i fractal and fractional

[

Article

A Bound-Preserving Numerical Scheme for Space-Time
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Abstract: We develop and analyze an explicit finite difference scheme that satisfies a bound-preserving
principle for space—-time fractional advection equations with the orders of 0 < a and g < 1. The
stability (and convergence) of the method is discussed. Due to the nonlocal property of the fractional
operators, the numerical method generates dense coefficient matrices with complex structures. In
order to increase the effectiveness of the method, we use Toeplitz-like structures in the full coefficient
matrix in a sparse form to reduce the costs of computation, and we also apply a fast evaluation
method for the time—fractional derivative. Therefore, an efficient solver is constructed. Numerical
experiments are provided for the utility of the method.
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1. Introduction
It has been shown that fractional partial differential equations (FPDEs) [1,2] provide
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a powerful way through which to simulate challenging phenomena—including long-
range spatial interactions [3-7] and anomalously diffusive transport [6-11] and memory
effects [12]—and they have attracted extensive research [13-18]. The majority of the works
in the literature have focused on FPDEs that model anomalously diffusive transport,
including both subdiffusive transport and superdiffusive transport, or a combination of
both [19-23]. Here, we discuss space—time fractional advection equations (stFAEs) in two
space dimensions:

%u + vy [KxaEX"u +(1- ;cx)aﬁx’+u] + vy [Kyafy"u +(1- Ky)a?*@
=f, in Qx(0,T],

u(x,y,0) = uo(x,y), (xy) €Q,
u(x,y,t) =0, (x,y,t) € 02 x [0, T1.

Here, vy and v, are the components of the velocity field along the coordinate di-
rections, which are assumed to be non-negative constants for simplicity of exposition.
0 < xy,ky < 1represent the relative weights of the forward versus backward probabilities
of the underlying particle jumps along coordinate directions, respectively. The rectangular

domain Q) := (x4, xy) X (y4,yu), and fractional derivatives 97%u of order 0 < v < 1 are
defined by [2]

1)
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o {xdli”axu, 7€(0,1),
oyl vy=1,
N {—xliﬂaxu, 7€ (0,1),
0y u = (2)
—0ylU vy=1,
X

1 8(2) N S L {C)
W g(x) = T(’y)/a (x7z)1_7dz, xlgg(x) = F(’Y)/x (Zix)l_vdz.

If « = 1, then Equation (1) reduces to a space—fractional advection equation (sFAE)

At + vx [1:0 1+ (1 — xx)0E™ ] + vy ["yf)sy'i” +(1- Ky)aﬁyl+“}
=f in Qx(0,T],

u(x,y,0) = uo(x,y), (x,y) €,

u(x,y,t) =0, (x,y,t) €0 x(0,T].

To understand the properties of the governing equations, we begin with the problem (3)
in one-dimension and drop the subscript x as follows:

oiu + v[Kaf’fu +(1- K)af’+u} = f(x,t), (xt) € (x4,x4) % (0,T],
u(x,0) =ug(x), x € [xg,xy], u(xgt)=u(xyt)=0, te]|0,T].

(4)

We consider the problem (4) with (x4,x,) = (0,1),v =1, « = 1 and f being constant.
3 u= oL Pou=Ff xe(01). (5)

We utilized the semigroup property of 015 [2] and the formula

IF(p+1)

I xh =
T T T+ u+ 1)

X7, 0<y <1, u>—1 (6)

to obtain a closed-form expression of the solution u as

faF
re=p)

To uniquely determine a solution u to problem (5), one has to enforce a boundary
condition u#(0) for Problem (5). In particular, u(x) = u(0) for f = 0 shows the advective
nature of the problem.

We can similarly find a closed-form expression for the one-sided fractional diffusion
equation of an order 1 < y < 2

u(x) —u(0) = oLdxtt = oILo Ly Payu = oIff = (7)

OV u =g "u=1 x€(0,1) 8)

as follows:
x7

=536

To uniquely determine a solution for Problem (8), one has to enforce the boundary
condition for u(0) and u(1).

This partially explains why an implicit finite-difference approximation to Problem (8)
is obtained by directly truncating the fractional derivative, which is unstable, as proved
in [24]. The reason for this that the numerical approximation is uniquely determined by
only the left-sided boundary condition, while the solution to the continuous Problem (9)

+Cix+GCy, x€(0,1). )
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can only be uniquely determined with the boundary condition at both of the endpoints of
the interval.

We observed from (7) that the solution to the left-sided FAE (5) can be uniquely deter-
mined by the boundary condition at x = x,;. Via symmetry, we anticipated that the solution
to the right-sided analog of Problem (5) can be uniquely determined by the right-end
boundary condition. Consequently, the two-sided Problem (4) needed to be closed by
boundary conditions at both the endpoints of the interval (x,, x, ). Unlike fractional diffu-
sion problems, the two boundary conditions in the two-sided FAE Problem (4) work against
each other in the sense that the two fronts generated by the two boundary conditions move
toward each other as in the turning point problems in integer-order, advection—diffusion
equations (which always produce numerical approximations with spurious oscillations,
under and over shoot, as well as produce other numerical difficulties [25]).

Inspired by these considerations, we followed the ideas from [26-30] to develop
a bound-preserving numerical method for fractional advection Equations (1) and (3),
so that the resulting numerical approximations could remove the spurious numerical
oscillations, as well as the under and over shoot. As we shall see, Problems (1) and
(3) exhibited a combination of an advective and diffusive nature. This required further
numerical and mathematical analysis. For instance, diffusion-dominated problems typically
prefer an implicit temporal discretization, while advection-dominated problems prefer an
explicit temporal discretization. We intended to develop an explicit numerical scheme for
these problems.

Numerical discretizations of fractional differential operators involve dense matrices
for their nonlocal nature, even if an explicit numerical discretization is used [31,32]. Further,
the numerical discretizations of time-fractional differential operators contain numerical
solutions at each time step. Their numerical solutions have a computational complexity of
O(MN? + M?2N), as well as an O(MN?) memory requirement, where N is the number of
spatial unknowns and M is the number of time steps. To improve the method, we followed
the ideas from [33-35] to develop fast numerical methods for Problems (1) and (3).

The rest of the paper is organized as follows. An explicit finite difference method
(EFDM) for the sFDE (3) is provided in Section 2, where we prove its boundary-preserving
principle and error estimate. A fast implementation is also derived. In Section 3, we present
an EFDM for stFDE (1). In a similar way, we prove its boundary-preserving principle and
error estimate, as well as the fast implementation. In Section 4, we conduct numerical
experiments to confirm the theoretical analysis, as well as study the performance of its
fast implementation.

2. Derivation of Explicit Numerical Schemes

We derive numerical schemes for stFAEs (1) and sFAE (3) in this section. Let M, Ny and
N, be positive integers. We defined a space-time partition on Q) x [0, T] by the following:
tm = mt form =0,1,..., Mwith T := T/M x; := x4 + ihy, as well as Yi == Yq + jhy
fori =0,1,...,Nyand j = 0,1,..., Ny with hy := (x;, — x4) /Ny and hy := (v, —ya4)/Ny,
respectively.

2.1. An Explicit Numerical Scheme for sFAE (3)
Let 6,¢(x) := (g(x +h) — g(x))/h and 5:g(t) := (g(t +7) — g(t)/T. We used an
explicit Euler function to discretize d;u(x;, ), as well as used the L-1 discretization to

discretize 30 (xj, ty) and af*'+u(xi, tm) (where we have dropped the dummy variable
y; for conciseness), as follows:
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Oru(xj, ty) = Oxu(xj, ty) — Rf,m

R u(x, t)

_ 1 i=1 /xk+1 O (X, t) + (0x1(2, ) — O (X, tr) ) i
I(1—=Bx) =/ (x; — z)Px
1 i1 B _
= (X1, bm) — u(xg, b))t 5, + RYY,
F(Z—ﬁx)hgxlg( o )it Ko
= O ulai, t) + R, 10
agx,+u(xl/ tm)
o1 Nt /Xk+1 S (X, tn) + (0xu(2, tm) — O (X, tm)) 0
F(1—-px) = Jx (z — x;)Px
1N B Bt
" u(Xpr1, tm) — u (X b)) )i 5 + RO
I’(Z—ﬁx)hf" kZ:z ( +1,5m m ) k—i+1 im
where wf =k=P - (k—1)1"Fand
1 tm+1
R, =2 [ G, ) (b — £)dt = O(2),
m 71
Be— . ! l /Xk+1 my (K41 + Xk — 29) 2
R 1= ——— d ) ———————=ds + O(h°),
R (P Y A R an
Rﬁxr+ - 1 NZ—:l /xk+1 ) M(S tm) (xk+1 + X — Zs)ds + O(l/lz)
im T 1-.(1 — 'B) =y, xx ’ —(S — xl-)ﬁ .

It was proved in [36] that |Ri§ vl < O(h?~F). In fact, for the first term in the RHS of

Ao
Rf . given above, we have

1 Nzl e -2
_ PP Nf(zk+ D[k —i+1)P = (k—i)'7F
CT2-B) &=

2)2—B N1

= —i =B _ k(=P
T(Z—ﬁ)g[(k+l)(k +1) k(k—1i) =P

I N 1)h (e i

Traop Lk DT k=i
I IN — 1) (N — i)1F — 2(11-F 4 01-F 4 31
o BN TN EDTEE2 RS

2-8 2-p

HN =i =1 P)] = NN = )1+ e (NP
_ n2-F N—)1F _o(1l-F Lol-B L 31-p
Treop AT TR s
+(Nfi71)1’ﬁ)+2%(N*i)27ﬁ]

—h2-F .
,ms(Nfz).

It was shown in [36] that S(N — i) < C; thus, we obtained |Rf$;1+| < O(h*F).
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We discretized aﬁy “u by symmetry and reformulate sFAE (3) as the following refer-
ence equation:

Scu(xi, Vi, tm) + Ox [Kxéf)fﬁ +(1— Kx)§5:’+]u(xi,yj, tm)

(12)
— ~+
oy [Ky(sfyy +(1- Ky)éf; Ju(xiryj tm) = £ (%, Yjrtm) + Rijms
where R; ; , is given by
Ri,j,m = _Rf,j,m — Oy [Kfo]x’;; + (1 - Kx)Rf;;,:] (13)

o [ RO+ (1= RG] = O(c+ 2P by ™).

ijm ijm

Let u;-"]- be the numerical approximation to u(xl-,yj, ty) and l-”]f = f(xi,y]-, tm). We
replaced u(x;, y;, tm) by u;"] in (13), and we dropped the local truncation error term to arrive

at the following numerical scheme:
Seu™ 4+ vy [k P 41—« )5ﬁx’+]u’.".
Thi x [KxOp x)O, ij
By, — By + (14)
+vy [Kyéhyy' +(1— Ky)éhyy’ Juis = f.

2.2. An Explicit Numerical Scheme for stFAE (1)

To derive a numerical scheme for stFAE (1), we simply need to discretize dfu at time
step t;; by an L discretization as follows:

afu(x,»,yj, tm)

= dt

1 m—1 /tk+1 atu(xi'yj’t)
I(1—a) =k (b = 1)

1 =l rhen Soulxg, g, ty) ;
== — 2t + RV
[(1-a) k=0 /tk (tm —t)% * Rl (15)
1 m—1 »
“ oo kZ (i, Y tesn) — w(xi, Y b)) iy + RES,
=0

=: 07 (X, Yj tm) + R4

ijm’

where the local truncation error Rf';‘m can be expressed as

dt

Re — L\ /tk+1 Ocu(Xi, yj, ) — Ot (i, yjo )
L T(1—a) =0 It (t —t)"

16
1 m=1 ot 4 1 b1 s ( )
TT(l-a)t kg /tk [((ENG /tk /t dggu(x;, yj, 0)dbdsdt.
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_ﬂx _
ot o= [l — T - o],
I'(2—Bx) Y= ’ ’
—Bx Ny—i—1
ﬁ}» + — h /SX i ﬁx ﬁx ,Bx
5hx ?; T r(zx_ Bx) {wl ulr'?]' o 1; (wk - Cl)k+1) itkj — WN,— zuNx ]]
_ L (17)
55% - hy & By m I3 By By um By m
u,] = 24 [wl Ui — k;1<wk —wk+1) bk~ W ”zo}
5ﬁyr+ mo._ hy_ﬁy f[wﬁ/um _Nyiziil( By wﬁy Yul —wﬁy u ]
Lj r(z _ ,By) 1 7ij = Wi k+1/%i,j+k Ny—i"i,Ny |

Here, w,’f :=k'"F — (k—1)17F, with 0 < B < 1 having the following properties:

Wl >0,k=12,---,N,

_ B B BB
1—w1>w2>~~~>wk,wk—>0ask—>oo, (18)

= B
Z “’k+1 +wl =1

From the above discretization, we can obtain the following EFDM for sFDE (3), which
satisfies the bound-preserving principle as follows:

-1
u?’] = (1—-Ay— )\y)ul'-”f1 + )\xKx[ Z wk - wk+1 it wﬁ‘ugﬂ

FA (1 —xy) [ Z wk _wk+1) fik,ﬂr“’ﬁwi—i“%x/f}
N BB p "
+/\y’<y[ ) (W' —wiy)u %*kjijyu%}

k=1
Ny—i—1

B B B
a1 =w)[ X (@f = ot N, |+
k=1

where \y =v,—*——and A\, = v, ———.
X x F(Z*ﬁx)hfx y yF(Z—ﬁy)hSy

2.3. Stability and Error Analysis of the EFDM for sSEDE

Now, we are in the position to analyze the bound-preserving principle and the error
estimate of the EFDM for sFDE (3). We begin with the bound-preserving principle, i.e., if
] is in the range [I, L], then v’} € [L, L].
Theorem 1. If all the values ofu are in the range [1, L], then u" i € [, L] for any i, j, m under the
Courant—Friedrichs—Lewy (CFL) condztlon is0<Ay+Ay <L
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Proof. The theorem is proved by a mathematical induction. Firstly, when m = 1, according
to the explicit scheme (19), we have

1
uip= (1—=Ay = Ay)uy +7\xKx[Z wk —wk+1 —l—wﬁ"ug]]
Ny—i—1 a
+)\x(1_KX)|: Z (wfx_wfil) 1+k]+ng—1u(1)\&]:|
k=1
]'_
+AyKy { Z(wfy — wfil) Tk +w’3yu?0] (20)
k=1
A T By o
+Ay<1—;<y)[ Tl el el lNy]
—1
NY Nj
= ZZWU”,]
i=0j=0

We can conclude that all coefficients 77; ; > 0 are such using the properties of coefficients
wf in (18) and the CFL condition [37] 0 < Ay + A, < 1. Then, we have

N, Ny i—1 P P
22171-,]- = (1—Ay —)\y) +Ax;<x{2(w x wkj‘rl) + w; ]
i=0j=0 k=1
S N B
FAx (1 —xy) [ Z (wp™ — wkh) + wN);—i:|
k=1
=1 (21)
| Lo - wfm o]
k=1
=y B
+Ay (1 —xy) [ Z wk —wkH)—l—wNyy]

We combined (21) into (20) to bound u}, j as follows:

Ny Ny

0
m}nu i<ui= ZOZUZJ l]<me]1xu,]
=vj

As ug]- € [I,L] for all i, j, then we have for all i, j,
Lel, L.

Secondly, suppose that all the values of u;"]fl are in the range [I, L], then according to
the explicit scheme (19), we have

Ni Ny

EZ’M 1]

i=0j=0

The above equation has the same coefficients 7; ; with Equation (20). Hence, we can
conclude that u7; € [I, L] under the CFL conditionis 0 < Ay + A, <1. O

An error estimate of the explicit finite difference scheme (19) is proved as follows. Let

e;’fj = ulm] —u(xy,Yj, tm), (x,y) €Q, 0<m< M. (22)
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Theorem 2. Assume u(x,y,t) € L®(0, T; H3), then there is a constant C that is positive and
independent of the mesh parameters hy, hy and T, such that

sup |ef’| <C(T+h2 ﬁ"+h2 ﬁy)
L]

under the CFL condition 0 < Ay + Ay < 1.

Proof. From the truncation errors of the discretization in Equation (16) and the explicit
scheme, we determined that the errors ¢j’; satisfy the following formulation:

i—1
m m—1 Bx m—1 Bx Bx m—1 Bx m—1
ef — el + AyKy {wl e Z(wk —wk_H)e —w; e

1,] i i—k,j
J = /]
Ny—i—1
Bx m—1 _ Bx Bx -1 Bx m—1
+Ax(1 - Kx) [wl ez] kE (wk B C‘Jk+1)e i+k,j — WN,— 1€Nx]
=1
B =B 5 23)
vy ,m—1 y y m—1 y m—1
+)‘y’<y[ € P (W —wily)eix —w;'efy }
=1

Py ,m—1 By B -1 B -1

—O(x2 + (W2 P+ ) P,

and all ). = ij =0
When the CFL condition is 0 < Ay + Ay < 1, according to Theorem 1, we have

i—1

el < (1= Ae = ANl A Y (wf — wf) e+ Awreof et
k=1
Ny—i—1 8
A1 =10) Y (@ = @iyl + A1 = )l el
k=1

1
+Ayky Z(“’lljy - “’1/511” el + A Kywﬁ”e

k=1
W s g B
Ay (1=ry) 3 (@ —wy)leliil + Ay (1 =)y lefy,
k=1
+O( + (2 P s Py
< sup e+ O+ Ty P 4y )
ij
ie.,
_ 2By | 42—
sup lefj| < sgp|e?3 Y4 0o(e? 4 t(hy P + hy ’Sy)). (24)
i,j i,j
By induction,
2 2—
supleijl < suplel +m- O + 700 Pty ). (25)

L]

Form < M, T = Mt, we can easily obtain mt < T.

Therefore, sup |e | < C(t+ h2 P h;fﬁ ¥) and C is a constant independent of /1, 1,

ij
andt. O
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2.4. A Fast Implementation

We provide a demonstration of the complexity of computation of the fast finite differ-
ence method for sFDE (3) in this subsection.
We set

= [uym ... y" mooooymo oMyt T
= [y U U P ULN, ’uNx,Ny] ’

£ = [, O f iy ,flr\]nery]T.

From the explicit finite difference scheme of sFDE (3), we can get obtain linear alge-
braic system

um

u" =u" A L (26)

Here, the stiffness of Matrix A is expressed by

AO A1 v ANny ANy,1
A, Ay Aq o A2
A= : - . - S 27)
AN, - A A Aq
Al,Ny Az_Ny . A_4 Ap
where
ap a1 cee AN—2 AN,—1
a_q ao a1 aN,—2
A= P
2N, a_q ag a
a1—-N, @2—-N, ce a_q ap
AS(Zr]) - bSE/

As(i,j) =b_sE, s=1,2,---,Ny—1.

with E being the Ny-by-N, dimensional unit matrix and

ap = —/\x — )\y,

Bx

S+1)’ S:LZ/"'/Nx_l

a_g = /\xxx(wf" —w

as = /\x(l—Kx)(w?X —wfil), s=1,2,--- ,Ny—1

By P

bs = Ayiy(ws oi1)s s=12,---,Ny,—1

bs = Ay(1— Ky)(wfy —wﬁl), s=12,---,Ny,— 1

Through studying the structure of the stiffness Matrix A, we found that the stiffness
Matrix A had a block-Toeplitz-Toeplitz-block structure [38,39]. It was proved in [33,34]
that, for any vector u € RN, the computational cost of the matrix—vector multiplication
Au has O(Nlog N) operations, with N = NyN, being the spatial points number, which
is obtained by embedding A into a 2N,-by-2N; block—circulant Matrix C and using a fast
Fourier transform (FFT). Combining the linear algebraic system, we can easily obtain the
following theorem.

Theorem 3. The fast EFDM can be carried out in O(MN log N) operations and has an O(MN)
requirement by the fast Fourier transform.
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3. A Finite Difference Approximation for stFDE (1)

We constructed an explicit monotone numerical scheme to solve stFDE (1), which
satisfied the bound-preserving principle. And the error estimate of the EFDM for the stFDE
was analyzed in the maximum-norm form. We also showed that a fast EFDM(FFDM)
with the stiffness matrix of the EFDM has a Toeplitz-like structure, and the matrix—vector
computation can be carried out by the FFT.

Combining the discretizations (17) with (15), a bound-principle-satisfying EFDM for
the stFDE (1) can be given as
(1 — A3 — )L4 — (Ul

ull +Zw1 w”‘ms+wmlu

+/\3Kx[2(w£x1 ]}?x) i— k]+w;BX1”0/ :|

i

k=1
Ml g B, B 1
+25(1 —Kx)[ Y, (W —wMu z+k]+wafz 1”%,(]} (28)
k=1
j-1
+/\4Ky[ Z(wfyl - ‘Ufr) —k +“’ﬁj1 :no l}
k=1
M g p p
+/\4(1_Ky){ (wkzl wky) 1]+k+w1\77] 1uzNy:| +f1]’
k=1
Here A3 = 0y, L2=T_ and A, = v, L2=9T_
T(2— B )hP* WY r(2—B, )b

3.1. Error Analysis and Stability of the EFDM for stFDE

We analyze the bound-preserving principle and the error estimate of the explicit
finite difference scheme for stFDE (1) in this subsection. We begin with the bound-
preserving principle.

Theorem 4. If the initial values u) ' are in the range [1, L], then u; € [1, L] for any i, j, m under
the CFL condition is 0 < A3 + A4 <1 — w5.

Proof. The theorem is proved by mathematical induction. Firstly, the EFDM (28) of stFDE
(1) can be formulated as

1
”zl,j: (1= A3 —Ag)ul +/\3KX[Z wk _“’k+1 —I—wﬁxug]]
Ny—i—1 -
+)\3(1_Kx)[ Y (fo_wlljiﬂ 1+k]+wléix—z“(l)\lx]}
k=

SR : )
+A4Ky[2(wky_wki1) Ui+ W; y”?o}

k=1

W b B B 0
+A4(1—Ky>[ Y (o o+ ZNJ

This formulation is similar with (20) in Theorem 1, where A, and A, are replaced by
Az and Ay, respectively. According to Theorem 1, we can obtain all of the u} j € [1, L] if all

0

the initial values u; ; are in the range of [I, L].

Now, if we suppose that umfl € [, L] and all the values at each time steps are in the

range [I, L], then we need prove u}; € [I, L] for Scheme (28).
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m—1
m __ o m—1 o o m—s a0
ui,j — (1 - CUZ - /\3 - /\4)111/] + Z ((Us - ws+1)ui,]' + wmul‘,]'
5=2
+A3Kx(wf" - ng)u?i_l}j +--+ Agxxw?"ugfj_l

+)\3(1 — Kx)(a)f" _ wzﬁx)u:.'j__l,lj + .4 A3(1 _ Kx)w]l‘i]z_i”%;jl

) (30)
+A4Ky(wfy — wgy)uff‘jjll +4 4 A4Kyw]l.3~/u%_l

By By - B —
+A4(1 —xy) (w0} — wzf)ul’-f}ﬁl + o+ A (1 - Ky)wNyy_iuTNyl.

Ny Ny

m—2
= Z Z Uk,nu]rg;l + Z C'slzl?,]-.
k=0n=0 s=0

p

According to the CFL condition and the properties of the coefficients w; , we can obtain
all the coefficients 7, ; > 0 and {5 > 0; as such, we can only analyze the coefficients. From
Equation (18), we have

Ny Ny i1 P p
Z Z Mk = (1 _wg — A3 _/\4) +)‘3Kx|:2(wkx _wki1)+wix1]
k=0n=0 k=0
N B Py d b
+A3(1 — xy) { Yo (Wt — W) + wN'ii}
k=0
i1
| 'E (off - of) 4 oft
s B p
Y
+A4(1 —xy) [ kg;) (w '] —w.”)+ wNj]}
= (1—60%—/\3—/\4)—|—A3Kx+/\3(1—Kx)+/\4Ky+)\4(1—1€y)
= 1—wy,
m=2 m—1
Z s= ¥ (w?—w§+1)+w§'ﬁz=w§‘~
5=0 §=2
Ny Ny m—2
Hence, Z Z Nkl + Z ¢s = 1is a convex combination and has
k=01=0 §=0

Ny Ny , m=2
P< ) Y moupyt+ ) Gouij < L.
k=01=0 s=0
Thus, the u}; € (I, L] under the CFL conditionis 0 < A3+ Ay <1 —w§. [

Next, we analyzed the error estimate of the EFDM for stFDE (2). The error elmj was
defined in the same way as in Section 2.

Theorem 5. If we assume u(x,y,t) € L*(0,T; Hz), then there is a positive constant C, which is
independent of the mesh parameters hy, hy and T, such that

sup |ef| < C(T> % + 1y P 41y ™)
ij

under the CFL condition is 0 < A3 + A4 <1 — w5.
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Proof. The error eTj satisfies the following error equation:

m—1
e =(1—Az3—Ay— wg)e;,nj_l + ) (wf —wiyy)eli ™ + W 1€
5=2

i—1 8 Be 1 B 1
+AsKy [ Y (w = Wik ek T wi e ]
k=1

Nye—i
x x -1 x -1
+A3(1 — xy) Z (w,ﬁ3 — wfﬂ)eﬁk,j + wﬁ,x_ie%x,j ] ,

- = (31)
+Asky { Z(wfy _ wfj_l)eg;-:}( + w],ﬁye%l]

k=1 Ny
—A4(1—xy) { kzl (wp’ - “’511)6?,1]‘3 + w%‘fe?@l} '

+T(2 — ) AO(AR + At(HE P 1y Py,

where all e? i= 0.
Firstly, when m = 1, the above error equation can be formulated as follows:

i—1
eli= (1= A3 — Ay — wh)ef; + Asks { Yo (wf — wfr)ed s+ wf"eg,j}
k=1

Ny—i—1
FAs(1—r) | Y (@ —wfr el + “’f%;—fe?“'f]’

k=1

j—1
B By B
+)\4Ky |: 2 (a)ky _ wk—js-l)egj*k + a)], ye?,O:|

k=1
M s g B
0 0
A - xy) [ Tl el _].ei,Ny}

HT(2 — ) A O(AP 4 1P 1 Py,

The above formulation is similar to (20) in Theorem 1, with A, and A, being replaced
by A3 and A4, respectively. According to (18), all of the coefficients of errors are positive
and the sum of all the coefficients is 1; thus, we can obtain

SQP‘EM < sgp|egj|+F(2—o¢)At”‘O(At27“+h§7’5"+h§_ﬁy)
l,] l,]
_ 2-By | L2
< sup |ed;| + T(1— ) §O(AP + iy Pr 41y,
l,]

(32)

Secondly, suppose that, for all s < m — 1, the error ¢; satisfies the following formulation:

suplej;| < sup |egj| +T(1—a)tfO(AP ™ + W P4 h;fﬁy). (33)
ij ij

Next, we proved that the error estimate holds when s = m. Furthermore, if we note that

k+1
the coefficients wy_ ; = (1 —«) / x~*“dx and x~* monotonically decrease for x > 0, then
k

(1—a)(k+1) <l < (1—a)k™ (34)
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We can observe that the coefficients of errors are positive and the sum of all the
coefficients is 1 from (18) and

lefil < (1—wi)suplef; HZ wgyy) sup lef| + wyy g sup )|
L] L ij

HT(2 — ) ARO(AP ™ 12 P 1 Py,

With the supposed Equation (33) and Equation (18), we can obtain

suplefi| < sup\e |+ T2 —a)MOAE ™ + W2 P41y P)
L] L]
m—1 5 2-p 2-8 (35)
+Z;(w‘s"—w‘s"ﬂ)l“(l—a)t‘;‘n,sO(At R R v
s=

For the coefficients w,_; that satisfy (1 —a)m™* < w4 _, and the time nodes t}, <
th,,n < m, we obtain the result

suplefi| < sup el +wh T(1—a)50(AR 1y P 4y )
ij ij

+ Y (@ =T — )t O(AP 1P hy )

IA

sup [ef;| + T(1 - a)t50(A~% + iy P 1y P).
ij

That is o
sup [eft] < C(AP™ + 1y P 41y ™)
ij

and C are constant independent of iy, hy and 7. []

3.2. A Fast-Evaluation-in-Time Implementation

Analogous to Section 2.4 and the EFDM for stFDE (1), we can rewrite the EFDM for
stFDE into the matrix from the following:

u” = (1_ a u” 1+ 2 gc+1 ’"*S—i-wﬁ‘nuo—kAum*l (36)

+TT (2 — )" 1

The stiffness Matrix A is identified with A in Section 2.4—where A, and A, are replaced
by A3 and Ay, respectively—such that the matrix-vector multiplication can be carried out in
O(Nlog N) computation by FFT. Furthermore, we used the fast method in time developed
in [40] to approximate the RHS of (36).

To obtain the definition of the time fractional derivative d{u(x, y, t,;) at time step t,,
we decomposed the integrating range (0, t,,) into the two integrating ranges of (t,,_1, i)
and (0, t,,_1). We evaluated the integral on the first range by the standard L! approximation
and approximated the second term via integration by parts as follows:

/tmq ou(x,vy,s) (b — 5)~%ds = u(x,y, ty—1) U _“/tmfl u(x,y,s) s,
0 0 (t

0s ™ £ m—s)%tl



Fractal Fract. 2024, 8, 89

14 of 20

We can find that the integral on the RHS can be approximated by the following
recursive relation:

M[’Xp
Y willpist i (Xi, Yjs tm)
k=1
Mexp ST
_ e’k _
~ Z wk{e skTuhist,k(xi/]/jf tm—l) + —SZT [(e KT 1+ skT)u(xi,]/]‘, tm—l)
k=1 k

+(1 = e (1 +5¢7) ) u(xi, Yjs tm—2) ] }

Here, {sk}]ivfip and {wk}kM:i‘p are positive.

A fast-evaluation-in-time EFDM(TFFDM) is formulated as follows:

u" =AU T2 — )T 4 au™ ! + (1 - a) T
Mexp (37)
+a(l—a)t® ¥ (aUp L + bru™ L + cou2),
k=1 ’
with
ay = wre kT,

by := wy feTs2T(e7 KT — 1+ 5,7),

e (38)
Ck = wkesi—T(l — e KT (1 +5;7)),

UITi;t,lk = Upist (s tm—1)-

Theorem 6. The TFFDM requires a memory of O(N log M) and costs a complexity of computation
O(MNlog(MN)).

The detail proof can be find in [40], so we will not reiterate it here.

4. Numerical Experiments

We provide some numerical examples to illustrate the performance of the finite differ-
ence method in this section. We will also investigate the fast algorithm, which significantly
reduces the computational complexity of the numerical method from O(MN? + M?N) to
O(MN log(MN)) when compared with the traditional algorithm for the finite difference
method. Furthermore, the TFFDM was found to reduce the memory requirement from
O(MN?) to O(N log M).

4.1. The Convergence and Performance of Both Methods

We considered the problems in Equations (3) and (1) with the spacial fractional order
Bx = By = p and x = 0.5, as well as the diffusion coefficient vy = v, = 0.5. The spatial
domain was Q) = (0,1) x (0,1) and the time interval was [0, T] = [0, 1]. The true solution
was chosen to be u(x,y,t) = 2x*(1 — x)?y?(1 — y)?. The source term f, the initial condition
ug and the boundary data could be computed accordingly. For convenience, we chose
Ny = Ny, such that h := hy = hy. The convergence rates r; and s were measured such that

[ = upl|Lo(0,1;L0()) < C(T" +H5).

We present the results of both the FDM and FFDM for the sFDE in Tables 1-3 and the
stFDE in Tables 4-6, respectively. The performance of the FDM and FFDM for each example
with « = 1, as well as « = 0.3,0.5 and 0.7 at fixed spatial meshes and the successively
refined time steps are in Table 2 and Table 5, respectively. We present the performance of
the FDM and FFDM for each an example with g = 0.3,0.5 and 0.7 at successively refined
meshes in space and time in Table 2 and Table 5, respectively. In Table 3 and in Table 6,
we respectively show the computational performance of both the methods with g = 0.5,
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as well as « = 0.5 and 0.7, at successively refined temporal meshes with fixed spatial grid
points. And the results confirmed the theory analyzed in the Sections 2 and 3.

Table 1. Results and convergence rates of r¢ for (3), with fy = B, = 0.5and Ny = N, = 28,

o FDM FFDM
L2 Error Tt CPU Time L2 Error Tt CPU Time
24 0.0021 - 14.25s 0.0021 - 8.78 s
25 0.0010 1.0704 3min52s 0.0010 1.0704 17.05 s
26 52135 x 10~%*  0.9397 10 min 27 s 52135 x 10~%*  0.9397 33.63s
27 - - Out of memory ~ 2.6067 x 10~*  1.0000 66.67 s
28 - - Out of memory ~ 1.3033 x 107* ~ 1.0001  2min14s
Table 2. Results and convergence rates r; for (3) with M = 212,
b= NN FDM FFDM
* y * Y L2-Error s L2-Error s
23 2.3313 x 104 - 2.3313 x 104 -
03 24 7.9127 x 107° 1.5589 7.9127 x 107° 1.5589
: 25 2.0332 x 107> 1.9604 2.0332 x 107> 1.9604
26 3.1985 x 10~° 2.6683 3.1985 x 10~° 2.6683
23 6.6565 x 104 - 6.6565 x 104 -
24 2.6633 x 10~* 1.3215 2.6633 x 10~* 1.3215
0.5 25 9.5791 x 107> 1.4753 9.5791 x 107> 1.4753
26 2.8968 x 10~° 1.7254 2.8968 x 10~° 1.7254
27 4.9270 x 10~° 2.5557 4.9270 x 10~° 2.5557
23 0.0016 - 0.0016 -
24 7.3537 x 10~% 1.1215 7.3537 x 10~% 1.1215
0.7 25 3.1433 x 1074 1.2262 3.1433 x 1074 1.2262
26 1.2657 x 10~* 1.3123 1.2657 x 10~* 1.3123
27 4.6550 x 107> 1.4431 4.6550 x 107> 1.4431
Table 3. Results and CPU times for (3) with By = B, = 0.5.(M = Ny = Ny).
FDM FFDM
M
L? Error Rate CPU Time L2 Error Rate CPU Time
25 0.0013 - 143s 0.0013 - 1.35s
200 67777 x 107 0.9392 15.0's 6.7777 x 107%*  0.9392 10.6 s
27 34326 x 107%  0.9820 4 min 38 s 3.4326 x 10~*  0.9820 1min53s
28 - - Out of memory 1.7335 x 104 0.9856 10 min 56 s
29 - - Out of memory 87323 x 107>  0.9893 1h33min49s
210 - - Out of memory ~ 4.3901 x 107 09921 12h51min6s
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Table 4. Results and convergence rates r; for (1) with By = B, = 0.5and Ny = N,, = 28,
FDM FFDM
« M
L? Error ¢ L? Error ¢
23 2.7251 x 104 - 2.7251 x 104 -
24 9.1584 x 107> 1.5669 9.1584 x 107> 1.5669
0.3 25 3.0983 x 107> 1.5699 3.0983 x 107> 1.5699
26 1.0531 x 10~° 1.5568 1.0531 x 10~° 1.5568
27 3.6480 x 10~° 1.5295 3.6480 x 10~° 1.5295
23 6.9408 x 10~4 - 6.9408 x 10~4 -
24 25789 x 10~* 1.4283 25789 x 10~* 1.4283
0.5 25 9.4645 x 1075 1.4462 9.4645 x 107> 1.4462
26 3.4528 x 107> 1.4548 3.4528 x 107> 1.4548
27 1.2575 x 10~° 1.4572 1.2575 x 10~° 1.4572
23 0.0015 - 0.00154 -
24 6.3110 x 10~* 1.2490 6.3110 x 104 1.2490
0.7 25 26111 x 104 1.2732 26111 x 104 1.2732
26 1.0735 x 104 1.2823 1.0735 x 104 1.2823
27 43973 x 107> 1.2876 43973 x 107> 1.2876
Table 5. Results and convergence rates 7 for (1) with &« = 0.5 and M = 212.
b= N N FDM FFDM
* Y Y L2-Error s L2-Error s
23 3.4169 x 1074 - 3.4169 x 1074 -
03 24 1.2196 x 104 1.4863 1.2196 x 10~4 1.4863
‘ 25 3.7410 x 107> 1.7049 3.7410 x 107> 1.7049
26 7.9030 x 10~° 2.2430 7.9030 x 10~° 2.2430
23 9.6137 x 10~* - 9.6137 x 1074 -
0.5 24 3.9324 x 1074 1.2897 3.9324 x 1074 1.2897
' 25 1.4755 x 10~% 1.4142 1.4755 x 10~% 1.4142
26 5.0551 x 107> 1.5454 5.0551 x 107° 1.5454
23 0.0023 - 0.0023 -
0.7 24 0.0011 1.0641 0.0011 1.0641
' 25 47942 x 104 1.1981 47942 x 104 1.1981
26 1.9961 x 10~* 1.2641 1.9961 x 10~* 1.2641
Table 6. Results and CPU times for (1) with By = By = 0.5 (M = Ny = Ny).
FDM FFDM
[14
L2 Error Rate CPU Time L? Error Rate CPU Time
2> 82859 x107% - 1.80s 82859 x 107% - 1.88s
26 42568 x 10~*  0.9598 15.3s 42568 x 10~*  0.9598 12.3s
05 27 21763 x 107%  0.9690 3min 59 s 2.1763 x 107*  0.9690 1min 39 s
28 11066 x 107% 09757 6h37min7s  1.1066 x 107*  0.9757 12 min 43 s
20 - - Out of memory  5.6020 x 10> 09821 1h42min2s
210 - - Out of memory 2.8261 x 107> 0.9871 14h45min9s
2° 88750 x 107% - 1.56's 8.8750 x 107% - 147 s
26 44614 x 107%  0.9923 159 44614 x 107* 09923 12.3s
07 27 22392 x 107*  0.9945 3min 59 s 22392 x 107*  0.9945 1m39s
28 11212 x 107 09979 6h34min35s 11212 x 107%  0.9979 12 min 39 s
20 - - Out of memory  5.6031 x 10> 1.0007 1h45min6s
210 - - Out of memory 2.7954 x 107> 1.0032 15h 38 min 33 s
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By comparing the results that are shown in the tables, we obtained the following
observations:

(i) FFDM can effectively reduce the costs of computation and memory requirement,
which is to say that FFDM has a much better efficiency than FDM.

(i) Both methods have the same accuracy and the convergence results that verify the
theory analyzed in Sections 2 and 3.

(iii) In Table 4, one can see that we only show the two cases where &« = 0.5and « = 0.7
because the result is unsteady when a = 0.3 is for A > 1 as they did not satisfy the
CFL condition, which strongly confirm the theories.

4.2. Anomalous Diffusive Transport

We simulated the anomalous diffusive transport described by a one-dimensional
analog of Problems (1) and (3) with the homogeneous Dirichlet boundary condition, as
well as with QO = (0,1), [0, T] = [0,1],h = 1/256, and T = 1/250.

Example 1. In order to figure out the connections and differences between the integer equation
diu + Koyu = 0 and the fractional-order differential equation dyu + Eﬁu =0,Kcanbelor -1
and LZE can be the left—sided fractional operator 85’_ or the right—sided fractional operator aﬁ'i

as defined in (2). We set the same function ug = exp(—x?) as our initial condition. We used the
Euler scheme to respectively obtain the numerical solutions.

In Figures 1 and 2, we display the numerical solutions of the different models evaluated
att =0, 0.3, 0.6 and 0.9. We can see that the moving direction is toward the coordinate
directions in both figures. The difference is that the integer model moves in parallel, while
the fractional model moves in a downward trend.

Figure 2. The o;u + 85’+u = 0 expression is on the (left) and d;u + 85’3{ = 0 is on the (right) with
B=09.

In Figure 3 , we display a plot of the exact solutions (g-), the FDM solutions (bd) and
the FFDM solutions (r*) in x and #(t = 1) with N = 2% and M = N to show the accuracy of
the method. We can see that the numerical solutions fit the exact solution accurately.
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Figure 3. The accuracy of both methods (sFAD on the (left) and tsFADE on the (right)).

5. Discussion and Conclusions

We developed and analyzed an EFDM that satisfied a bound-preserving principle
for space-time fractional advection equations with orders of 0 < « and < 1. Under the
CFL condition, the EFDM is bound-preserved and convergent. And the FFDM for stFAE
has the same accuracy with FDM. But, FFDM can reduce the costs of computation and
the requirements of memory effectively, which is to say that the FFDM has a much better
efficiency than FDM. However, both methods have a rate of time convergence of 1. To obtain
a higher accuracy in the numerical method, the discontinuous Galerkin method [41—43] can
be adopted for space and/or time derivatives, and this can lead to interesting outcomes. It
could be that a compact finite difference method [44,45] can be adopted for time derivatives
in our future work, which could thus lead to a better convergency.
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