ILβ min

Set1 6.494 A 6.49380 A
Set2 9.753 A 9.75330 A Set2 5.666 A 5.66617 A

ILγ max
Set1 4.006 A 4.00596 A ILγ min

Set1 2.506 A 2.50612 A
Set2 3.819 A 3.81937 A Set2 1.893 A 1.89264 A

UCα

Set1 16.29 V 16.2936 V ILβ

Set1 9.017 A 9.01742 A
Set2 14.26 V 14.2583 V Set2 7.703 A 7.70335 A

ILγ

Set1 3.259 A 3.25871 A
Set2 2.852 A 2.85167 A
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



Z1 = B1C31 + B2C32 + B3C33 − (A11 + A22 + A33)D3

Z2 = [A21C32 + A31C33 − (A22 + A33)C31]B1 + [A12C31 + A32C33 − (A11 + A33)C32]B2

+ [A13C31 + A23C32 − (A11 + A22)C33]B3

+ (A11 A33 + A11 A22 + A22 A33 − A12 A21 − A13 A31 − A23 A32)D3

Z3 = [(A22 A33 − A23 A32)C31 + (A23 A31 − A21 A33)C32 + (A21 A32 − A22 A31)C33]B1

+ [(A13 A32 − A12 A33)C31 + (A11 A33 − A13 A31)C32 + (A12 A31 − A11 A32)C33]B2

+ [(A12 A23 − A13 A22)C31 + (A13 A21 − A11 A23)C32 + (A11 A22 − A12 A21)C33]B3

+ (A11 A23 A32 + A22 A13 A31 + A33 A12 A21 − A11 A22 A33 − A12 A23 A31 − A13 A21 A32)D3

. (59)
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4.1. Analysis of Circuit Parameters at the Quiescent Operating Point

To validate the correctness of derivation, the calculation values are compared with
the circuit-oriented simulation results. The simulation circuit is constructed with Multisim
regarding Figure 2, and the C-F derivative defines the fractional-order models of capacitors
and inductors in circuit-oriented simulations. To make the simulation more convincing, the
following two sets of parameters are set in this paper.

Set 1: R = 5 Ω, d = 0.5, E = 10 V, Cα = 680 µF/s0.001, α= 0.999, Lβ = 20 mHs0.005,
β = 0.995, Lγ = 1mHs0.05, γ = 0.95.
Set 2: R = 5 Ω, d = 0.5, E = 10 V, Cα = 3300 µF/s0.01, α = 0.99, Lβ= 5 mHs0.001,
β = 0.999, Lγ = 10 mHs0.01, γ = 0.99.

The comparison results are shown in Table 1 and the circuit-oriented simulation
results are shown in Figure 5. Due to software limitations, while ensuring data accuracy,
circuit-oriented simulation results retain four significant digits and calculation results retain
six significant digits. It can be seen from Table 1 that within the allowable error range, the
calculated results are consistent with the simulation results. The waveforms in Figure 5
conform to the changing trend of the theoretical waveforms in Figure 4. These results
demonstrate consistency between theoretical analysis and numerical simulation results.
Further verified the accuracy of the previous derivation.
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Figure 5. The circuit-oriented simulation results with different conditions.Figure 5. The circuit-oriented simulation results with different conditions.

To explore the effect of the order of components on the induced current, output voltage,
and load current, the system performance is analyzed through simulation with MATLAB
R2012a. According to [29,57], the fractional order of the real capacitor and inductor is
close to 1. According to the simulation results, the order of the induced inductor has a
much greater impact on the state variables of the circuit than the order of the capacitor
and load inductor. Depending on the actual application conditions of the circuit, the
analog components are analyzed in the range of orders α, γ ∈ [0.95, 1), β ∈ [0.99, 1) for the
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characteristics of the converter. The remaining circuit parameters use the data from Set
2. It can be seen from Equation (17) that the output voltage and the load current are only
related to α and γ as shown in Figure 6. Similarly, the induced current is related to α, β and
γ as shown in Figure 7. According to the simulation results, the average value of capacitor
voltage increases with the increase of α, and its rising slope also increases accordingly;
The change is small with the increase of γ. When γ approaches 1, the average value of
capacitor voltage decreases with the increase of γ, and its slope of decrease also increases.
The variation trends of load current and induced current are consistent with the variation
trends of capacitor voltage, with only numerical variations. The induced current decreases
linearly with the increase of β, and the effect of β is much greater than that of α and γ.
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Table 1. The comparison results between circuit-oriented simulation results and calculation results.

Simulation Calculation Simulation Calculation

UCα max
Set1 20.04 V 20.0447 V UCα min

Set1 12.52 V 12.5155 V
Set2 20.06 V 20.0638 V Set2 8.509 V 8.50889 V

ILβ max
Set1 11.53 A 11.5299 A ILβ min

Set1 6.494 A 6.49380 A
Set2 9.753 A 9.75330 A Set2 5.666 A 5.66617 A

ILγ max
Set1 4.006 A 4.00596 A ILγ min

Set1 2.506 A 2.50612 A
Set2 3.819 A 3.81937 A Set2 1.893 A 1.89264 A

UCα

Set1 16.29 V 16.2936 V ILβ

Set1 9.017 A 9.01742 A
Set2 14.26 V 14.2583 V Set2 7.703 A 7.70335 A

ILγ

Set1 3.259 A 3.25871 A
Set2 2.852 A 2.85167 A

To explore the effect of the order of components on the induced current, output voltage,
and load current, the system performance is analyzed through simulation with MATLAB.
According to [29,57], the fractional order of the real capacitor and inductor is close to 1.
According to the simulation results, the order of the induced inductor has a much greater
impact on the state variables of the circuit than the order of the capacitor and load inductor.
Depending on the actual application conditions of the circuit, the analog components are
analyzed in the range of orders α, γ ∈ [0.95, 1), β ∈ [0.99, 1) for the characteristics of the
converter. The remaining circuit parameters use the data from Set 2. It can be seen from
Equation (17) that the output voltage and the load current are only related to α and γ
as shown in Figure 6. Similarly, the induced current is related to α, β and γ as shown
in Figure 7. According to the simulation results, the average value of capacitor voltage
increases with the increase of α, and its rising slope also increases accordingly; The change
is small with the increase of γ. When γ approaches 1, the average value of capacitor voltage
decreases with the increase of γ, and its slope of decrease also increases. The variation
trends of load current and induced current are consistent with the variation trends of
capacitor voltage, with only numerical variations. The induced current decreases linearly
with the increase of β, and the effect of β is much greater than that of α and γ.

0.95

10

20

15

5

0.96 0.97 0.98 0.99 1 0.95 0.96 0.97 0.98 0.99 1

u
C
α

 / 
V

 

γ

4

3

2

1

i L
γ  
/ 

A
 

α = 0.99

α = 0.993
α = 0.996

α = 0.999
α = 0.97

α = 0.95

γ = 0.99

γ = 0.993
γ = 0.996

γ = 0.999
γ = 0.97

γ = 0.95

γ = 0.99

γ = 0.993
γ = 0.996

γ = 0.999
γ = 0.97

γ = 0.95

0.96

11.1

0.96

2.2

α
0.95

10

20

15

5

0.96 0.97 0.98 0.99 1 0.95 0.96 0.97 0.98 0.99 1

u
C
α

 / 
V

 

γ

4

3

2

1

i L
γ  
/ 

A
 

α = 0.99

α = 0.993
α = 0.996

α = 0.999
α = 0.97

α = 0.95

γ = 0.99

γ = 0.993
γ = 0.996

γ = 0.999
γ = 0.97

γ = 0.95

0.96

11.1

0.96

2.2

α

Figure 6. The effect of α and γ on the value of the output voltage and load current.Figure 6. The effect of α and γ on the value of the output voltage and load current.

Fractal Fract. 2024, 1, 0 16 of 21

0.95 0.96 0.97 0.98 0.99 1
α

30

20

10i L
β

 / 
A

 

30

20

10i L
β

 / 
A

 

γ = 0.995
γ = 0.999γ = 0.99

γ = 0.95

α = 0.995
α = 0.999α = 0.99

α = 0.95β = 0.996
β = 0.999β = 0.993

β = 0.99

γ = 0.995
γ = 0.999γ = 0.99

γ = 0.95

30

20

10

0

30

20

10

β
0.99 0.992 10.9940.9960.998

0.991

23.5

0.991

23.5

10

8

6

4

α = 0.995
α = 0.999α = 0.99

α = 0.95

β = 0.996
β = 0.999β = 0.993

β = 0.99

0.95 0.96 0.97 0.98 0.99 1
γ

30

20

10

0.95 0.96 0.97 0.98 0.99 1
α

30

20

10i L
β

 / 
A

 

30

20

10i L
β

 / 
A

 

γ = 0.995
γ = 0.999γ = 0.99

γ = 0.95

α = 0.995
α = 0.999α = 0.99

α = 0.95β = 0.996
β = 0.999β = 0.993

β = 0.99

γ = 0.995
γ = 0.999γ = 0.99

γ = 0.95

30

20

10

0

30

20

10

β
0.99 0.992 10.9940.9960.998

0.991

23.5

10

8

6

4

α = 0.995
α = 0.999α = 0.99

α = 0.95

β = 0.996
β = 0.999β = 0.993

β = 0.99

0.95 0.96 0.97 0.98 0.99 1
γ

30

20

10

Figure 7. The effect of α, β, and γ on the value of the induced current.

The effect of α, β, and γ on ripple amplitude is shown in Figure 8. From the simulation
results, as α increases, the ripple amplitude of the load current and output voltage decreases,
while the ripple amplitude of the induced current increases, and the slope of the change
also increases continuously. As β increases, the ripple amplitude of the output voltage
and load current increases, and the slope of the rise also increases continuously, while
the ripple amplitude of the induced current decreases linearly. As γ increases, the ripple
amplitude of the induced current and output voltage increases, while the ripple amplitude
of the load current decreases. The slope of the change increases significantly when γ
approaches 1. From a numerical perspective, α and γ have a significant effect on the ripple
amplitude of the load current and output voltage, while β has a significant effect on the
ripple amplitude of the induced current. It is worth noting that there are discontinuous
points in the waveform of the ripple amplitude of the induced current, output voltage, and
load current at point A in Figure 8. This is because ϑ|γ=0.9644 = 0, meaning the judgment
item Equation (22) has changed from negative to positive, that the calculation method for
the extreme value of the state variable has changed. This discontinuous point also verifies
the correctness of the derivation.
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Figure 8. The effect of α, β, and γ on the ripple amplitude of the induced current, output voltage, and
load current.

4.2. Verification of Small Signal Models

The simulation parameters are consistent with Set 1. To get the amplitude-frequency
characteristics of the simulated circuit, frequency sweeps can be performed using MAT-
LAB/Simulink. The scanning and calculation results are shown in Figure 9, where G∗

id(s),
G∗

ud(s) and G∗
ird(s) are the transfer functions from duty cycle to induced current, out-

put voltage, and load current obtained by the Frestimate(∗) function, respectively. The

Figure 7. The effect of α, β, and γ on the value of the induced current.

The effect of α, β, and γ on ripple amplitude is shown in Figure 8. From the simulation
results, as α increases, the ripple amplitude of the load current and output voltage decreases,
while the ripple amplitude of the induced current increases, and the slope of the change
also increases continuously. As β increases, the ripple amplitude of the output voltage
and load current increases, and the slope of the rise also increases continuously, while
the ripple amplitude of the induced current decreases linearly. As γ increases, the ripple
amplitude of the induced current and output voltage increases, while the ripple amplitude
of the load current decreases. The slope of the change increases significantly when γ
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approaches 1. From a numerical perspective, α and γ have a significant effect on the ripple
amplitude of the load current and output voltage, while β has a significant effect on the
ripple amplitude of the induced current. It is worth noting that there are discontinuous
points in the waveform of the ripple amplitude of the induced current, output voltage, and
load current at point A in Figure 8. This is because ϑ|γ=0.9644 = 0, meaning the judgment
item Equation (22) has changed from negative to positive, that the calculation method for
the extreme value of the state variable has changed. This discontinuous point also verifies
the correctness of the derivation.
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The effect of α, β, and γ on ripple amplitude is shown in Figure 8. From the simulation
results, as α increases, the ripple amplitude of the load current and output voltage decreases,
while the ripple amplitude of the induced current increases, and the slope of the change
also increases continuously. As β increases, the ripple amplitude of the output voltage
and load current increases, and the slope of the rise also increases continuously, while
the ripple amplitude of the induced current decreases linearly. As γ increases, the ripple
amplitude of the induced current and output voltage increases, while the ripple amplitude
of the load current decreases. The slope of the change increases significantly when γ
approaches 1. From a numerical perspective, α and γ have a significant effect on the ripple
amplitude of the load current and output voltage, while β has a significant effect on the
ripple amplitude of the induced current. It is worth noting that there are discontinuous
points in the waveform of the ripple amplitude of the induced current, output voltage, and
load current at point A in Figure 8. This is because ϑ|γ=0.9644 = 0, meaning the judgment
item Equation (22) has changed from negative to positive, that the calculation method for
the extreme value of the state variable has changed. This discontinuous point also verifies
the correctness of the derivation.
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4.2. Verification of Small Signal Models

The simulation parameters are consistent with Set 1. To get the amplitude-frequency
characteristics of the simulated circuit, frequency sweeps can be performed using MAT-
LAB/Simulink. The scanning and calculation results are shown in Figure 9, where G∗

id(s),
G∗

ud(s) and G∗
ird(s) are the transfer functions from duty cycle to induced current, out-
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4.2. Verification of Small Signal Models

The simulation parameters are consistent with Set 1. To get the amplitude-frequency
characteristics of the simulated circuit, frequency sweeps can be performed using MATLAB
R2012a/Simulink. The scanning and calculation results are shown in Figure 9, where
G∗

id(s), G∗
ud(s) and G∗

ird(s) are the transfer functions from duty cycle to induced current,
output voltage, and load current obtained by the Frestimate(∗) function, respectively. The
Frestimate(∗) function is used for frequency response estimation of simulated models. The
transfer functions can be obtained as follows:





Gid(s) = 5s3+3117s2+4.242×105s+3.992×105

s3+334.9s2+1381s+1278
Gud(s) = −7.413s3−7135s2+2.703×105s+2.621×105

s3+334.9s2+1381s+1278
Gird(s) = −1.477s3−1421s2+5.383×104s+5.242×104

s3+334.9s2+1381s+1278
G∗

id(s) =
4.235s3+2717s2+3.821×105s+4.223×105

s3+286.7s2+1112s+934.6
G∗

ud(s) =
−8.332s3−8043s2+3.123×105s+2.115×105

s3+424.3s2+1751s+1632
G∗

ird(s) =
−1.003s3−1554s2+3.768×104s+5.554×104

s3+374.6s2+982.8s+1697

. (60)

where Gid(s), Gud(s) and Gird(s) can be derived using Equations (54), (56) and (58). It
can be seen from Equation (60) and Figure 9 that, within the tolerance of the error, the
calculated results and simulation results are accordant. The experimental results verified the
feasibility of applying the small signal modeling scheme to fractional-order Boost circuits
with inductive loads and also verified that the derived method provides a theoretical basis
for subsequent linear controller design. The experimental results show that the transfer
function of the proposed model can accurately describe the amplitude-frequency and phase-
frequency characteristics in the mid to low-frequency domain, verifying the feasibility of
applying the small signal modeling scheme to fractional-order Boost circuits with inductive



Fractal Fract. 2024, 8, 81 16 of 19

loads and also verifying the correctness of the proposed model, providing a theoretical
basis for subsequent linear controller design.
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G∗
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−1.003s3 − 1554s2 + 3.768 × 104s + 5.554 × 104

s3 + 374.6s2 + 982.8s + 1697

. (60)

where Gid(s), Gud(s) and Gird(s) can be derived using Equations (54), (56) and (58). It
can be seen from Equation (60) and Figure 9 that, within the tolerance of the error, the
calculated results and simulation results are accordant. The experimental results verified the
feasibility of applying the small signal modeling scheme to fractional-order Boost circuits
with inductive loads and also verified that the derived method provides a theoretical basis
for subsequent linear controller design. The experimental results show that the transfer
function of the proposed model can accurately describe the amplitude-frequency and phase-
frequency characteristics in the mid to low-frequency domain, verifying the feasibility of
applying the small signal modeling scheme to fractional-order Boost circuits with inductive
loads and also verifying the correctness of the proposed model, providing a theoretical
basis for subsequent linear controller design.
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Figure 9. The amplitude-frequency characteristic. (a) Gid. (b) Gud. (c) Gird.

5. Conclusions

This paper presents a novel C-F definition-based modeling method for Boost convert-
ers with inductive loads using the fractional-order model, analyzes the effect of the order of
fractional components on the characteristics of the converter, and verifies the validity of the
C-F definition for the modeling of Boost converter circuits through simulation experiments.
Firstly, a C-F definition-based mathematical model with three state variables of Boost
converters with a fractional-order inductive load is constructed by using the state space
averaging method. Furthermore, the quiescent operating point of the Boost converters and
the ripple parameters’ accurate analytical solutions of those three state variables are derived.
Secondly, the transfer functions of the fractional-order Boost converters with three state
variables are derived by using the small-signal linearization method. Then, circuit-oriented
simulation experiments are conducted. The static operating point and ripple parameters
of the circuit are obtained in the experiments. At the same time, the transfer functions of
the simulated circuit are obtained through frequency sweep analysis. Those results are
consistent with the numerical calculation results, verifying the correctness of the numerical
derivation. Finally, the effect of the order of the capacitor, induced inductor, and load
inductor on the DC component of state variable and ripple parameters is analyzed through
numerical simulation. The results show that as the order of induced inductor and capacitor
increases, there is a significant change in the values of voltage and current in the circuit and
the ripple of the waveform is reduced. The effect of the order of the load inductance on the
voltage and current in the circuit gradually increases as its value approaches 1, which is
negatively correlated with the ripple amplitude of the output voltage and induced current,
and positively correlated with the ripple amplitude of the load current. The order of the
induced inductor mainly affects the induced current, while the order of the capacitor and
load inductor mainly affects the load current and output voltage. In summary, the proposed
model can comprehensively characterize the steady-state characteristics of fractional-order
Boost converters with inductive loads, helping the circuit design of Boost converters. The
C-F definition can be used in the modeling of Boost circuits.

The modeling method proposed in this paper is simple and easy to implement and
can obtain analytical solutions of the required parameters for design. This method can
be applied to other fractional-order systems with three state parameters. However, the
C-F definition ignores some fractional-order characteristics to simplify derivation, which
may result in some errors when describing the dynamic performance of fractional-order
Boost circuits. And when considering electromagnetic induction, fatigue, or damage, the
accuracy of models needs to be further improved. In the future, the mathematical model
of C-F definition-based fractional-order Boost converters will be compared with other
definitions, such as the Caputo definition, and Atangana–Baleanu definition, to analyze
the advantages and disadvantages of different definitions in the mathematical modeling of
fractional-order circuits.
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5. Conclusions

This paper presents a novel C-F definition-based modeling method for Boost convert-
ers with inductive loads using the fractional-order model, analyzes the effect of the order of
fractional components on the characteristics of the converter, and verifies the validity of the
C-F definition for the modeling of Boost converter circuits through simulation experiments.
Firstly, a C-F definition-based mathematical model with three state variables of Boost
converters with a fractional-order inductive load is constructed by using the state space
averaging method. Furthermore, the quiescent operating point of the Boost converters and
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the ripple parameters’ accurate analytical solutions of those three state variables are derived.
Secondly, the transfer functions of the fractional-order Boost converters with three state
variables are derived by using the small-signal linearization method. Then, circuit-oriented
simulation experiments are conducted. The static operating point and ripple parameters
of the circuit are obtained in the experiments. At the same time, the transfer functions of
the simulated circuit are obtained through frequency sweep analysis. Those results are
consistent with the numerical calculation results, verifying the correctness of the numerical
derivation. Finally, the effect of the order of the capacitor, induced inductor, and load
inductor on the DC component of state variable and ripple parameters is analyzed through
numerical simulation. The results show that as the order of induced inductor and capacitor
increases, there is a significant change in the values of voltage and current in the circuit and
the ripple of the waveform is reduced. The effect of the order of the load inductance on the
voltage and current in the circuit gradually increases as its value approaches 1, which is
negatively correlated with the ripple amplitude of the output voltage and induced current,
and positively correlated with the ripple amplitude of the load current. The order of the
induced inductor mainly affects the induced current, while the order of the capacitor and
load inductor mainly affects the load current and output voltage. In summary, the proposed
model can comprehensively characterize the steady-state characteristics of fractional-order
Boost converters with inductive loads, helping the circuit design of Boost converters. The
C-F definition can be used in the modeling of Boost circuits.

The modeling method proposed in this paper is simple and easy to implement and
can obtain analytical solutions of the required parameters for design. This method can
be applied to other fractional-order systems with three state parameters. However, the
C-F definition ignores some fractional-order characteristics to simplify derivation, which
may result in some errors when describing the dynamic performance of fractional-order
Boost circuits. And when considering electromagnetic induction, fatigue, or damage, the
accuracy of models needs to be further improved. In the future, the mathematical model
of C-F definition-based fractional-order Boost converters will be compared with other
definitions, such as the Caputo definition, and Atangana–Baleanu definition, to analyze
the advantages and disadvantages of different definitions in the mathematical modeling of
fractional-order circuits.
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