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Abstract: We investigate the spatial discretization of a stochastic semilinear superdiffusion problem
driven by fractionally integrated multiplicative space—time white noise. The white noise is charac-
terized by its properties of being white in both space and time, and the time fractional derivative is
considered in the Caputo sense with an order a € (1, 2). A spatial discretization scheme is introduced
by approximating the space—time white noise with the Euler method in the spatial direction and
approximating the second-order space derivative with the central difference scheme. By using the
Green functions, we obtain both exact and approximate solutions for the proposed problem. The
regularities of both the exact and approximate solutions are studied, and the optimal error estimates
that depend on the smoothness of the initial values are established.

Keywords: superdiffusion; integrated multiplicative noise; Caputo derivative; finite difference
method; optimal error estimates

1. Introduction

Consider the following stochastic semilinear superdiffusion equation driven by frac-
tionally integrated multiplicative space—time white noise, with 1 < &« < 2,0 <y <1,

CDa ( )_ 8214(t,x) _ F(u(t,

x)) +0Dt_7g(u(t,x))32g§;x), 0<x<1,t>0,

0x2
u(t,0) =u(t,1) =0, t>0, 1)
u(0,x) = up(x), 0<x<1,
W0,x)=u(x), 0<x<1,

where D¢ denotes the Caputo fractional derivative with order 1 < a < 2, and (D, ”
denotes the Riemann-Liouville fractional integral with order 0 < 7 < 1. Here, uo(x) and
11 (x) are the given initial values. The nonlinear terms F and g satisfy the following global
Lipschitz conditions and linear growth condition.

Assumption 1. The nonlinear functions F and g satisfy [1,2]

|F(v) — Vo,weR,

Vv eR.

w)| + |g(v) — g(w)| < Clo —w],
[F(0)[ +1g(v)] < C(1+ o)),

Let (Q), F, Fi>0,P) be a stochastic basis carrying on Fi-adapted Brownian sheet

= {W(tx) : t > 0,x € R"}, which is a zero mean Gaussian random field with
covariance [1,3],

EW(t, x)W

(s,y) = (tAs)(x Ay), 2)
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where E means the expectation, and a A b = min(a,b), a,b € R.

The deterministic Equation (1) (i.e., g = 0) offers a suitable representation for attenu-
ated wave propagation, which often exhibits a power law relationship between attenuation
and frequency. This type of behavior is commonly observed in various scenarios, such as
acoustic wave propagation in lossy media [4]. The exponent of the power law typically
falls within the range of 1 to 2, indicating anomalous attenuation [5]. In physical systems,
stochastic perturbations arise from diverse natural sources, and their influence cannot
be disregarded. Therefore, it is necessary to study the model (1) both theoretically and
numerically [6,7].

There are many theoretical and numerical studies for (1) when the noise & g\gi *) in (1)
is white in time but smooth in space, that is,

PW(tx) &
/ 3
Torx Z () ©)
where 0y (t) is continuous and rapidly decays as k increases to ensure the convergence of
the series, and B (t) = ﬁ " ( ) represents the white noise, which is the formal derivative
of the standard Browman motion Bi(t) for k = 1,2,... The eigenfunctions ey (x),k =
1,2,..., correspond to the Laplacian operator —A = — % subject to homogeneous Dirichlet

boundary conditions on the interval [0, 1]. Li et al. [6] employed the Galerkin finite element
method to study the linear problem (1) with f = 0 and g = 1, driven by the noise (3).
Recently, Li et al. [8] explored the existence and uniqueness of (1) driven by the noise (3)
using the Banach fixed-point theorem. Furthermore, Li et al. [7] investigated the Galerkin
finite element method for (1) driven by the noise (3) and derived the optimal error estimates.
Zou [9] considered the semidiscrete finite element method for approximating (1) driven by
the noise (3) with F = 0 and established the optimal error estimates. More recently, Egwu
and Yan [10] studied the existence and uniqueness of (1) driven by the noise (3), and they
also considered the finite element approximation for the regularized equation of (1).

Numerous theoretical results have been established for the stochastic subdiffusion
equation with a time fractional order « € (0,1). Anh et al. [11] investigated the existence
and uniqueness of the solution for the space-time fractional stochastic equation in the
multi-dimensional case. Anh et al. [12] introduced a variational constant formula for
the Caputo fractional stochastic differential equation. Chen [13] studied the moments,
Holder regularity, and intermittency for the solution of a nonlinear stochastic subdiffusion
problem on R. Chen et al. [14] provided insights for the nonlinear stochastic subdiffusion
equation on R?, where d = 1,2, 3. Additionally, Chen et al. [15] addressed the existence,
uniqueness, and regularity of the solution of the stochastic subdiffusion problem on R¥
for d = 1,2,3. Various numerical approximations for the stochastic subdiffusion problem
with a time fractional order « € (0,1) have also been proposed. AL-Maskari and Karra [16]
explored strong convergence rates for approximating a stochastic time fractional Allen—
Cahn equation. Dai et al. [17] discussed the Mittag—Leffler Euler integrator for solving the
stochastic space-time fractional diffusion equation. Gunzburger et al. [18,19] investigated
the finite element method’s application for approximating the stochastic partial integral—
differential equation driven by white noise. Kang et al. [20] developed a Galerkin finite
element method to approximate a stochastic semilinear subdiffusion with fractionally
integrated additive noise. Additionally, Wu et al. [21] explored the L1 scheme for solving
the stochastic subdiffusion equation driven by integrated space-time white noise.

To the best of our knowledge, there is currently no existing numerical method for

2
approximating (1) when the noise J g‘:g;x) is given by (2), which corresponds to white noise

in both space and time. The objective of this paper is to bridge this gap by proposing

a finite difference scheme for (1). Our approach involves approximating the noise term

2
J g\tlgi’x) using the Euler method in the spatial direction and approximating the Laplacian

—A=— %, using the central difference scheme. By using Green’s functions, we obtain
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solutions for both (1) and its corresponding finite difference scheme. The regularity of the
approximated solution is investigated, and detailed error estimates in the maximum norm
are derived. We observe that the spatial convergence order decreases as « traverses the
range from 1 to 2 due to the white noise in the spatial direction. Throughout this paper, we
shall consider the time discretization, and we expect that as a traverses the range from 1 to 2,
the time convergence orders will increase as in the subdiffusion case with a € (0,1) [22].
The methodology employed in this paper shares similarities with the work of Gyongy [1],
which considered the spatial discretization of (1) with « = 1, and the work of Wang et al. [22],
which examined the spatial discretization of (1) for the subdiffusion problem withw € (0,1).
However, the error estimates in our paper are more complicated than [1,22] due to the
presence of an additional initial value u’(0), which requires the studies of the estimates
related to the initial value u(g;x) = uy(x).
Let0 =xp < x1 < --- < xp-1 < xp = 1 be a partition of space interval [0, 1], and
Ax = ﬁ be the space step size. At the fixed point x = x; fork = 1,2,...,M — 1, we
azu(hx)
9x2

approximate the second-order space derivative by the central difference scheme

%u(t, x)

~ u(t, xpq) —2u(t, xg) +u(t, xg_1)
dx?

Ax2 !

X=X

t,x)

2
and approximate the space-time white noise % in the spatial direction with the
Euler method

?W(t, x)
dtdx

Wt 30) — Wt )
3 dt Ax

X=X

Let uM(t, x;) fork = 0,1,2,..., M be the approximate solution of u(t, x) at x = x;. De-
fine the following spatial semidiscrete scheme to approximate (1): withk =1,2,..., M —1,

uM(t, xp 1) — 2uM(t x) +uM(t, )
Ax?

= F(uM(t,x;)) +oD; " [g(uM(t, ) % <W(t’ Yes1) = WL xk)ﬂ, t>0,

Ax
uM(t,1) =0, t>0, (4)
up(xg), t>0,

= M](xk), t 2 0.

This paper is primarily focused on establishing the convergence rates of
SUP.c(o,1] E|uM(t, x) — u(t, x)|? concerning the varying degrees of smoothness in the initial
data #(y and 1. The key findings are presented in Theorems 1 and 2 within Section 4.

This paper is organized as follows. Section 2 focuses on the continuous problem.
Section 3 considers the spatial discretization. Section 4 examines the error estimates in
the maximum norm in space. Lastly, in Appendix A, we present error estimates of the
Green functions.

Throughout this paper, we denote C as a generic constant that is independent of the
step size Ax, which could be different at different occurrences. Additionally, we always
assume € > 0 is a small positive constant.

2. Continuous Problem

In this section, our objective is to determine the expression for the solution u of
Equation (1) and study its spatial regularity.



766

Foundations 2023, 3

Let {)\j,ej}, j = 1,2,..., be the eigenvalues and eigenfunctions of the operator
A = —2 with D(A) = H}(0,1) N H?(0,1), which implies that Aej = Ajejforj=1,2,....

ox2
Let E, ﬁzc ) be the two-parameter Mittag-Leffler function defined, with z € C, by
@ =% ran 1,2) per ®
Eyp(z) =) =————F, a€(L2), R 5
wp = T(ak+B) p

It is well known that the Mittag-Leffler function E, g(z) satisfies the following asymp-
totic estimates ([23], Theorem 1.6) and ([24], (1.8.28)), withx € (1,2), € Rand §* < u <

min(7t, a7),

1
|E“u5<z)| < C1+ 2]’ p<|arg(z)| < m, 6)
1
@)

|Eau(z)] < CW’ u<larg(z)| < m.

The following differential formulae are used frequently in this paper.

Lemma 1 ([23], (1.83)). Let a € (1,2) and -y € [0,1]. There hold

d (—t%A) = =AY LE o (—1%A), A >0,

EEa,l

d

StEaa(—#*A)] = Exa(—°4), A >0,

;t [tter’Y lsz a—l—'y( tﬂé/\):| _ ta+772Ea,D¢+7,1(—t“}\), A>0.

Lemma 2. Assume that Assumption 1 holds true. Further assume that the initial conditions u
and uy € C[0,1]. Then, (1) has the following mild solution:

-1 1
u(tx) = [ Giltxy)udy + [ Galt,xy)m(w)dy

+/ / Ga(t = s,x,y)F(u(s,y) dyd5+// Ga(t —5,x,y)g(u(s,y))AW(s,y), ®)
where
Giltix,y) = ]i Ex1 (—1°4)ej(x)ej(y), Galt,x,y) := :ﬁl E Eaa(—t*A7)e;(x)ej(y), ©)
Galtxy) = itME“’“(_t%)ej( x)ej(y), Galt, x,y) it”HEa,aﬂ(—f“)\j)ej(X)e]‘(y),
= j=1
respectively.

Proof. Assume that the solution of (1) satisfies u(t, x) = 2 ej(x)u;(t) for some unknown

functions a;(t). Applying this expression to (1) yields

6 Df X%ej( H+AY e(x)ay(t) = Zi(F(u(f))/ej)e/’(x) + ODZVZi(g(u(f))/Ej)ej(x)/ (10)
= j= j=
which implies that, since Ae; = Aje; and {e; } ° 1 is an orthonormal basis in L, (0, 1),
G Dfaj(t) + Aja(t) = (F(u(t)), ¢) + oDy " (g(u(t)), ¢5), (1)

w;(0) = (uo,ej), aj(0) = (uy,ep),

where a;-(t) means the derivative of a;(t).
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Let Fi(t) = (F(u(t)),¢;) and gj(t) = (g(u(t)), ej). Taking the Laplacian tr
on (11), we arrive at

2"&j(z) — 2" a;(0) — 272 a;(0) + At (z) = F'(z) +2778i(2),
which implies that, by applying the inverse Laplace transform,
t
aj(t) = Eq1(—t*A;)a;(0) + tEalz(—t“/\]-)uc;(O) + /0 (t—s)" TEqo(—(t — §)*Aj) (F(u(s)),e;)ds
= T B (1= 9)*47) () ).

Thus, we have

u(t,x) = iga,l(—tmj)ej(x)aj(m + i tEq(—t"A;)ej(x)a;(0)

=1 =
+i/ot(t §)* Ena(—(t — )" A7) (F(u(s)), e;)e;(x)ds
=1
+ i /Ot(t — s)tx+7—1E,x,a+7(—(t — S)tx—l/\j)(g(u(S)),e]-)ej(x)ds
=1
1 1

:/ Gl(t'xfy)uo(y)dwr/o Ga(t,x,y)u1 (y)dy

+/ / Gs(t—s,x,y)F(u (S,y))dyds+/()f/()1 Gy(t —s,x,y)g(u(s,y))dW(s,y),

which completes the proof of Lemma 2. [

2.1. The Spatial Regularity of the Solution u(t, x) Defined in (8)

ansform

(12)

In this subsection, we shall consider the spatial regularity of the solution u(t, x) defined

in (8). To do this, we write the solution into two parts u(t,x) = h(t,x) + n(t,
h(t, x) is the solution of the homogeneous problem

§DRR(tx) — ZHED — 0, 0 <x<1,t>0,
h(t,0) = h(t,1) =0, t>0,
h(0,x) =up(x), 0<x<1,

ah(a(i’x) =u(x), 0<x<1,

and n(t, x) is the solution of the inhomogeneous problem

x), where

(13)

CDEn(t x) — L0 = P(u(t x)) + oDy Tg(u(t,x) LMD 0 < x < 1,t> 0,

9x2
n(t,0) =n(t,1) =0, t>0,

n(0,x) =0, 0<x<1,
m0x) _o, 0<x<1.

By Lemma 2, it follows that

Wix) = [ Galt oy + [ Galt,xys(y)dy,

and

(14)

n(t, x) / / Gs(t—s,x,y)F(u(s,y) dyds—i—/ / Gy(t—s,x,y)g(u(s,y))dW(s,y).
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2.1.1. The Spatial Regularity of the Homogeneous Problem (13) When
Uug, U1 € C[O, 1],140(0) = uo(l) =0

Let0=yo <y; <... <ym—1 < ym = 1 be apartition of [0,1] and Ay = ; be the
step size. Denote by kp;(y) the piecewise constant function

. Sy <Y<y, j=01..,M-1,
kM(y):{y] i <Y<y ] 15)

Ym, Y =Ym-

Lemma 3. Let h(t,x) be the solution of the homogeneous problem (13). Assume that ug, u; €
C[0,1],u0(0) = up(1) = 0. Then, we have

_ 2
E‘h(t,y) —h(t, kM(y))‘ < CHIHE(AXT 4 Ax"2),
where r1 and ry are defined in (21).

Proof. Note that, by (13) and the Cauchy-Schwarz inequality,

2
hlt,3) = (e Fa )P = | [ [G1(8,2) = Gt Faa(4), ) m2)

2

4

n ’/Ol [Galt,y,2) — Galt, kit (), 2)] ur (2)dz
< [[lertns) — Gt Rt 2] | [ hno(a) Pt
+ {/01’G2(t,y,z) — Gz(t,lgz\\/[(y),z) ‘zdz] [/01|u1(z)|2dz}

By Lemmas Al and A4, we arrive at
— 2
E‘h(t,y) —h(t, kM(y))‘ < CEIFE(AX™T 4 Ax"2),
which completes the proof of Lemma 3. O

2.1.2. The Spatial Regularity of the Homogeneous Problem (13) When
Ug € CZ[OI 1]/”0(0) = uO(l) = Or Uy € C[Or 1}

Lemma 4. Let h(t,x) be the solution of the homogeneous problem (13). Assume that uy €
C2[0,1],uo(0) = ug(1) = 0, uy € C[0,1]. Then, we have

. 2
E[h(t,y) = h(t k() | < CAX[[uo |y + CH A" | 2y,
where 1y, 3 are defined in (21).
Proof. The proof is similar to the proof of ([22], Lemma 4). We omit the proof here. [

Remark 1. In Lemma 4, the error bounds pertaining to uy undergo a transformation from Ax™ to
Ax"3 for the smooth initial data u.

2.1.3. The Spatial Regularity of the Inhomogeneous Problem (14)
In this section, we shall consider the spatial regularity of the inhomogeneous problem (14).

Lemma 5. Assume that Assumption 1 holds. Let n(t, x) be the solution of (14). Then, we have
Eln(t,y) — n(tkm(y))? < C(Ax"S + Ax™),

where r3 and ry are defined in (21).
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Proof. We only consider the estimate related to the nonlinear term F(u). The estimate

related to the multiplicative noise term g(u) can be obtained by using a similar method as
that in the proof of ([22], Lemma 5).

Let 11(s, z) := F(u(s, z)). It is easy to show that sup, , E|h; (s, z) ? < co. Further, let

/ / Gs(t —s,x,2)h(s,z)dzds.

By Lemma A7, we arrive at

2

7

Bl (1) — a1 Fa )P = | [ [ [Ga(t = 5,920, = Ga(t =5, Raa(y), =) (s 2tz

SCE/Ot/Ol‘@(t—s,y, Gg(t—s km(y), )‘ b (s, 2) [2dzds,
SC/Ot/ol}cg’(t_sly,z)—G3(t—5,@(y)lz)‘2dzdsSCAxrg,,

where r3 is defined in (21). The proof of Lemma 5 is complete. [

3. Spatial Discretization

In this section, we shall consider the expression of the approximate solution in (4) and
study its regularity.

Lemma 6. Assume that Assumption 1 holds. Let uM(t, x;), k=0,1,2,..., M be the approximate

solutions in (4). Assume that ug,uy € C[0,1]. Let uM(t, x) be the piecewise linear continuous
function satisfying uM(t, x)|y—x, = uM(t,x¢), k =0,1,2,..., M. Then, we have

1 - -1 —
Mt x) =./0 GF(tfs,x,y)uo(km(y))dw/o Gy (t — s, x,y)u1 (ki (y))dy
ey F(uM(s, kp(y)))dyd
[ GYE = 5%, ) F(u™ (5, aa () dyas
t rl *W
[ [ ebe - s x st kM<y>>>afa(;”dyds, (16)
where, with kp(y),y € [0,1] defined by (15),

H

M— P —~
G'(t,x,y) 21 Eo1 (—1A;)eM (x)ej(km(y)), G3'(t x,y) 2 t-Eop(—t*Aj)eM (x)ej(kn(y)),
]:
M—-1 s M-1 —
Gy (t, x,y) Z; (7 B (—t°75) M (x)ej (kn (), G4 (1 x,y) == 21 Y By (— A7) e} (x)ej(km (),
j= j=

where e]M(x) is the linear interpolation function ofej(x) defined on xp,m =1,2,...,M — 1, that
is, e}VI(x) = ej(xm) + W(x — Xp) for X € [Xm, Xp41]-
Proof. The proof is similar to the proof of ([22], Lemma 6). We omit the proof here. [

3.1. The Spatial Regularity of the Solution uM(t, x) Defined in (16)

In this subsection, we shall consider the spatial regularity of the solution u™ (¢, x)
defined in (16). To do this, we write the solution into two parts

Mt x) = WM(t, x) + nM(t, ).
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Here, K (t, x) and nM(t, x) are the homogeneous and inhomogeneous parts of u™ (¢, x)

defined by
SDERM(t, x) — a(z Y0, 0<x<1,t>0,
WM(t,0) = hM(t,1) =0, t>0, a7)
hM(Ox —uo() 0<x<1,
and
2 M _ 2
§DFnM(t, x) — P = F(uM(t,x)) + oDy "g(uM(t,x)) o), 0 <x < 1,t>0,
M(t,0) =nM(t,1) =0, t>0,
(t,0) =n™(t,1) (18)

M@,x)=0, 0<x<1,
w09 _ o, o<x<1,

respectively. Here, u}!(x) and u}(x) are the linear interpolation functions of u((x) and
u1(x) defined on the nodes 0 < xp < x1 < --- < xp = 1, respectively.
By Lemma 6, we have

(6,30 = [ 6% o)y + [ G e (),

and

¢ . t 21A7M
0,00 = [ [ G840 = s Pt R o)+ [ [ GG s, ) s () = s,

3.1.1. The Spatial Regularity of the Homogeneous Problem (17) When
ug, uq € C[0,1],1u9(0) = up(1) =0

Lemma 7. Let hM(t, x) be the solution of the homogeneous problem (17). Assume that ug, u; €
C[0,1],up(0) = up(1) = 0. Then, we have

E[hM (L y) — ™ (1 kn(y))|* < CEHE(AF + Ax72),
where rq and ry are defined by (21).

Proof. Note that

900,) = 14, Baa) P =] [ [6840,,2) = G (1, a0 =) o (Ron(2) ) = 2

2

o[ L6 - 64 (1, 2) o (o)

Applying the Cauchy-Schwartz inequality, we have
M My 702 oM M(, 2 Yo (e P
‘h (t,y) —h™ (¢, kM(y)\ < [/0 ‘Gl (tyz)— G (t,kM(y),Z dZ} [/ ‘uo kM(z)>’ dz]

+U01’G§w(t,y,z)— (t km(y), z dz} U ‘ul kM dz},

which implies that, by Lemmas A2 and A5,

E[rM(ty) — M (8 k() [* < CEIE (A + Ax2),

where 1 and ry are defined by (21). The proof of Lemma 7 is complete. [
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3.1.2. The Spatial Regularity of the Homogeneous Problem (17) When

ug € C2[0,1],ug(0) = up(1) =0, u; € C[0,1]

Lemma 8. Let hM(t,x) be the solution of the homogeneous problem (17). Assume that ug €
C2[0,1],up(0) = up(1) =0, ug € C[0,1]. Then, we have

. 2
E|1nM(t,y) — kM (t, kM(y)) ‘ < CAX™s + Ct 1HeAxT,
where 1y and r3 are defined by (21).

Proof. The proof is similar to the proof of ([22], Lemma 8). We omit the proof here. [

3.1.3. The Spatial Regularity of the Inhomogeneous Problem (16)

In this subsection, we shall consider the spatial regularity of the inhomogeneous
problem (18).

Lemma 9. Assume that Assumption 1 holds. Let n™(t, x) be the solution of (18). Then, we have

_ 2
E|nM(t,y) — nM (t, kM(y)) ‘ < C(Ax" + Ax'™),
where r3 and ry are defined in (21).

Proof. The proof is similar to the proof of Lemma 5 above. We omit the proof here. [

4. Error Estimates
In this section, we shall prove the following two theorems which provide the error

estimates of the proposed numerical methods for the different smoothness of the initial
value u.

Theorem 1. Let a € (1,2) and v € [0,1]. Assume that Assumption 1 holds. Let u(t,x) and
uM(t, xk),k =0,1,2,..., M be the solutions of (1) and (4), respectively. Further assume that
ug,u1 € C1[0,1],up(0) = ug(1) = 0. Let € > 0 be any small number.

1. IfF =0, then we have

sup EluM(t,x) —u(t,x)|? < Ct71TE(AXT + Ax™2) 4+ C(AX"T + AxX™ + Ax™). (19)
xe[0,1]

2. IfF #0, then we have

sup EluM(t,x) —u(t,x)[2 < CHITE(AXT 4 Ax"?) + C(AXT + AxX™ 4 Ax"? + Ax™). (20)
x€(0,1]

Here,

1 :4<1;1X€> —1,

rp = 2, (21)
r3 = —

Ty =3-

Remark 2. The distinction between the error estimates for F = 0 and F # 0 in Theorem 1 lies in
the presence of Ax'3, originating from the estimate for the term F.

Remark 3. When the initial value ug € C*[0,1] with boundary conditions ug(0) = ug(1) =0,

the error is bounded by Ax", where ry = 4(1€) —1, o € (1,2). This error bound exhibits a

reduction as w transitions from 1 to 2. Regarding the time discretization, it is worth noting that the
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convergence order in time will exhibit an increase as the order w transitions from 1 to 2, which we
will report in our next paper.

If the initial value 1 is smooth enough such that uy € C3[0,1],u0(0) = uo(1) = 0,
then we have the following result.

Theorem 2. Let o € (1,2) and v € [0,1]. Assume that Assumption 1 holds. Let u(t,x) and
uM(t, xx),k =0,1,2,..., M be the solutions of (1) and (4), respectively. Further assume that
ug € C3[0,1],u1 € C'[0,1],u0(0) = ug(1) = 0. Let € > 0 be any small number. Then, we have

sup EluM(t, x) —u(t, x)[* < C(AX2 + AxX"3 + Ax'%, (22)
ke[0,1]

where 1y, v3 and 14 are defined in (21).

Remark 4. In this theorem, the error bounds remain identical for both cases, whether F = 0 or
F # 0. This uniformity arises from the transformation of the error bounds associated with the initial
value ug, transitioning from Ax' to Ax's.

To prove Theorems 1 and 2, we need the following Gronwall lemma.

Lemma 10 ([1], Lemma 3.4). Let z : [0, T] — R be a function satisfying

ot
0<z(t)<a +I</ (t —s)7z(s)ds,
Jo
with constants a > 0,K > 0and o > —1. Then there exists a constant C = C(c, K, T) such that
z(t) < Ca.

4.1. Proof of Theorem 2

In this subsection, we will give the proof of Theorem 2.

Proof of Theorem 2. We shall consider three cases.
Case 1. F = 0,g = 0. In this case, the solution h(f, x) and the approximate solution
hM(t, x) take the forms

1 1
n(t,x) = [ Giltx oy + [ Galtxy)us (v)dy = I (t,x) + ha(t, ),
1 1
W) = [ G x o)y + [ Gy (dy = (e )+ (e x),
where the Green functions Gjj=12 and G]M, j = 1,2 are defined by Lemmas 2 and 6,

respectively.
Note that

t rl
m(tx) = uo(x) + [ [ Galt,x,y)u (v)ayas,

Mt ) — M (x) + /Ot /01 GM(t,x,y) uo(km(y) + #) — 2up(km(y)) + uo(kn(y) — %)dyds,

Ax?

where uéw (x) is the piecewise linear interpolation function of uy(x) on x¢, k =0,1,2,..., M.

Following the proof of ([22], (41)), we may show, noting that uy € C3[0,1],

E|hy (t,x) — BV (t, x)|* < C(AX® + Ax™3),

where r3 is defined in (21). Further, by Lemma A6, we have
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1
Elha(t, ) = ! (t,0) < [ 1Gatx,w) =GBt %) Pyl 2
S Ct—l-‘rEAsz | |1/l1 | |%:[0,]] S Ct_1+€Axr2/
where 1, is defined in (21).
Hence, we obtain the following error estimates when F = 0,g =0,
E|h(t, x) — hM(t,x)|? < C(Ax* + Ax"3) + Ct~1HeAx, (23)

Case 2. F = 0,9 # 0 and ug(x) = u1(x) = 0. In this case, the solution n(t, x) and the
approximate solution n(t, x) take the forms, by Lemmas 2 and 6,

9*W(s,
n(t,x) //G4 —5,%,Y)8 ((s,y))asgsyy)dyds,

) oo o))

which implies that

E|nM(t,x) — n(t‘,x)|2

t/lGM(t—sxy)g( (s, Fm(y))) L (,y) dds—/ / Galt — 5,5 9)g(u(sy) ZVED sl
0Jo * " M dsdy 4 v)g Y 9sdy yas
bl _ 92W (s, 2
< B [ [ 6840 = 5n 105, Raa(1)) = Galt =5, p)gluts,) | 5 ) s
t ol . PW(s,y)  0*Wum(s,y) 2
M; M Y M5 Y
+CB| [ [ 68— s mstuts Futo)) | |~ o] s
=hL+D.
Following the estimate of ([22], (50)), we may show
I < CAX' + / $)2010-5 sup EluM (s, ku(y)) — uls, y)2ds,
ye[01]
and
Yk+1
L= 0dW(s,y)| =0,
where 74 is defined in (21). Hence, we obtain
t . —
E|nM(t,x) — n(t,x)> < CAxr4+/O (t— )2 =03 sup E|uM(s, kai(y)) — u(s,y)|? ds. (24)

ye(0,1]

Note that

E|uM (s, km(y)) — u(s,y)|* < CE[nM (s, knm(y)) — nM(s,y)|? + CE[nM (s, knm(y)) — n(s,y)[?
+ CE[M (s, knm(y)) — 1M (s, )2 + CE[RM(s,y) — h(s,y)[?,
=Lh+DL+13+ 14

From Lemmas 9 and 8 and (23), it follows, noting that r, = 2 by (21),
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B+ I+ Iy < C| (A2 + Ax') + (A2 + £HEA2) 4 (Ax? + A0 + 7 146Ax7) |
< C(Ax"? + Ax™ + Ax" + t1T€Ax"2),

where 1y, 73 and r4 are defined by (21). Thus, we have, noting 2(a +y — 1) — 5§ > —1 for

€ (1,2),
E[n™(t, x) — n(t,x)|?
< CAxX™ + C/ sy [(Ax’z +57 AN + AX™S + Ax™) + sup E[n™(s,y) —n(s,y)[*|ds
yel0]
< C(AX"? + AX™ + Ax™) + c/ s)2etr=1)-3 [ sup E[n™(s,y) — n(sfy)lz] ds,
y€[0,1]

which implies that

sup E[nM(t,x) —n(t,x)|* <C(Ax"2 + Ax" + Ax™)
x€[0,1]

€ =925 sup Bin(s) — n(s )R s
ye[01]

Applying the Grénwall Lemma 10, we arrive at, for F = 0,

sup E[nM(t,x) — n(t, x)|* < C(Ax"2 + Ax" + Ax"). (25)
x€[0,1]

Case 3. F # 0,¢ = 0 and up(x) = u1(x) = 0. In this case, the solution n(t, x) and the
approximate solution nM(t, x) take the forms, by Lemmas 2 and 6,

n(t, x) // Gs(t—s,x,y)F(u(s,y)) dyds,

and

= /Ot /01 G:]%\A(t =5, x/y)F(”M(S/EJ\\A(y))) dyds.

Following the same argument as in ([22], p. 19), we arrive at
sup E[nM(t,x) —n(t, x)[* < C(Ax™ + Ax"® + Ax"4), (26)
x€[0,1]

where 1y, 73 and r4 are defined by (21). Together, these estimates complete the proof of
Theorem. [O

4.2. Proof of Theorem 1

In this subsection, we will give the proof of Theorem 1.

Proof of Theorem 1. Similar as in the proof of Theorem 2, we consider three cases.
Case 1. F = 0,g = 0. In this case, the solution h(t, x) and the approximate solution
hM(t, x) take the forms

Wtx) = [ Galt sy + [ Galtx )y,

1 1
W) = [ Gl x oWy + [ Gy )y,
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By applying the Cauchy-Schwarz inequality, we arrive at

Ih(t,x) — KM (8, )2
1 - 2 2
< c\ L1681, %9) = Grlt, % o (Raa()y

1 —
+c' | Gt o (Rua(v)) — o))y

2

+C‘/ (G (t,x,y) — Ga(t, x,y)]us (kn(y))dy +C‘/ Ga(t, %, ) [ur (kw(v)) — w1 (y))dy| ,
<c| [ 16¥tnm - x| | [ ol Pay]
it x ) Pay] | [ uolEa(w) ~ oty e

wc| [ 1684 %) = Gatt Py | [ iRty Py

- 1 .
+cicattx ) Pay] | [ Fatw) — o) P
An application of the mean-value theorem yields
|t x) = HM (8, x) 2
1M 2 2 2 2
< C[/O |G (tx,y) — Gi(t, x,y)| dy} ||”0||C[0,1] +C[/ |G1(t, x,y)| dy} Ax ||uo||Cl 0]
1

| 1680, %) = Gatt %) Pay] [ By + | [ 1Ga(t 3,90 Pty 2 s g

It follows that, by Lemmas A1, A3, A4, and A6,

[t x) — WM (2, )2 <CE AR By + CEF ARl g

+ AR |ug |3y + CF 1AL [ 27)

[0,1)

where r1 and r; are defined in (21).
Case2. F = 0,9 # 0and up(x) = u1(x) = 0. In this case, the solution n(t, x) and the
approximate solution n™(t, x) take the forms

2 W(s,
n(t,x) / / Ga(t—s,x,y g(u(s,y))aséyy) dyds,

= [ ot oo (o) 2 e

Following the same argument as in Case 2 in the proof of Theorem 2, we obtain

t . _
|nM(t,x) — n(i‘,x)|2 < CAx™ + C/ (t— 5)2(’”7*1)*7 sup E|uM(s,kM(y)) — u(s,y)|2ds,
0
ye[01]

where 74 is defined in (21). Note that
E[uM(s, kn(y)) — u(s,y) > <E[nM(s,kn(y)) — n™(s,y) > + Eln™(s,y) —n(s,y)[>
+ERM (s, km(y)) — 1M (s, )2+ E[1M(s,y) — h(s,y) P,

which implies that
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t u —
Efn(t,x) — nM(t,x)[2 <CA¥" + C / (£ = )20 D% sup ElnM(s, kni(y)) — nM(s,y)[2ds
0

yel01]
0 [P0 S sup Bt Ba(y) (s ) P
yel01]
0 [T S sup B (s () (s )P
ye[01]
—|—C/ 20+-0=5% sup E|hM (s, kn(y)) — h(s,y)|?ds,
ye[01]

<CAx™ + L () + L(#) + I3(t) + Iy(t).

By Lemmas 9 and 7 and (27), we have

) < C/ Aatr=D=3 Ax" ds < CAX",
) < C/ a1 =5 (Ax" 4 Ax"2)s 1€ ds < C(AxX"1 + Ax™2),
y<C / 20+1-10)=8 (Ax" 4 Ax2)s71H€ ds < C(AX™ + AX™2),

where 11, 7p and r4 are defined in (21). Thus, we arrive at
t &
E|nM(t, x) — n(t, x)|* < CAx™ + C/ (t —s)2etr=1)=3 [ sup E|nM(s,y) —n(s,y)[?ds| + CAx" 4 CAx™.
0
ye[01]
An application of the Grénwall Lemma 10 yields
E(nM(t, x) — n(t, x)|> < C(AxX 4+ Ax"2 + Ax"™),

where r1, 7, and r4 are defined in (21).
Case 3. F # 0,g = 0 and up(x) = u1(x) = 0. In this case, the solution n(t, x) and the
approximate solution nM (t, x) take the forms, by Lemmas 2 and 6,

2

0°W(s,
n(t,x) //G3 —s,x,y)F(u(s,y) dyds+//G4 —5,X,Y)8 ((s,y))asgsyy)dyds,

x)z/o /0 G:]J,\A(t—s,x,y)F(uM(S,k/A\/I(y)))dyds—l—./o /0 GM(t —s,x,y)g(u(s, kM(y)))aMg;/fa(;y) dyds.

Following the same argument as in Case 2 in the proof of Theorem 2, we arrive at

E|nM(t,x) — n(t,x,y)|> < CAx™ —I—C/ 2@t r=D=5 sup E[nM(s, kp(y)) — nM(s,y)|ds
y€(0,1]

w0 [0 0TI sup Bl Fualy)) — ns, ) s

yelol]

+C/ 20705 sup E|WM (s, knr(y)) — 1M (s, ) ds
y€[0,1]

+C/ HTUTE sup BB (s,y) - h(s,y)Pds,
ye(0,1]

< CAX* + I, () + Ih(t) + I (£) + I4(t).

By Lemmas 9 and 7 and (27), we have
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t 9
I <c / (t— )20 D=8 (Ax"s 4 Ax™) ds < C(Ax" + Ax™),
0
t o
L(t)<C / (t—s)2@FT" D=5 (Ax" 4 Ax"2)s 11 ds < C(AX"T + Ax"2),
0
ot «
I(t)<C / (t— )@ T D=5 (Ax" 4 Ax"2)s71H€ ds < C(AX"T + Ax"2),
0

where 11, 72,73 and r4 are defined in (21). Hence, we arrive at
E|nM(t, x) — n(t,x)|* < C(AX"? + Ax"™)

t 14
+ C/O (t—s)2atr-D-35 { 51[1p] E[nM(s,y) — n(s,y)|?ds| + CAx"" + CAx™.
y€(0,1

An application of the Grénwall Lemma 10 yields

ElnM(t,x) — n(t, x)]* < C(AX"T 4+ Ax™ + Ax"3 + Ax™),

where 11,12, 73 and r4 are defined in (21). The proof of Theorem 1 is complete. [

5. Conclusions

This paper presents a spatial discretization scheme for approximating the stochastic
semilinear superdiffusion equation, wherein the noise exhibits white properties in both
time and space domains. We employ the Euler method to approximate the noise in the
spatial direction and utilize the central difference method to approximate the second-
order space derivative. By employing the Green functions, we provide both exact and
approximate solutions. Moreover, we examine the spatial regularities of these solutions for
the proposed problem. Additionally, a comprehensive discussion of error estimates in the
maximum norm in space is included. In our forthcoming research, we will explore the time
discretization of the stochastic nonlinear superdiffusion equation driven by fractionally
integrated multiplicative space-time white noise.
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Appendix A
Appendix A.1

In this Appendix, we shall give some estimates of the Green functions G;(t, x,y),
i =1,2,3,4 and their discretized analogues GlM(t, x,y),i=1,2,34,
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Gi(t,x,y) = ilE 1(—tA7)ej(x)ei(y), H(tx,y) ZtEaZ( t*Aj)ej(x)ei(y),
=
Gs(t,x,y) = i 4 Eqa (—1°2))ej(x)ej(y),  Galtx,y) = Z{f”‘”’lsz,aﬂ(—f“)‘j)ej(X)ej'(y),
j= j=
M-1 . _
GM(t,x,y) = [% EM(—t“Afﬂ)e}A(x)e}A(kM(y)), GM(t,x,y) Z tEM( tmfﬂ)e;“(x)ejM(kM(y)),
=
M-1 .
GY(txy) = 1o # Eau (—#AM ) e (x)e (Rt ()),
i=1
v .
G (txy) = L B (4} (e (Rua(0)
=

Appendix A.2. Green Function Gy(t,x,y) and Its Discretized Analogue GM(t, x, )

In this subsection, we shall give the estimates of the Green function Gy (f, x,y) and its
discretized analogue G{VI (t,x,y), defined in Lemmas 4 and 6, respectively. The proofs are

similar to the proofs of ([22], Lemmas A1-A3). We omit the proofs here.
Lemma Al. Let « € (1,2). Then we have, for any small € > 0,
1 5 .
/ |Gi(t,x,y)|"dy<Ct7z, 0<x<1,
0
t ol
/ / Gy (s, x,y)[> dyds < Ct5, 0<x<1,
0 Jo
1 _ 2
/ ‘Gl(t,y,z) -G (t,kM(y),z)‘ dz < Ct 1Teax, 0<y<1,
0

t 1 _ 2
/ / ‘Gl(s,y,z) -G (s, kM(y),z)) dzds < Ct°Ax", 0<y<1,
Jo Jo

where rq is defined in Theorem 21.

Lemma A2. Let « € (1,2). Then we have, for any small € > 0,

1 2 M
/‘G{w(t,x,y)‘ dy<Ct2, 0<x<1,
0
t rl 2
//’Gf/[(s,x,y)‘ dyds <Ct°, 0<x<1,
0 Jo
1 _ 2
/‘G{w(t,y,z)—G{M(t,kM(y),z)‘ dz < Ct 1eax, 0<y<1,
0

t 1 - 2
/ / ’G{w(s,y,z) — G{VI (s,kM(y),z> ’ dzds < Ct°Ax"1, 0<y<1,
0 Jo
where 11 is defined in (21).

Lemma A3. Let a € (1,2). Then we have, for any small € > 0,

1 2
/ ‘Gl(t, x,y) — GM(t, x,y)‘ dy < Ct1teax, 0<x <1,
Jo

t 1 2
/ / 'Gl(s,x,y) - G{\/I(S,x,y)’ dyds < Ct°Ax", 0<x<1,
0 Jo

where rq is defined in (21).
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Appendix A.3. Green Function Gy(t,x,y) and Its Discretized Analogue G (t, x,y)

In this subsection, we shall give the estimates of the Green function G, (t, x,y) and its
discretized analogue G} (t, x,) defined in Lemmas 4 and 6, respectively.

Lemma A4. Let « € (1,2). Then we have, for any small € > 0,

l &
/ Go(t,x,y) P dy < CP %, 0<x<1, (A1)
0
t o1 .
/ / 1Ga (s, x, ) dyds <Ct372, 0<x<1, (A2)
0 Jo
1 _ 2
/ ‘Gz(t,y,z) -Gy (t,kM(y),z)‘ dz < Ct1Teax2, 0< y<1, (A3)
0
t o1 - 2
/ / ‘Gz(s,y,z) -Gy (s, kM(y),z)‘ dzds < Ct°Ax"2, 0<y<1, (A4)
0 Jo

where 1y is defined in (21).

Proof. We first prove (A1). Note that

/ G (£, x, )| dy—/ [ZtEaz —t"Aj)ej(x)e (y)rd%

we have, since {ej(y)}]?“’:l is an orthonormal basis in H = L%(0,1),
[letrppa=cye(1 ) < CtZZ Y
0 2\L, /y ]/— ]:1 1+t"‘)\] 1+t“] 7
o/ 12 s 21\ :
< Ct2/ —— ) dx<Ct 2 / dy < Ct*72,
0 \1+4t*x2 0o \1+y?
which shows (A1).

For (A2), we have

t ol t. .
/ / |G2(t,x,y)|2 dyds < C/ s272ds < CP7 1,
0 Jo 0
For (A3), we need to split the summation into two parts:
1 _ 2
/ ‘Gz(t,y,z) -Gy (t,kM(y),z) ‘ dz
0
°° —~ 2
= ZNI tin,Z [6](]/) - 6 kM + Z tzElxz 6] - e](kM<]/))] = Il + 12.
]:
For I;, we have, noting that |¢;(y)| < C, |e]~(k/1\\4(y))| <C,
oo o 2 [e0]
L =Y PEL,[ej(y) —ei(km(y))]” < C Y £EI,(—t*A)).
=y S

Applying (6), we arrive at, with 0 < 1 <1,

© 1 2(11+1-m) © 1 27
L < t < t
1—C]._2 <1+t"‘)\‘> —Cz% <1+t“)\j>

[ee] [ee]
< - < 2—2’)’10(7‘
:ZM 271 Az"“ - :ZA;A t271a]471 <C ;\;At ]‘471
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Case 1. Choose 1 = 1. We obtain that if 2a < 3 — ¢, then

Il < C Z t2 sz‘ _ Z —1+et3 200—€ ~ 1 < Ct—1+e Z 14 < Ct_1+eAx3.
=M * =M j* j=m/
Case 2. If 2o > 3 — ¢, then we may choose 2 —2y;64 = —1+ ¢, that is,

7= 32;; < 1, and obtain

L <ctte i 4(31_6) < crtte /A:o x4 05) gy < o 1rem 40541 = oprep () 1,
j=Mj

Note that 4(2:€) — 1 > 2 for all « € (1,2), which implies that
20 1Y

I < Ct HeAxn,

where 7, is defined in (21).
For I, we have, using the mean-value theory, with 0 < 71 <1,

—~ 2
L= Y PE2,[ei(y) —ejkm(y))]* < th 22l (E)(y — km(y))
Nt o (1 ) 1 n i
< . < A
scT o)) <c L <1+mj> (#2)
M-1 1 27 jz M-1 1 2y 4 2
< 2 J ) < 2 J
<cx () ()= n?(m) ()

K= 2-2 1
ay
Z <t2zx'yl]4fyl ) Z t ! ( idy1— 2)

Case 1. Choose 1 = 1. We obtain that if 2a < 3 — ¢, then

7

| /\

-1 72
I < Ct e 2 5 < Ct1TeAx,
j=1

Case 2. If 2a > 3 — ¢, then we may choose 2 — 2714 = —1 + ¢, thatis, 71 = ZIX <1
and obtain

2—47,

12 < Ct—1+€ Z ]M

) <Ct‘1+€[/1M 247 dx}]\}[ _Ct—1+€[/1Mx2 4(32*)014 !

MZ

Note that 3 — 4(32;;) < Oforalla € (1,2) since € > 0 is an arbitrarily small number,
which implies that

I, < Ct1TeAx? = Ct e Ax"2,

where r; is defined in (21). Combining I; and I, we obtain (A3).
Finally, (A4) follows from

torl ~ 2 t
/0 /0 ‘Gz(s,y,z) -G (s, kM(y),zﬂ dzds < C/ sTITeAx"2ds < CteAX,
0

which completes the proof of Lemma A4. [

Lemma A5. Let « € (1,2). Then, we have, for any small € > 0
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1 2 .
/ ‘Géw(t,x,y)‘ dy < Ct 2, 0<x<1,
0
t ol 2 .
/ / ’Gﬁd(s,x,y)’ dyds < Cr™2, 0<x<1,
0 Jo
1 _ 2
/ ‘Géw(f,yfz) -G (t,kM(y)/Z>‘ dz < Ct 1TeAx2, 0<y<1,
Jo
t ol _ 2
/ / ’Géw(s, y,z) — GM (s, kM(y),z) ’ dzds < Ct°Ax"?, 0<y <1,
0 Jo
where 1y is defined in (21).
Proof. We first prove (A5). Note that
Y M 2 L My, M o~ ?
|l xyf av< | [ ]; FEqa(—*AM)e! (x)ej(kM(y))} dy.
Since ¢j(x),j = 1,2,... are bounded and
1~ —~ ML 1,j=1
| ekmeatkum)dy = ax Y ewmdelu) =41
0 =1 0,j#1
we have, noting that )\;VI ~ )\j,j =12,.... M—1,
em 2 2 2\ 2%
o o — 75
/0 \Gz (t,x,y>\ dy < Ct ]; Eqo(—t*A;) < Ct ];Ea,x—t Aj) < Ct2,
which shows (A5).
For (A6), we have
t 1 2 t 14 1 o t Q
/ / ‘Géw(s,x,y)‘ dyds < C/ s272ds < C[ “532} <CPTe.
0 Jo 0 3—-% 0
For (A7), we have
1M M 2
/0 ‘62 (t,y,z) — Gy (t,kM(y),z)’ dz
LA My | M M ~ ol
= [ tEaa(=ra) |etht) = e o) |y R o
j=1
o My | M M ?
< X PER (e |eltt) — e )|
j=1
Applying the mean value theory, we obtain
2

&(&)(y — km(y))

Y ~m M, 2 N2 M
|63tz =63 (tkn)2)| dz < Y PEL (M)
=

M-1 ] 2
<c Y febra(L)
=i M

Following the same argument as in the proof of (A3), we arrive at

(A5)
(A6)
(A7)

(A8)

7
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1 _ 2
/ ‘Géw(t/]// Z) - Gé\/f (t, kM(y), Z)‘ dz S Ct_l-‘reAxrz,
0
which shows (A6).
Finally, (A8) follows from
t ol —~ 2 t
/ / ‘Gé”(s,y,z) - cgM (s,kM(y),z)‘ dzds < C/ s HeAx"2ds < CHEAX2.
0 Jo 0
The proof of lemma A5 is complete. [
Lemma A6. Let « € (1,2). Then we have, for any small € > 0,
1 2
/ ’Gg(f, X,Y) — Géw(t, x,y)‘ dy < Ct1Teax?, 0<x<1, (A9)
0
t 1 2
/ / ‘Gz(s, X,Y) — Gé\/{(s, x,y)’ dyds < Ct°Ax"?, 0<x<1, (A10)
0 Jo

1
/0 ‘Gz(t,x,y) —

ZtEIXZ

where ry is defined in (21).

Proof. We first show (A9). Note that

2
Gé”(t,x,w] dy

=Ii(t )+12( )+13( )+ La(t).

M— - 2
—Ajt)e Z (=A1t)e}M () (km(y)) | dy
2 2
w2 (—Ait)e ()i (y) ea(— At (x )[xy) <kM<y>>} dy
2
2 (—Ajt) [e,(x) _ M <x>] M (En(y))| dy
2
[tEaz ) = Eaa(~A) [ M) )| dy
For I;(t), we have
2
w2(—Ajt")ej(x)ej(y)| dy < C Z PEZ(—Ajt") < CH1TeAx™,
=M

For Ip(t), we have
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2
dy,

1{M-1
0 —
_ CMz_l /yk+1
k=0 Y'Yk
L)
- CMZ1/ /yk+1
k=0 Y'Yk

L tEeal-t o) [e](y) - e,@(y))]
" 2
dy,

M-1 Yy
Y tEaa(=Aite(x) [ €@
j:1 Yk

2

y M-
/ ; ~Ajt)ej(x)e](€)dg]| d,

2
dgdy,

; tEw2(—Ajt")ej(x)e;(§)

2

de.

1|M—
; =) (1))(2)

Note that

v / _ ]-27.[2, =1
/Oej@)el(c)dc—{a [

and that ej(x), j=1,2,... are bounded, so we arrive at
2 M—-1 M—
L(t) < ( ) Z PE »(—AjtY)] 2 < > PE2,(—Ajt%) < Ct1Heaxm,

For I3(t), we have

2
o208 () = €f1()| el Rra(v) |
2
=C thE —AjtY) [ (x )—e]M(x)} .
By the linear interpolation theorem, it follows that
t- 2 /1 2 kS 2 oy 1 ?
B < C L PEL(-1i) O~y — )] < 2 -4t |cPnt) 3z
j=1

IN

M-1 ] 4 M—1 j

C Y PEI, (- At“)(M> <C Y £PE3( /\t“)(M) < Ct1eaxn,
j=1 j=1

For I4(t), we have

t)gc/

M- 2
<cyY ‘tEa,z(—/\jt“) — tEqp(—AMHY)
j=1

1|M—
b [usaz ) = tEaa(~AM) | M ()6 Bra(1)| dy

Note that, from Lemma 1,

d
T [tEmz(—t"‘)\)] = Ey1(—t"A),
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which implies that
FEp(—t4A) = 7 A7 [EM(—t"‘A) - Ea,z(—t"‘A)], (A11)

where E; ,(x) is the derivative of E, 2(x) with respect to x.
By using the mean value theorem and (A11), we arrive at, with 0 < ¢ <1,

M—1 Mo 2 M—1 JPRL
() < C Y [FEaa(=At") = tEap(~AME)| = C Y |tEL, () (2 — AM))
= =
M-1 M 2
<cy ]tE D (A (5 (A — ] ))‘
]:1
M= 2
= Z [N [Eap (A7) — Eap(—t*A)] (£ (A — AJ1)]
]:
M-1 1 T 2
< ~1 . _\M
s¢ ’t)‘f <1+t“/\j) (A =477

-
Il
-

which implies that, using |A; — /\M| < CL;, ([22], (A18)),

M2'
M 1 R 1— 229 It 2
— o — o
<C X [y p] <C2 R
id—4m 1
2-2 ] 2-2
< CHHm Z = =

=

Case 1. If 20 < 3 — ¢, then we may choose y; = 1 and obtain

I(t) < Ct*~ 20‘1\}1 < Ct1reAxd < crtteaxn,

Case 2. If 20 > 3 — ¢, then we may choose 2 —2ay; = —1+¢, thatis vy = 32;; < land
obtain, noting that 432;; —1>2foranya € (1,2) since € > 0is an arbitrarily small number,
Ii(t) < Ct1Fe A 1 < Cp1Hepx? = Ct1teaxn,

Thus, we have
I(t) < Ct~1Feaxn,

where r; is defined in (21). Combining I1 (t), I(t), I3(t) and I4(t), we show (A9).
Finally, (A9) follows from

t o1 2 t
/ / ‘Gz(s, x,y) — GM(s,x,y)| dyds < CAxQ/ sT1Teds < Ct¢Ax".
0 J0 0
The proof of Lemma A6 is concluded. O

Appendix A.4. Green Function Gs(t, x,y) and Its Discretized Analogue G (t, x, )

In this subsection, we shall give the estimates of the Green function G3(t, x,y) and its
discretized analogue G} (t, x, ) defined in Lemmas 4 and 6, respectively. The proofs are
similar to the proofs of ([22], Lemmas A4-A6). We omit the proofs here.

Lemma A7. Let « € (1,2). Assume that Assumption 1 holds. Then we have, with any € > 0,
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1 [14
/ \G3(t,x,y)\2 dy<Ct 2, 0<x<1,
0
bl
/ / |G3(s,x,y)|* dyds < Ct5, 0<x<1,
o Jo
1 _ 2
/ ‘Gg(t,y,z) - Gj (t,kM(y),z)‘ dz < Ct71tepxs, 0< y<1,
JO
t rl _ 2
/ / ‘G;;(s,y,z) - G3 (s, kM(y),z)‘ dzds < Ct°Ax"3, 0<y<1,
0 Jo
where r3 is defined in (21).
Lemma A8. Let & € (1,2). Assume that Assumption 1 holds. Then we have, with any € > 0,
1 2 N
/ ’Géw(t,x,y)’ dy<Ct 2, 0<x<1,
0
£l 2
/ / ’Géw(s,x,y)’ dyds <Ct°, 0<x<1,
0 JO
1 - 2
/ ‘Géw(t,y,z) - cM (t,kM(y),z>‘ dz < Ct71TeAx™, 0<y<1,
0
bl - 2
/ / ’GQA(S, v,z) — GéVI (s, kM(y),z> ’ dzds < Ct°Ax">, 0<y<1,
0 JO
where r3 is defined in (21).
Lemma A9. Let « € (1,2). Assume that Assumption 1 holds. Then we have, with any € > 0,
1 2
/ ‘G3(t, X, Y) — GQA(t, x,y)‘ dy < Ct 1HeAx™, 0<x<1,
0
t rl 2
/ / ’G3(s, X, Y) — Gé\A(s, x,y)’ dyds < Ct°Ax"3, 0<x<1,
0 JO
where r3 is defined in (21).
Appendix A.5. Green Function Gy(t, x,y) and Its Discretized Analogue GM(t, x,y)
In this subsection, we shall give the estimates of the Green function G4(t, x,y) and its

discretized analogue G}!(t, x,y) defined in Lemmas 4 and 6, respectively. The proofs are
similar to the proofs of ([22], Lemmas A7-A9). We omit the proofs here.

Lemma A10. Let o € (1,2). Assume that Assumption 1 holds. Then we have, with any € > 0,

1 5 .

/ |Ga(t,x,y)["dy <Ct72, 0<x<1,
0
t o1

/ / |G4(s,x,y)\2 dyds <Ct°, 0<x<1,
0 Jo
1 - 2

/ ‘G4(t,y,z) — Gy (t,kM(y),z)‘ dz < Ct 1TeAx™, 0<y<1,
0
t o1 _ 2

/ / ‘G4(s,y,z) — Gy (s, kM(y),z)) dzds < Ct°Ax™, 0<y<1,
0 Jo

where r4 is defined in (21).
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Lemma A11. Let a € (1,2). Assume that Assumption 1 holds. Then we have, with any € > 0,
1 2 "
/ ‘Gi\d(t,x,y)’ dy<Ct2, 0<x<1,
0
t rl 2
/ / ’GﬁA(s,x,y)’ dyds <Ct°, 0<x<1,
0 Jo
LM M(, i 2 1
/ ’G4 (t,y,z) — Gy (t,kM(y),zﬂ dz <Ct 1eax™, 0<y<1,
0
t ol _ 2
/ / ’Giw(s,y,z) - GiVI (s, kM(y),z) ’ dzds < Ct°Ax™, 0<y<1,
Jo Jo
where r4 is defined in (21).
Lemma A12. Let w € (1,2). Assume that Assumption 1 holds. Then we have, with any € > 0,
1 M 2 1
/ ‘G;;(t,x,y) -G} (t,x,y)‘ dy < Ct 'TeAx™, 0<x<1,
Jo
t rl 2
/ / 'G4(s, X,Y) — GiVI(s, x,y)’ dyds < Ct°Ax™, 0<x<1,
0 Jo

where r4 is defined in (21).
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