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Abstract: In this paper, the discrete octonion linear canonical transform (DOCLCT) is defined.
According to the definition of the DOCLCT, some properties associated with the DOCLCT are
explored, such as linearity, scaling, boundedness, Plancherel theorem, inversion transform and shift
transform. Then, the relationship between the DOCLCT and the three-dimensional (3-D) discrete
linear canonical transform (DLCT) is obtained. Moreover, based on a new convolution operator, we
derive the convolution theorem of the DOCLCT. Finally, the correlation theorem of the DOCLCT
is established.
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1. Introduction

The linear canonical transform (LCT) [1-3] is a generalized form of the fractional
Fourier transform (FrFT). As a linear integral transform with three parameter class, the LCT
is more flexible than the FrFT and is a widely used analytical and processing tool in applied
mathematics and engineering [4-8]. For analyzing and processing the non-stationary
spectrum of finite-duration signals, Pei and Ding [9] proposed the discrete linear canonical
transform (DLCT). The DLCT is a very important tool for processing discrete data with
a digital camera. Wei et al. [10] studied image encryption using the the random discrete
linear canonical transform, which demonstrated that the proposed encryption method
is a security-enhanced image encryption scheme. Sun and Li [11] proposed the sliding
discrete linear canonical transform and obtained an adaptive method for the computation
of the DLCT. Zhang and Li [12] proposed and designed the definition of the DLCT in graph
settings. Based on different kinds of DLCTs, several scholars studied many properties and
applications [13-17].

Recently, hypercomplex algebras [18,19] are increasingly receiving research interest
from scholars. Quaternion algebras are hypercomplex algebras of order 4 and have been
widely applied in optical and signal processing [20-22]. Urynbassarova et al. [23] extended
the DLCT to the quaternion linear canonical transform domain, and proposed the discrete
quaternion linear canonical transform (DQLCT). Some properties of the two-dimensional
(2-D) DQLCT were derived, such as the shift, modulation, inversion formula and Plancherel
theorem. Moreover, they studied the convolution theorem and fast algorithm for the 2-D
DQLCT. Based on the 2-D DQLCT, some applications were illustrated by the simula-
tions. Srivastava et al. [24] presented the discrete quadratic-phase Fourier transform. The
convolution and correlation theorems for the discrete quadratic-phase Fourier transform
were studied.

Octonion algebras [25] are another hypercomplex algebra with order 8 which is the
generalized form of the quaternion algebra. Hahn and Snopek [26] proposed the octonion
Fourier transform (OFT) and studied the properties. Several applications of the OFT in
signal processing were studied in [27,28]. In order to analyze and process the octonion
spectrum of finite-duration signals, Btaszczyk [29] exploited the discrete form for the OFT
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and obtained the discrete octonion Fourier transform (DOFT). According to the DOFT, the
analysis of solutions for difference equations and 3-D discrete linear time invariant systems
were discussed. Researchers have considered that the linear canonical transform is a general
form of the Fourier transform and has good analytical and processing properties [30,31].
We [32] substituted the octonion Fourier kernel function with the octonion linear canonical
kernel function and obtained the octonion linear canonical transform (OCLCT). Next,
some papers [32,33] discussed many properties and uncertainty principles associated
with the OCLCT. Moreover, many scholars [34,35] proposed different transform forms of
the OCLCT.

So far, the OCLCT is mainly studied regarding the integral transform of non-stationary
continuous signals. As far as we know, the discrete form of the OCLCT has never been
published to date. In this paper, in order to study octonion finite-length signals, we propose
the discrete octonion linear canonical transform (DOCLCT). The DOCLCT is obtained by
replacing the Fourier transform kernel function with the linear canonical transform kernel
function based on the octonion algebra setting. Then, several important properties of the
DOCLCT are derived, such as linearity, scaling, boundedness, Plancherel theorem inversion
transform and shift transform. Moreover, the relation between the DOCLCT and the 3-D
DLCT is obtained. The convolution theorem associated with the DOCLCT is presented by
a new convolution operator. Finally, the correlation theorem of the DOCLCT is exploited.

This paper is organized as follows: In Section 2, several basic properties of octonion
algebra are presented. The definition and the properties of the DOCLCT are obtained in
Section 3. In Section 4, the convolution theorem for the DOCLCT is derived. The correlation
theorem of the DOCLCT is discussed in Section 5. In Section 6, the conclusions and potential
applications are drawn.

2. Preliminaries

This section presents knowledge of octonion algebra [36]. This is the research founda-
tion of this paper.

2.1. Octonion Algebra
Octonion algebra is defined by O [36]. An arbitrary o € O can be given by

0 = 0p + 011 + 0267 + 0363 + 0484 + 0565 + 066 + 07€7

where 0p,01,---,07 € R. Octonion algebra is a non-associative and non-commutative
algebra. Figure 1 presents the multiplication rules of octonion algebra.

* 1 el ez 8 ey es s e7
1 1 2] (=5 23 24 23 2§ 27
el el -1 e1 -e2 es -e4 -e7 e
e e -83 -1 el e e7 -84 -85
e e ) -e1 -1 er -85 e -84
ey ey -2 -85 -87 -1 e ) e
es es e4 -e7 eg -e] -1 -e3 e
es 3 e7 es4 -es - e: -1 -e1
ey er -85 e e4 -e3 -e2 el -1

Figure 1. Multiplication rules in octonion algebra.
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The norm of octonion algebra is defined by |o| = v/00 = v/30 and |o|* = ¥7_ 002, Tt
satisfies |ee|=|e||¢| for all €, € O.
For any octonion algebra, o € O can be represented as

0=]+1e4,

where | = 0p + 0161 + 0262 + 03¢3 and 1 = 04 + 051 + 0gez + 07€3 are quaternion algebras.
That is to say, any octonion algebra can be composed of the sum of two quaternion algebras.

Property 1 ([25]). Let j,1 € H. Then, any octonion algebra satisfies the following properties:
(1) e = Jea; (2) es(es) = —7; (3) (jea)es = —J,
(4) j(res) = ()es; (5) (ea)1 = ()ea; (6) (ea) (1ea) = —1j-

Property 2 ([25]). For any octonion algebras j + 1e4, 7,1 € H in the quaternionic form, then the
following formulas are right:

Jtieg =7 —1ey,
1+ e =[P+

According to octonion algebra, we provide the definition of an octonion-valued func-
tion. For any octonion-valued function, x(n) is defined by

x(n) = xo(n) + x1(n)e; + - - - + x7(n)e; = X(n) + £(n)ey, (1)

where X(n) = xp(n) +x1(n)e; +x2(n)ex + x3(n)ez and £(n) = x4(n) + x5(n)e; + x¢(n)ey +
x7(n)es are quaternion valued functions. n = (ny,1,,n3) € R>.
For 1 < p < oo, the norm for the 3-D octonion-valued signal x(n) is given by
~1N,~1N3—
Il [l = TR IX( ).

ny= 0112 01’!3 0

If p = 2, then the norm for the 3-D octonion-valued signal x(n) is

5 N1—1Np,—1N;—-1
lxlz= L X' L |x(n n)[.
n1=0 npy=0 n3=0

2.2. Discrete Linear Canonical Transform
Next, we present the definition of the 3-D DLCT.

Definition 1 ([9]). Let A, — [“k bi
ek dk

(k =1,2,3). For any function x : [N1] x [N2] x [N3] — O, the 3-D DLCT is defined by

} € R2*2 be a matrix parameter satisfying det(Ay) = 1

Ny —1Np—1N3—1
Dayapas{x}(m)= )Y Y ) x(n)D} (m,m)D} (no,mp)Dy (n3,m3),  (2)

n1=0 npy=0 n3=0
where the discrete linear canonical transform kernel signal is

d
12 A2 — 2 g4 ok m2Ay2— I
DS (g ) = et IS R a5, ®)

=

where Asy, is the periodic sampling interval in the space domain sy and Ayy. is the periodic sampling
interval in the DLCT domain yj.
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2.3. Discrete Quaternion Linear Canonical Transform

In paper [23], the authors proposed the DQLCT and exploited knowledge about
the DQLCT. The DQLCT expands the research scope of the discrete quaternion Fourier
transform, and provides a way to solve problems about quaternion non-stationary finite-
length signals. Due to the non-commutativity and non-associative properties of quaternion,
there are three kinds of DQLCT. The authors of [23] proposed the two-sided DQLCT.

Definition 2 ([23]). Let A, = [ak by
Ci dk

(k =1,2). The DQLCT of a function x : [Ny] x [Na] x [N3] — O is defined by

} € R?*2 be a matrix parameter satisfying det(Ay) = 1

N-1N -1 .
Lan{xt(m)= ¥ ZOKLl,Al(”11m1)x(n)KL2,A2(”2/m2)/ (4)

n1=0 np=

where the discrete quaternion linear canonical transform kernel signal is

G N2 21 dg a2
ek _ 1 ek mpAsi— [ momit - miAyi)
KL,Ak(nkrmk) = \/ﬁke k k k ’ (5)

where Asy. is the periodic sampling interval in the space domain sy and Ayy. is the periodic sampling
interval in the DQLCT domain yy.

The inverse transform of the DQLCT is displayed by

Ni—1Np,—1
x(n)= Y ¥ K (my,n)La,a{x}(m)K? _ (ma,ny), (6)
im0 a0 LAT LA,
1 dp  —bg 2x2 s .
where Ak = eR are inverse matrices.
—Cr  dg

2.4. Discrete Octonion Fourier Transform

In paper [29], the DOFT of 3-D octonion finite-length signals was given. The DOFT is
a very good tool for studying octonion finite-length signals. In the following description, a
3-D octonion finite-length function is equivalent to a 3-D octonion finite-length signal.

Definition 3. Let a 3-D octonion-valued function x(n) be a 3-D finite-length signal and x : [Nq] x
[N2] X [N3] — Q. The DOFT is defined as follows:

Ni1—1Np—1N3-1 _2mmgmy 2;mgmy  27nging

F(x)(m)= Y Y Y x(n)e AN o TNy e BTNy )

n1=0 npy=0 n3=0

wheren = (n1,ny,n3) € [N1] x [Na] x [N3], m = (mq,mp, m3) € [Nq] x [Na] x [N3], [Ni] =
{0,1,--- ,Ny — 1} and (k =1,2,3).

The inverse transform of the DOFT is presented by the following formula [29]:

N1—1N;—1N3—1 2mng g 2mnymy 27y mq

e
X(n):N]I\llzNS m£0m£0m£0F0<x)(m)e4 Moe? el M (8)

3. Discrete Octonion Linear Canonical Transform

In this section, based on the DOFT, we extend the 2-D DQLCT to the 3-D discrete
octonion linear canonical transform domain. A new transform, the discrete octonion
linear canonical transform, is proposed. We can use DOCLCT to solve the problem of
non-stationary 3-D octonion finite-length signals.
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Definition 4. The DOCLCT of an octonion-valued signal x : [Nq] X [Np] x [N3] — O is defined by
. N;—1N;~1N;—1 o 0 o
DY apaixt(m)= Y ¥ ¥ x(n)Dy (nl,ml)DAz(nz,mz)DA3(n3,m3), 9)

ny =0 np=0 l’l3:0

where the kernel signals of the DOCLCT are

N 2
e 1 el 2Ns2— n1m1+ miAy3—%)
D, (m,my) = —i=e ;A - R 2y , (10)
Zn3As) 2 m2ay
D, (12, y) = g2 e gt (1)
and
nZA +i miAy3—%
D3, (n3,m3) = e’ (35 13055~ g mamac+ gy s 05— F) (12)

When A, = [ 01 0} (k =1,2,3), the DOCLCT reduces to the DOFT.

Properties of the DOCLCT
Next, we present several properties of the DOCLCT.

Theorem 1 (Linearity). For any octonion-valued signals x,y : [N1] X [Nz] X [N3] = O, 0,4 €
R. Then, the linearity of the DOCLCT is

DY pyas 10X By} (m) = 1D% 4 4 {x}(m) + DY 4, 4, {y}(m). (13)

Proof. This proof step can be directly obtained by the definition of the DOCLCT. [

Theorem 2 (Scaling). For an octonion-valued signal x : [N1] X [Np] X [N3] = O, t = (f1, £, t3)
# 0 € [N1] x [Na] x [N3]. Then, the scaling of the DOCLCT is

D?‘hrAz,Ay){x(tn)}(m) = Dgll,ﬂz,ﬂg{x} (%)’ (14)
% by 2x2
where Oy = | % | € R and (k=1,2,3).
Ck tkdk

Proof. According to the definition of the DOCLCT, we have

Ni—1N;—1N3—1

DYy, aya,ix(t)}(m) = ¥ ¥ ¥ x(tn)DY (n1,m1)Dy (ny,ma) Dy (13, ms3). (15)

ny =0 ny=0 113:0

Let u = tn = (uq, up, u3). Then, the above formula becomes

Dj, a8, 1x(t0) } (m)

_ Z11\1221N321 ()L e (Zbl( )As}%‘%m +2b1m1Ay 7)
ny= =0 np= 0713 0 \/71

o 237 ()7 %—%,—g?—;mﬁ%m%w%—%)ﬁe (55
Ny —1Np—1N3—1

= E g, ()08, (.20, (1)

ny =0 ny =0 713:0

= D?)I,Qz,m{x(u)} (%)

2 2m M3
3) Asy =5 7 M3 oy 2b3 2 m3Ay3— %)
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x(ny,np,n3)+x(ny,np,—nz)
2

Theorem 3. [Boundedness] Assume that x.(n) = is the even part and

xo(n) = Hneta) X —1s) s e odd part of a function x(n) in the third variable n3, respec-
tively. Then,

1 2 2
D b m) | = | (|2 b [P, (20} )
! (16)

+| D4 e )|+ [ D5, o Hom) F>J

Proof. According to the Formula (1), the DOCLCT of the function x(n) becomes

DY, Ay a,1x(n) }(m)
NZIN=1N3=1 o 0 5
= Zo 20 Zo(x+xe4)(n)DA1(nl,ml)DAz(nz,mz)DAS(n3,m3)
np=VU ny=VU nz=
N]*l N2—1 N3—1 . e e e (17)
= ZO 20 ZOx(n)DA](nlrml)DAz(nZImZ)DA3<n3/m3)
n1=V np=uU n3=
N; 1N§ 1N;5 1 ~ .
+ X X X %#(n)Dy (”1/m1)DA22(”2,m2)D,§3(ﬂ3/m3)€4-

np= =0 np= OH3 0

From the Euler formula, then

DY, Ay 4, 1x(n) }(m)
Nj—1 Np—1N;—1 . . .

= ZO ):0 20xe(n)Df%l(nl,ml)foz(nz,mz)ﬁcosog
11=0 1,=0 n3=
Ni—lNg—lNi—lA el e -

— L X X %(m)D,'(m,m)Dy; (nzfmz)ﬁsmtxa

n1=0 ny=0 n3=0 (18)
N;—1Np,—1N3—1 o o 1
Xo(n)D} (ny,m1)D? (ny,my) —— sina
nIZ::OHZZ:OME:O o(n)Dy, (m, m1) Dz, (n2,m2) g sinas
Ni—1Np,—1N3—1 (m)D=1 \D=%2( -
+ Y Y ¥ %(m)D, Y (ny,my)D,?(ny, my)—— cosuaz |ey,
n1:0 npy=0 1’l3:O ‘ Al AZ \/ﬁ:}
where a3z = 2b n3As3 n3m3 + 2b mSAy3 -3
Hence, we have the result O
Theorem 4. (Plancherel theorem) The Plancherel theorem of the DOCLCT is
2
| x ||2 = N1N; Ns| 2y As{x} ||2 (19)
Proof. According to Theorem 3, then
) Ni—1Np,—1N3—1
1Dy a3} = £ L X [P, AZ,A3{x}(m)\
ny= =0 npy= 0 nz=
N1 1Np— 1N3 1 _ 2 R 2
W EEE (|05, s m )] g (b m)
np= 0112 0713 0 ! g (20)

2
+‘D%1,A2{3€e}(m)‘ [, (o} (m)| )
=~ N 2
= 5 (ID% 4, (e} 13 +1l DY, {50} 13
105, 4 e} 1B+ DY 4, (%o} 115).
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By the Plancherel theorem for the DQLCT [23], we have

2 ~ o N ~ 2
109, .05 0 HB = worbs (1% 13+ 1% 13 + 1% 13 +1) % 113)- @
In addition, based on the formula

2 ~ ~ s s 112
Fx llz=11%e I3 + 1% 17 + 112 13 +11 2 12, (22)

then we have
1D%, Ay, 32 = w1 % 2
that is to say
NiN2N3 | DY, g a, E5H2 = 1 13-
O

Theorem 5 (Inversion transform). The inversion transform of the DOCLCT is obtained as follows:

Ny —1Np—1N;—1 . , ,

xn)= Y Y X Dy AZA3{x}(m)D:71(u3,m3)Dj71(uz,mz)DAlfl(ul,ml), (23)
u1=0 up=0 u3=0 g 3 2 1

d —bg

where A;l = [
—Cr  dg

] e R?*2 gnd (k = 1,2,3).

Proof. According to the definition of the DOCLCT, we have

Nj—1Np—1 N3—1 . . .
r X X DA1 A2A3{x}( )D:gl(u3,m3)Dj£1(uz,mz)D;?(ul,ml)

u1=0 up=0 u3z=0
N;i—1Np—1N3—1 [/ N;—1N;—1N3z—1

=Y ¥y Y|l ¥ Y Y x(n)Di{l(nl,ml)Difz(nz,mz)Df&‘B(ng,,ms)) (24)

u1:0 u2:0 113:0 ny= =0 np= 0 nz= 0
X ngl(ug, m3)D 2 (up, m2)D/; 1 (ug,my).

In addition, by the kernel signals of the DOCLCT, the following formulas hold:

N3—1N3—1

20 Z D (n3rm3)Df:3—1(u3rm3)
us }’lg—
N3 1N;—-1 ag As2_ 27
= MZO nzo eq(5p ("3 u3)As3 N3("3 u3)ms) (25)
3 3
1, n3 = Uus
0, ns 75 us

By these three formulas (25), the inverse transform of the DOCLCT can be established.
O

The following lemma shows that the DOCLCT can be disassembled by the Euler formula.

Lemma 1. The DOCLCT can be expressed in another formula:

DoAl,Az,A3 {X} (m) (26)
= Roee + Rocel1 + Reoelr + Rooes + Recos + Roeoes + Reoos + Roooe7,

where
Ni—1N;—1N3—1

%eee(m):\/ﬁ Y Y Y Xee(n)cosay cosaycosas,

3 }’l1:0 ny=0 1’l3:0
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Ny—1Np—1 N3—1 .
Roee(m) = \/W nZ_O HZZO H3Z:]0 Xoee (M) Sin a1 cOS &y cOS 03,
Ny—1N,—1N3—1 .
Reoe(m) = \/W ngo ”220 n3zo Xeoe (M) COS a1 SN &y COS A3,
5 B L NN 1N . _
o0e(m) = NN an:O an:O n32=0 Xo0e (M) Sin &7 sin ap cos as,
L NININd '
Reeo (m) = TN nlzzo nzZ:O n32:0 Xeeo (M) COS a1 cOs ap sin a3,
L NN N . .
Roeo(m) = NO an:;O nzZ:O H3Z:0 Xoeo (M) SIN &7 COS &y Sin a3,
Reoo (M) = —Aee NlilNzilNglx (n) cos a sina; sina
€00 N NoN; 20 maz0 a0 €00 1 2 3/
L Nis1Np AN _ . _
Rooo (M) = NN NG an:O HZZZO ng,Z:O Xooo (M) Sin a1 sinap sin &z,
and oy = 2b nkAsk nkmk + Zb mkAyk %, (k=1,2,3). The subscripts e and o indicate a
function is cither even (e) or odd (o) for an uppropriute variable, i.e., Xooe (1) is 0dd for ny and ny,
and even for ns.

Proof. The kernel function of the DOCLCT can be expanded as follows:

(Di{l (m1,m1) D (n2, mz)) Dy (n3,m3)

1 (eel o EEZIXZ ) e84IX3

— VNI, N3
= ———((cosaq +e1sinaq)(cosar + er sina cos g + ey sinw
\/m(( 1 1 1)( . 2 2 2))( 3 4 3) (27)
= NN (cosay cos ap cos a3 + sin g COS &y COS K3
1
~+ cos wq sin iy Ccos azey + sin i sin ap COS wzes + COSs 1 COS Xy Sin wzey

+ sin &1 cos ap sin azes + cos aq sin ap sin ageg + sin aq sin a; sin agey).
By the definition of the DOCLCT, we have the result. [

This lemma eliminates the obstacle caused by the non-commutative and non-associative
properties of the DOCLCT.

Next, we give the shift transform of the DOCLCT. There are three forms of the shift
function based on three variables, le(nl,nz, ng) = x(ny — I, np,n3), xTZ(nl,nz, ng) =
x(ny,ny —lp,n3), and x™3(ny,np,n3) = x(ny,n2,n3 — I3). These three shift functions are
independent of each other and are not affected by other remaining variables.

Theorem 6 (Shift transform of the DOCLCT). Let o™, 02 and o3 denote the DOCLCT of the
three shift functions x(ny — Iy, n, n3), x(ny, ny — I, n3) and x(nq, ny, n3 — I3), respectively. Then,

o1 (m) = cos 71D?‘\1,A2,A3{x}(m/) — siny,®1(m’), (28)

o1 (m) = cos 11D, 4, 4, {x}H(m") = sinyPr(m”), (29)

p(m) = cos 11Dy 4, 4, {x}Hm™") —siny; P3(m”), (30)

where m' = (m},my,mz); m" = (my,mh,mz); m" = (my,mp, my); mj, = my — g’;zkAs,%lk;
Yk = ;Tkkl,%Asi — %\,—ilkmk — I\Z‘;Zg" Ay%As%lk(é\%" As? e+ ka> (k=1,2,3);and @1 = Rgpe —

Reeee1 + Nsoer — Reoees + Rseols — Neeols + Nsoos — Reooe7, P2 = Rese + Rosee1 — eceer —



Fractal Fract. 2024, 8, 154

90f17

Rocees + Resoes + RNosoes — Recots — Rocoey, P3 = ees + Moese1 + Reoser + oosez — eeces —
Roeces — Reoces — RNoocey.

Proof. We present the proof process for the DOCLCT of the function x'1, and the other
two types are obtained according to the same steps.
According to Lemma 1, we have

T, T
p 1= DoAl Az A3 {x ! } (31)
§Reee 8%oeeel + %80662 + %00363 + 9%69084 + §R03065 + §R50066 + %00067

Then, we can compute the formula:

. N;—1Np—1N3—1
R = X COS (K] COS K COS &
eee( ) VN1N;N3 an:O nz)::() n320 eee( ) 1 2 3
. N;—1Np,—1N3—1
=——— Y Y Y Xee(ng —Iy,ny,n3)cosag cosay cosas.
\/m 711:0 1’12:0 1’!3:0 ’ ’

Lethy =ny — 1, hy =np,hy3 =nz (h = (hl,hz,hg) € R3), hence

N1—1Np—1N;3;-1
R, =1 Xeee(11 — 11, 9, 113) COS X1 COS Xy COS &
eee( ) an_:o HZZO n3zo eee( 1 1,12, 3) 1 2 3
N;—1N;—1N3—1

= \/W hzo hzzo hz Xeee(h) cos(B1 + 1) cos B cos B3

cos(v1) SNl NC; ! h (32)
= NN hlzzo hZZ:O h32:0 Xeee (h) cos B1 cos By cos B3

sin(71) Ni—1N,—1N3—1 .
———r X sin COS COS
VNIN, N hlz:O hZZO hZ eee( ) :31 ,82 ﬁ?)/

3

1 1,2 Ag2 2ny, Nimy Ag2; Nim 2[ 2 i
where B = i TAs7 — N m(m = Asth) + - My = 5 Astly) Ay — 3,

_ A1 2A2 _ 2m Niardy A1 2 Ag2] (( Nadi o
"= —l Asl—ﬁlllml— prens AyiAsih Tbr slll+2m1 ,andﬁk— 2% nkAsk ﬁknkmk

2b mkAyk 2, (k=2,3).

— (! _ N a2
Letm’ = (m}, mp, m3), mj = m 245 Asth and

/ ) Ni—1N,—1N3—1 .
Rsee(m') = TN hlzzo hZZO hz Xeee () sin B1 cos B cos B3,

3

—1Np—1N3—1
Reee(m') = }: Y. Y Xoee(h)cos By cos By cos B3
cee /NlNzN h =0 hz 0 h3:0 oee 7

) L NN 1N

Rsoe(m’) = NN hlZ:O hzz—o h32:0 Xeoe () cos B1 cos By cos B3,
) Ny —1Np—1N3—1

Reoe(m') = \/W hZO hzzo h32:0 Xo0e () cos By cos B cos B3,
) Ny —1Np—1N3—1

Rseo(m') = \/W hEO hZZO hBEO Xeeo (h) cos By cos By cos B3,
Ni—1N;—1N;—1

Reeo (m') = \FMN‘ZN’ hz . hzzo hz Xoeo (h) cos B1 cos B cos B3,

N1—1Np—1N;3;-1

%soo( ) \/W hzo hzZ:O hszzo Xeoo (h) cos ﬁ1 cos ‘32 COs ‘Bg,
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Ny—1N,—1Nz—1

Rew) = ke £, b o conprcnp

Then, Formula (32) becomes
§RZele (m) = cos Y1 Reee (m,) — sin y1 Rsee (m/)/
In addition, we can prove other formulas, such as

Ni—1N,—1N;—1

T .
Roge(m) = \/ﬁ hgo h;o hgo Xoee () sin(Bq + 1) cos Bz cos B3
1= 2= 3—
cos(yy) NS 1Na1N3- 1

= - L L X Xpe(h)sin By cos B cos B3
VNINNs =0 1720 a0

-—sinln)_ Y Y Y xpe(h)cospqcos By cos B3,
VENINNs =0 0 o

By continuing in this way, we have
%Z;e (m) = cos Y1 Reee (M) — sin 71 Rgee (m'),

/

T .
Roce(m) = cos 71 Roee (M) + sin 71 Reee (M

7

Ty !
Rege(m

/ .
€08 Y1 Rege (M) — sin y1 Rspe (M

7

!/ /

(m)
(m)
Rode(m) = cos v Roe (M) + sin 11 Repe (m
Redo (m)
(m)
(m)

4

/

T , )
Roso (M €05 1 Roeo (M ) =+ sin y1Reeo (m'),

Ty !
Rego (m

€08 y1 Reoo (M) — sin 71 Rspo (M

7

/ /

( )

( (m’)

( (m”)
€08 Y1 Reeo (M) — sin 11 Reo (m'),
( (m')

( (m')

)

%gé (m) = c0s Y1 Ro00 (m + sin 1 Reoo (m

According to Lemma 1, the first conclusion can be inferred:

@1 (m) = cos ,YlDOALAZrA3{x}(m,) — siny1 Py (m’).

where @1 = Rsee — Reeel1 + Msoel2 — Reoees + Rseols — Reeoes + Moo — Reooey.
Using the same steps, the other two formulas, (29) and (30), can be obtained.

4. Convolution Theorem of the DOCLCT

(33)

0

In this section, we first give the definition of the convolution operator associated
with the DOCLCT. Then, we obtain the convolution theorem of the DOCLCT by the

convolution operator.

Definition 5. Suppose the real functions x(n) and f(n) are given; the convolution operator % is

defined by

L R

X ¥ n = ——————x(u)f(n—u

( Af)( ) ugol¢£0u£om¢@@ ( )f( )
% e 8 %Ml("rm)AS%e*ﬁ %uz(nzfuz)AS%e—el%%(ﬂs—us)Asg

7

where Uy, denotes the intervals [0,1,2,--- , U, — 1], (k=1,2,3).

(34)
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Lemma 2. The convolution theorem for the 3-D DLCT is obtained:
Dayagas{x#n fHm) = DAl,f;z,As{x}(gl)DAl,Az&As {f}(m) .
< e —e1 (g MAYI+ 57 MEAY3+ i MAAYE— TH) (35)

Proof. According to the definition of the 3-D DLCT and the convolution operator, then
Dy 9,85 {2 % [} (m)

AN AN 1 (U111 () f )
=X X XX Y L ogpugpunwfn-u
Yl1:0 npy=0 }’l3*0 u1:0 =0 u3:O U1 \/L/Tz \/LT3

(36)
a 2 ) 2 a3 2
% ee]blul(nlu])Asle—elbzuz(nz—uz)Aszee1hsu3(n3u3)As3)
€1 €1 €1
X DA1 (nl,ml)DAz (1’12, MQ)DA3 (7’[3, T’I13).
Letr = n —u = (r1,72,73). Then, the above formula becomes
Dy, az,45{% %4 f}(m)
Ny —Uj—1 Np—Up—1 N3—Us—1 [Uy—1 Up—1 Uz —1
= ¥ ¥ ¥ XXX mapamrfe
ri=—1u rp=—Up Tr3=—U3 ule uy=0 u3:0 1 2 3
e 2 _p 02 2 _, 4 2
“ e e1 By ulr]Asle e1 5y uerAsze e1 5 u3r3A53>
LS 20221 4 a2 T (37)
% 1 e‘—’l(zbl (r14u1)°Asy N (71+”1)m1+2b1m1 yi—73)
VN
« L e 1(21,2 (ra+up)? Asz—*(fz-*-uz)mz-*-z;, m3Ay3—5)
v Na , )
w 1 eel(%(rg-ﬂg) A% (r3-&-u3)ms-&-217 m3Ay3—
VN3
. —e1 grurriAs} ey ptuirAs —e1 R upryAs3 e1 211y As? —e1 B uzrsAs? eq B uzrzAs?
Sincee 1 le b T=1, e MRMR2eMR R0 = oTHR NN NN
Then, we have
D ay ay,45{3 %1 f}(m)
U —1Up—1Uz-1 9 2A2_ 2 dy oA 2
u1=0 up=0 u3 0 thiizUs
2 A2
¥ e (2b2 u3As3— Nz u2m2+2b m3Ay3— E)e ( 25 u3As3— 3u3m3+2h3 msAy5—7%
dy
Ni—U;—1N;—Up—1 N3—U3—1 Flr)e! bl 1as1- 12\/1’1’”1+2b ;- %) (38)
X L L L

VN1 N2 N3

r=—uq rp=—1uUp r3=—1us
T A2 27 dy 2N 2 T
% eel(%r2Assz—2r2mz+sz2Ayzf7)e31(2b3r3A53 N3r3m3+2b3m3Ay377)
—e maA + m3A + miA
% e 1(k 25; ™ vi 2b2 303 2b3 303 ).

Based on the definition of the 3-D DLCT, we can obtain the proof. U

Next, we obtain the relation between the DOCLCT and the 3-D DLCT. Then, we derive
a convolution theorem for the DOCLCT.

Lemma 3. The relation between the DOCLCT and the 3-D DLCT is given as follows:

DY, 5,4, X} (m)

= 1{(Day a4, {x}(m) = Da, 1,3, {x}(5)) (1 — e3)
+(DA1,32,33{X}(Q) - DAl,BZ,Ag,{x}(T)) (1 + 63)} (39)
+% { (DAl,Az,Aa,{x}(m) + DAl,A2,B3{x}(€)> (1+e3)

- (DA1,BQ,Bs{x}(Q) + DA],BZ,A3{x}(T)) (1 - 63)}'35/
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ap  —bg
—Cr  d
0 = (mq, —mp, —ms).

where B, = [ } (k=1,2,3), T = (my,—my,m3), ¢ = (mq,my, —m3) and

Proof. According to Definition 1, then

N;—1N,—1N;—1

— e 1 € n2As3+ 21 n2m2+7 m Ay -
Da, B, asix}(T) = an:O nzzzo n32:0 x(n)Dy (nl,ml)ﬁe —F AN+ 3, MY~ 3

e
X DAl3 (7”13, m3)
N171N271N371 761( b HZASZ 2

=y ¥ ¥ x(n)D?l(nl,ml)\/LNfze Ny

?11620 1’12:0 7’!3:0
% D] (113, m3)
Ni—1N,—1N3;—1 . . .
=Y Y ¥ x(n)Djl(nl,ml)\/—Nfze*elaZD&(n&mg).

n1=0 ny=0 n3=0

nyma~+ 54 2b A msAys+ )

(40)

The third equation is based on this fact: e 17 = —¢173.
According to the same method, we can obtain the following two equations:

Ni—1N;—1N;—1

1
Dayan b {x}He)=— ), ), ), x(n)Dy nlxml)Di}z(anZ)\/ﬁ

np= =0 np= 01130 3

e %, (41)

N1—1Np—1N3-1
e ax2

D (80— 5 & L s m)he o e,

ny= On2 0113 0

where o) = 2b nkAsk nkmk + 2b %Aylz{ — %, (k = 2,3). By the sine and cosine functions,
we write the second kernel function DZZ (ny,my) of the 3-D DLCT in the cosine and sine
forms, respectively.

(DAlez,A3 {X} (m) - DA1,Bz,A3 {x} (T))
1 Ni1—1N,—1N;3-1 (43)
Z Y. Y. x(n)D} (n1,my)cosax Dy (n3,m3),

an 0 1,=0 n3=0

N| —

(DAerZrBS {x} (Q) + DA1,A2,B3 {x} (G))
1 Ni=1Np= 1Nl (44)
= Yo Y Y x(n)DY (nq,my)(—er sinay)e” 1.
V' N2N3 n1=0 n,=0 nz3=0 !
In Formula (44), if e; sin ay becomes e; sin «y, this multiplies Formula (44) from the
right by e3 and according to Figure 1. Hence,

NI~

(DAlzBZ/B?,{x}(Q) + DA1,A2,B3{X}((;))€3
1 NiZ1IN1N;-d (45)

= NN Y. Y. ) x(m)Dy (ng,m)ersinaze®.
1’!1:0 npy=0 713:0

Adding Formulas (43) and (45), then

N =

3Dy r, 85 {3} (M) = Dy, 4, {3} (7))
+% (DAlfBz,Be.{x}(Q) + DAl,Az,B3{x}(€>)63
Ny —1 Np—1 N3—1 , . . (46)
L X X x(n)Dy (m,m)Dg (np,ma)Dy (n3,m3).

n1=0 ny=0 n3=0
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For the convenience of calculation, assume that

Ouy,49,4,{x}(m) = % (DA1,A2,A3 {x}(m) — Dy, B, a5{x} (T))

+ 1 (Day a5y {23 (0) + Dayay 12} (5))es
N;—1N;—1N3—1

n1=0 ny=0 n3=0

By the same steps, we can write D?a (n3, m3) in the form

1
5 (@ay,2,,4; {x}(m) = @, 4, 5, {x}(5))
Ny —1Np—1 N3—1

1
Z Z Z e1 nl,ml)Difz(nz,mz)mcosag,

ny= Oﬂ2 0713 0

1

75 (®A1,A2,A3{x}(m) + ®A1,A2,B3{x}(g))65
TN ) DS () D ()

= x(n)D’; (n1,m)D} (ng, my) ——
ny =0 1’12:0 113:() Al A2 N3

Adding the above two formulas, the following formula is obtained:

3(® 4y, 9,45, {2} (M) — O ay 4, 5, {x}(5))

_% (®A1/A2,A3{x}(m) + ®A1,A2,33{x}(€))€5
Ny—1 Np—1 N3—T1

= ¥ L Y x(n)Dy (m,m)DF (n2,m2) Dy (n3,ms3).

np= =0 Nnyp= 0 7‘[3—

e4sinag,

Finally, the result can be proven. [
Theorem 7. The convolution theorem for the DOCLCT is obtained as follows:

oAz 1X %A f}(m)
%{ E‘ Aq,A, A3{x}( )HA1,A2,A3 {f} (m) - ‘EAl,Az,B3{x}(g)HA1,A2 B3 {f} (g)) (1 - 63)

(E (
%{ (E Aers{x} )HAllAer3 {f}(m) + EA1,A2,33{X}( )HAI/AZrBS {f}
(Zay,By,B, {x} (011 A, B, B { (@) + Eay By, 4, {XH(T)LA, By, 4, {f}H(T)) (1 —€3) } €5,

where

EA1,A2,A3 {x} (m)HA1,A2,A3 {f} (m) = DA1,A2,A3 {x} ( )DAl,Az,As {f} ( )

di d A 2 3
X e —e1 (g5 MO + 57 mAAY3+ g mEAYE— )

g by X HEO Ay, 40,8, {f}1(6) :DAlﬂ‘}izBs{x} DAlAzf;s{f}(G)
X e gl(ZblmlAleerszAyz iy m3Ay3— %)

S (HO M ar o FH0) =Dy (3)0) Do {73 0)

(Zbl Ayt - 2b2 m3Ay3— 2b I03—F)

7

X e

E'A],Bz,A3{x}(T)HA1,Bz,A3 {f}(T) = DA] Bz,A3{x}( )DA1,B2 A3 {f}( )

4 dy d3 2a2 3
Xe_‘?l(zb]”HA% 25 MEAY3+ s mEAY3 7).

Y L X x(n)Dy (n1,m)Dg (ny,ma) Dy (n3,ms).

7

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)
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Proof. Using Lemma 3, then we have
D?qll,Az,AS{x * fH(m)
= Z{(DA1,A2,A3{X A f}(m) - DAl,Az,Bg,{x A f}( )) (1 - 63)
+1(DA1,32,33{x #7 f1(0) = Dayyas{x % fHT))(1+e3)} (56)
+3{(Day, 45,45 {x %4 fHm) + Dy a5, {x 54 f1(6)) (1+ 3)
—(Day, by By {x % f1(0) + Day pyas {2 %4 fH(T)) (1 —e3)}es.
According to Lemma 2, we obtain
DAl,Az,A3 {x KA f}(m) = ,DAlr/}iZ/AZi {x}( p )IDALAz;iAa {f}( ) (57
% e —e1( g5 M AYT+ 57 mEAYR+ i mAAYE— ) )
Dy i {2 %1 f1(6) =Dy b {3(6) Dty 208 1 }(6)
dp a3 2 37T (58)
% e —e1(z; mlAy1+2b2 mEAY3 — - m3AY3— )/
DAlfBers{x *a fHeo) = DA1,32/B3{x}( d)DAlez B%{f}( 0) (59)
< e e1 (g, MEAYT — 5 MIAY3— - m3AY3— 3”)/
Dayppas{x s fHT) = Dayya, {x} d)DAl Ba s {f}() "
—e1 (g miAy = o5 m 303+ 5 M3AY3— 37[)' (60)

X e

Hence, the result can be obtained. O

5. Correlation Theorem of the DOCLCT

In this section, the correlation operator is presented; then, we obtain the correlation
theorem of the DOCLCT.

Definition 6. Given the real functions x(n) and f(n), the correlation operator x is defined by

U —1Up—1Us—1

(xxf)n) = ¥ ¥ Y —A—A-—=x(u)f(u—n)
ll1:0 1/[2:() Uuz= 0 1 2 3
—e1 bl uy (n— ”1)Asle e1 Zi uz(nzfuz)As%e—el Z—gu3(n3—u3)As

2 (61)
X e

= x(n) %, f(—n).

Lemma 4. The correlation theorem for the 3-D DLCT is obtained as follows:

Dayapa5{x % fH(m) =Dy ay,a,{x}(m)Dp, g, 5,{f}(m)

d d d3 62
e (gAY o M AY3+ i m3AY) e1. (62)

X e

Proof. The proof process is similar to Lemma 2, so it is omitted. [
According to Lemma 4, we obtain the following theorem:

Theorem 8. The correlation theorem for the DOCLCT is obtained as follows:
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ay{x < f}(m)
Ao o s ) TT, 5, 5, CFHM) — B, {316 T, 3, 1, L HE) ) (1= e5)

528, (0T84, (F3(0) — Bty iy, (33 (0TI, 4,5, 1)) (14 5) | 63)
A A, A 0 () T, T (m) + B, {53 (6) T, gy, {HE) ) (1 + 3)

A8 (X H@)TTp, 2y 45 FH@) + By s (XTI, a, 3, (FH(D) ) (1= 3) s,

where

R
[ >

I
W=
,_/H\:}

fly

[11 —/— [1]
/N >
[x]

Ey Ay Az X} (m)p, g, g, {f}(m) =Dy, 4,4,{x}(m)Dp, p,p,{f}(m)

ot AL MRA SR BAR AR (64)

Z a0 (1O b,y 4 {F1(6) = Dy, {3} (6) D,y 4, (1) )
% e—c’l(ﬁm%Ay%JrﬁmgAyg—ﬁmgAyg)'e

Zamms (5} @O s (1@ = Py (5} @Pmy iy (@)
w o1y MOV~ o AV AR

Z 32 A (O, 05, {FHT) = Dty 4 {33 (0) Dy, (1) -
% efel(ﬁm%Ay%+ﬁm%Ay%+ﬁm§Ay§).61.

Proof. The proof process is similar to Theorem 7, so it is omitted.

6. Conclusions

In the present work, the results presented show that the DLCT can be generalized to
the case of octonion algebras. We proposed the DOCLCT and studied some basic properties
associated with the DOCLCT. Then, according to a new convolution operate, we obtained
the convolution theorem of the DOCLCT by the relationship between the DOCLCT and the
3-D DLCT. Finally, the correlation theorem of the DOCLCT was exploited. The properties
of the DOCLCT show that they can be used for the analysis of the convolution theorem.
The most important contribution of this article is that it provides basic tools for the time—
frequency analysis of non-stationary 3-D octonion finite-length signals. The presented
results form the foundation of octonion-based signals and system theory.

For applications, the proposed convolution theorem can be used to solve integral
equations with special kernels [37]. We can also discuss the design of multiplicative filters
with the convolution theorem of the DOCLCT.

We can use the convolution theorem of the DOCLCT in the analysis of some 3-D
linear time-invariant systems described in [28]. This hypercomplex generalization of the
DOCLCT provides an excellent tool for the analysis of 3-D discrete linear time-invariant
systems and 3-D discrete data.

The authors of [38] show how some interesting properties of 1-D complex Gabor
filters are extended to 2-D by quaternionic Gabor filters. In parallel, they introduce the
corresponding quaternionic Gabor filter-based approach to disparity estimation and texture
segmentation. Thus, if one is interested in the development of Gabor filters with values in
octonion algebras it is possible to define octonion Gabor filters based on the DOCLCT and
to introduce the local octonion phase. This is a theoretical necessity to develop and analyze
the DOCLCT.

The DOCLCT is a new concept which allows for the processing of a few gray-scale or
color images, as well as images with their local information as one octonion 8-D image in
the spectral domain. This concept generalizes the traditional complex and quaternion 2-D
DLCTs and can be effectively used for parallel processing up to eight gray-scale images or
two color images [39,40]. Surely, the methods presented here are only a first step in using
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hypercomplex methods in image processing. Detailed work in this area remains in the plan
for further action, as well as the further development of this theory.

As a theoretical basis of the frequency-domain definitions of high-dimensional analytic
signals, the DOCLCT can be applied in the domain of analytic signals. Other potential
applications can be found in noise analysis and image processing, such as the methods
presented in [41,42].

Future research will be concerned with extensions of the applications sketched in
this paper. Thus, we hope to open a door for future research on high-dimensional signal
processing using representations in hypercomplex algebras.
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